
Computation of the reputation of Sm on the
algebra An

.

÷Know that on Am there is a natural Sm - action
NOTATION=An=A( Pm)( where Sm permits the malice 1,2 , , m )

anal on extended Sm ,
action

.

the Arnold dgk
( = Orbkblomom

olgehrfm Bn )Let Sm = E e
, , to

, , In . ,
> where to = C i

:ntranspositionand
5mm = 2 To

, zi i / Tm
- 1 7

p
tnomyomtim To = ( 0,1 )

.

He extended 5mm action
,restrictedto e -4

, , en . , >

councils with the natural Sm action
.

OUR60# We want to understand the

decomposition of Am into mekuable representations .

We also would bke to home tome information
an the decomposition of Ank

,

the port of An
of degree R

, for every K
.

CAUTION ; the last problem isstillgen for
general m anal K

.



Example0

= el >¢ = �1� as S< representation

Ad = E an > = �1� + 52 representation

Let us first alsame that

Ann = . AI
, *

Anti . N #
m -1

where N = TO ¢ asm .

5=1

2hm losily follows ama we know a basis for Anh
.

theISOMORPHISM § b an 150 of 9 Te , , In . z
> ± Sm

,

representations .

Let us consider k=7 :

Ain = AI
,

ON
We observe that And

,
is a

< to
, , In .z > module

since on An
. ,

there is the extended Sm action
.

We can now take a < to
, , end complement T

to Ani
. ,

:



Ain ÷Ain
. ,

+0T

Now
, what is the decomposition of T is Eto

, ins >

moawle ?

We notice that T anal N me ISOMORPHIC

as 24 , , Em . z
> modules

, ounce

Ah,
TO T IAhn O N is an isomorphism

of - 4 , , Tm . z
> modules

.

Marv N = < Arm
, In 1 1 Amin >

that
,

since a Ey , , Tn . z > permutes the indices 1
, ,

m -7
,

is mamoyhic to the natural reputation of
Sm

. ,
on ¢m

.

Zheufne TENE Din to ffynt msn.iq .

By Pmi 's rule we Know that there is only one

reputation of a to
, , en .z ) that

,
restricted to

9 Te
, in -2

)
genes

m£i +0 Met ,
that is to

my , men the standard representation of Sm .



Uni
homes

that TE jpn m to
, , em -2

> rg .

Let as

go
back to Amk

.

We will
pore that

U@AnkEAn.k,
+0 ANY . T as eeo

, in :
Proof For

every
i we write

non - ftp. where yt ← An
. ,

,8ieT
Let z c- Akn

.

then Z = to + §jZs Wsm

K K -1
once Amk = An

. ,
+0 A . N

m - 1
6 4

Zo Zj
m

Zheufne
z  = zo + §

.,Zg8) + { Eg ft
- 9=1

c- Are -

n 't
e Anti T

this
tmsan = Ank

. ,
+0 Anti it

n way
dimensional argument

shares that the rum( *is direct ).
. D



theorem.lt ( Mathieu' 966,
6 . )

Let us consider Ank m a < 4 , , en . ,
)

nryvrentatwn&thirteen .

moreover
,

let us cmmabr Any
, Ankj as

2 '
o , , Tm

. z
> ryusentotsns ( this is the extended Sm

representation ) .

Let us ammeter T as 9 to
, , en -27

reputation .
Zhen

Ann ± Aiioftiiiot)
Tnatmol Intended Intended

.

M Snreputations
.

Proof

Recall
that Amk is a eto

, int5¥  +1

representation .

We cnn.br the two subgroup of Sm
,

It  

a E to
, , In . z )

ml K = < Ty , , in . ,
>

.

Lmu they are conjugate in < to
, , zm . ,

> the

representation Resell' '
'

n ' ' '
Amr one

!
. penitentResh

"  

Emttnh me isomorphic .

Iaaf:YniAYnshyi:L .

of amongst  operators .



Now the claim follows from the peaking theorem
,

pg

Let us write a

ttable
:

top
1 2 3

÷h

aaf¥?fs¥F¥¥f¥¥¥→t÷
-

4 gird + AT as + Bt
P.

@ According to Puri 's rule
,

there me two pssibibtus
here :

rig + #  or pg .

By the geometric construction of the extended action we Know
test . it 't

C cmceji= * CPKMHDQ ¢E¥,
M Smn modules

,
or

, informally .

.

'

4 wvhy nvkuuble representation appears together with anothercopy
shifted in  degree +1

, , . Lo the night choice is rig + Dt
Conn



Remark

÷
a- full the table

,
we also used the

computation
Mf 0 PY = ff + ta

that follows from the exercise

U osnnssnmtmia ±Tm¥
,

(RYmu)
that is to

my

U 0 C- + to ) Ethan
, NI

,

u

^

keyI•Elltheww"As,,m€



Let as now deal with the full representation An

( i. e
,

we considerall the degrees together )
.

From Menem A we home the isomorphism of Smmowbs

An E An
. ,

TO (Ann. ,
QPJ )

T T extendedSm action
natural Sm
action

Zhis can be rewritten as

An E An
. ,

Q Ymlssnn
. ,

no

p p
natural extended Sm action

snadim

usmg the exercise UQFmls5nyDITmlssnna@sgnm.u)
we home

Sm

An E Tmlssnn
, @Yuan ) EH An

-

Sn
. 1

this is the natural

Sn
. ,

action  on An -1

Ymtudmely we fund An E Judy Az
.



this
,

mnu A
,

I 2 �1� m 52 representation,

guns a quick poof of the
following result of Lehrer

:

theorem ( Lehrer 198 7)

An E 2 Jndsgnmh

Remnk_ A generalization  n ponied by the algebra

H
*

( cm any
,

¢ )
where cm ( Ml) = { ( m ,  in ) e CRY

"

if uitv , puts}
Zhe case  D= 2 ( in fact d even ) genes An

.

the core d odd has been studied by several authors
(

F
.

Cohen
,

Lehrer
,

Mathieu ) and can also be studied
wringthe some methods illustrated above ( extended 5mm action) .


