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Introduction

In this thesis, we will study a method of approximation for the solution of
an optimal transport (OT) problem.

Following [2], we will approximate the solution using an entropic constraint
and show that the solution of the regularized problem approaches the solu-
tion of the optimal transport problem in the generic form.

Some properties of the Kullback-Leibler divergence (KL) allows to prove the
existence and unicity of the solution of regularized OT problem. Moreover,
the solution is a matrix with given row and column sums, diagonally equiv-
alent to a given matrix.

Sinkhorn’s theorem gaurantees that there exists a unique matrix satisfying
these properties.

Hence, it’s possible to compute the solution of regularized OT problem
through Sinkhorn’s algorithm.

In the first chapter we will define the entropy and the Kullback-Leibler di-
vergence. An elementary lemma about KL will be proved in order to derive
Sinkhorn’s theorem.

In the second chapter we will study Sinkhorn’s algorithm, that allows com-
puting the solution of regularized OT problem.

Therefore, Hilbert’s projective metric allows to define a metric on a suitable
space of matrices. Completeness of this space and a bound given by Birkhoff-
Hopf theorem are used to prove the convergence of Sinkhorn’s algorithm.
In the third chapter we will define an optimal transport problem between
two probability vectors. First, we will restrict the problem to a set of matri-
ces with a bound on their KL divergence from a fixed matrix. Then, using
Lagrange multipliers, we will turn the problem in a form depending on reg-
ularized entropy. Hence, we will prove that the regularized formulation is
equivalent to minimize a Kullback-Leibler divergence.

Theorems proved in the previous chapters ensure the existence and unicity
of the solution. Moreover, it’s possible to compute the solution through
Sinkhorn’s algorithm. In the last section we will implement Sinkhorn’s
algorithm in MATLAB and show some results on 1-D marginals and 2-D
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marginals that confirm theoretical analysis.



Notation

L R} = {2 = (21,..,2n)|7; >0 Vi <nj}.

2. For v,y € R} we write z <y ifo; <y Vi=1,...,n.

3. IfoR,yE]R”andy>0,denotegz (ﬂ,...,&).
Y n Yn

4. e=(1,.,1)T e R".

5. Let X C R%}. Let p defined on X such that Vz,y € X xpy <& o = Ay,
A > 0. Denote P(X) = X/p.

6. If A, B € R then < A, B >= tr(A” B) is the Frobenius dot product.
7. If z € R, ||z is the Euclidean norm.

8. If M € R™" denote by exp(—AM) the element-wise exponential.



Chapter 1

Sinkhorn’s theorem

In this chapter we will define the entropy of a probability distribution and
the Kullback-Leibler divergence (KL) of two probability distributions. We
can fit these definitions on the set U(r,¢) defined in [1.1]

We will prove some properties of the entropy [3] and of the KL. Therefore,
we will prove an elementary lemma about existence and unicity of the
minimum, satisfying a condition on its partial derivatives. Following [5], we
will use this lemma to prove a theorem about diagonal rescaling of a
matrix with nonnegative entries. Theorem allows to prove Sinkhorn’s
theorem.

1.1 Kullback-Leibler divergence

Definition 1.1. Let ¥, := {x € Ri :xze = 1} . For two probability vectors
r and c in X4 we define U(r,c) := {P € RY*? |Pe = r, PTe = c}.

If X and Y are two random variables taking values in {1, ..., d}, each with
distribution r and ¢ respectively, U(r, ¢) contains all possible joint probability
distributions of (X,Y).

Definition 1.2. If () is a discrete probability distribution on {2 we define
the entropy of @) as

hQ) ==Y Qx)log Q(x)

z€Q

Remark 1.3. If P € U(r,c) and r € ¥, then

d d
h(r) = — Zﬂ‘ logr;  h(P)=— Z pij log pij
i=1

1,j=1
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Remark 1.4. p — h(p) is concave.

Definition 1.5. If P, () are discrete probability distributions on €2 we define
the Kullback-Leibler divergence of P, () as

P(z)

Q()

L(P|Q)=> P(x log

€

Remark 1.6. If P,Q € U(r,c) then

(P
L(P|Q) = me log(" )

Remark 1.7. If r,c € R?} are two probability vectors, then

n

7"‘
KL = i log —
(rlle) = 3" rilog ™

i=1 v

Proposition 1.8. If P, Q) are discrete probability distributions then K L(P||Q) >

0 with equality iff P = Q.

Proof. Using Jensen’s inequality

~KL(P|Q) =) Pz log

€N

log»  Q(x) =

z€Q

) Qz) _

with equality iff P = ) by the strict concavity of the logarithm. m

Proposition 1.9. If p,q € ¥4 and q has uniform density then KL(p||q) =
—h(p) + log(d). Therefore logd > h(p)

Proof.
pz
L(pllq) = sz log(_) = —h(p) - > " pilogg;
= —h( )+ log(d)

Using [1.8] logd > h(p). O
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Proposition 1.10. Let C be an m x n real matriz. Then Im(CT) =
Ker(C)*.

Proof. For x,y € R™ denote ¢(z,y) the standard dot product.

Im(CT) C Ker(C)*: Vz € Ker(C), Vo € R" we have ¢(CTx, 2) = ¢(x,Cz2) =
0. Hence CTx € Ker(C)*.

Ker(C): C Im(CT): it’s equivalent to show that Im(CT): C Ker(C)*" =

Ker(C). If z € Im(CT)*, then Yy € R™ we have 0 = ¢(z, CTy) = ¢(Cx,y).

Since this must be true Vy € R", it’s also true for y choosen in the canonic

basis of R”. Then Cz =0 and x € Ker(C). O

Theorem 1.11. Let C be an m X n real matriz. Let b lie in R™. Assume

Cy =0b for some y > 0. Assume x € R,z >0, x; = 1. There exists a
j=1

unique u® € R’ such that

KL(u|z) = min{KL(ul|z) : w € R?, > u; = 1,Cu = b}.

Necessarily u® > 0 and u° is the unique point such that uw > 0,Cu = b and

i[KL(uHx) — qT'Cul|yeuo= 0 for some q € R™.
auj

The vector q is unique apart from increments w satysfing w? C =0 .

u .
Proof. Emistence For u; > 0 the function u;log — is continuous and attains
l’ .

a finite minimum value at u; = e~ 'x;; so the sum K L(ul|z) is continuous on
R?. The set

S={ueR},> juj=1Cu=>b}

is non-empty because y € S bounded and closed in R? so K L(u|x) attains
a finite minimum value «° in S.

Positivity. If 0 < ¢ < 1 we define the positive vector u(e) = (1 — e)u’ + ey
and the sets of indices

ng{ju9:0}, le{]u9>0}
Then

L K L) l2) = S (s — at)(1 + log D)

x
j=1 J
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If Jy is not empty, as € — 0

LK L(u(e)2) = (3 y5) loge + O(1)

de
Jo

which would tend to —oo. So for small €, K'L ou is decreasing compared
to . So this would imply K L(u(e)||z) < KL(u(0)||z) = KL(u°||x) contra-
dicting the minimizing property of u°.
Uniqueness. Suppose u' also minimizes KL under the constraints u > 0,
Cu = b. By positivity u! > 0.For 0 < § < 1 define

u(f) = (1 — 0)u’ + ou!
If u° # u', then

@ e () — up)®
K LuOlle) = 32 =g >0

So K Low is strictly convex with respect to § and K L(u°||x) = K L(u(0)|z) >
K L(u(3$)||x) contradicting tha fact that «* minimizes K'L. Therefore, u’ =
u! and the minimizing v is unique.

Lagrange multipliers. Since u® > 0, if z is fixed in R", then u® + ez > 0 for
all sufficiently small €. If C'z = 0 then

d
d—KL(u0 +ezllr) =0 ate=0,
£

which says that is orthogonal to the gradient of KL at u = u°. Since this must

be true for all z in Ker(C), using Proposition we have VK L(u®||z) €
Im(CT) and so there exists a vector ¢ € R™ such that

(VEL(u"|lz))" = ¢"C

0

This satisfies Lagrange equation 8_[K L(u||r) — ¢* Cu]|y—yo= 0. The vector
Uj

q is unique apart from increments w satisfying w?’ C = 0.

Uniqueness. Suppose u! > 0, Cu = bu! # v° and

(VEL(u'|lz))" =¢"C

By the uniqueness of the minimum, K L(u'||z) > KL(u°||z). The convexity
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of K L(ul|z) now implies

d
d_eKL((l —eu' +eu’l|z) <0 at e=0

which says
(VKL(u||z)"(u® —u') <0 at u=1u'.
Now (VK L(u|lz))T = ¢" C implies
¢ Cw’ —u') <0

which is absurd, because C(u® —u') =b—b=0. O

1.2 Sinkhorn’s theorem

Theorem 1.12. Let C' = (¢;5) be a real m x n matriz. Let b € R™ — {0}.
Let K = {m : Cm = b,m > 0}. Let z and y be two nonnegative vectors with
the same zero pattern (z; = 0 < y; =0). Ify € K then there exists a unique
m in K such that

_ Cij g _
ﬂj—xj”zi j=1..n
for some z; > 0.

Proof. 1If x; = 0 we set m; = 0, thus without loss of generality we may assume
that all components x; and y; are positive for j =1, .., n.
According to Theorem there exists a unique u° achieving

muln{g ujlog%:uzo,g(fu:b}
j

=1
1

where u® > 0, ~Cu® = b and
e

0 m
U
1+logi = ZQiCij 7=1,..,n.
J i=1

Taking exponentials, we find

1
where 7; = euf and z = exp(=¢;). O
e
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Theorem 1.13. Let X = (x;;), Y = (yij) be two r x s matrices with non-
negative entries. Let x;; = 0 < y;; = 0 for any v,j. Let the row sums and
column sums of Y be positive. Then there exist uy,..u,, vi,..vs all positive
such that m;; = (x;;u;v;) has the same row sums and column sums as Y.

Proof. Let ¢® = [1,..,1] € R®* and ¢ = [1,..,1] € R".Let s’ be the vector
of row sums: s/ = C(e®)?, so s/ € R" and s’ be the vector of row sums
st=CT(e")T, s' € R®.

Let C be the matrix in R™*" defined as

e 0 0
0
. o
0 0 e®
C= e 0 ... 0
0 e :
i 0 0 GT_

where m = r + s and n = 2rs.
The condition on the row and column sums of Y can be expressed in the

form Cy =bwherey = [Y; ... Y, Y' ... v yeR
b= s si]T and b € R™.

If z € R™ it’s possible to write z = [21 o zn}T where

z1 = [211 zls},..., 2y = [Zm er}

Zrgl = |Z11 - -- zrl},..., Zn = [zls zm].

For any ¢ € R™ we may write

= [ozl ceooap B ﬁs}
So for all z in R™ we have
q'Cz = Z Z(ai + BJ)zi;
i=1 j=1

Now we consider for all z € R"
n ZU
KL = » log —
(el = 3o 2

where x has the same structure as z.
According to Theorem there exists a unique 2% in R™ such that

KL(Z°||z) = min{KL(z||z) : z € R",Cz = b}
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and satisfying Lagrange equation
0
—[KL(z||x) —¢"Cz] =0 j=1,.,n.
0zj
It’s possible to write Lagrange equation in the form
29,
1 +log —* — (a; + B;) =0
Tij
Taking exponentials, we find

Now define
u; =€, vj = P
and we obtain the theorem. O

Theorem 1.14. Let A = (a;;) be a N x N matriz with a;; > 0 Vi, j. Let

p,q € RN. There exists exactly one matriz B such that the row and column
sums are respectively p and q and it can be expressed in the form B = D1 ADy
where Dy and Dy are diagonal matrices with positive diagonals. Dy and Do
are unique up to a scalar factor.

Proof. Let Y be a matrix with positive entries such that Ye = p, YTe = ¢.By
Theorem [1.13] there exist u;,v; such that the matrix (7;;) defined as

’7T7;j = aijuivj
has the same TOW SUIms and column sums as Y.
Then, setting B = (m;;), D = diag(u;), Dy = diag(v;), we get the theorem.
O

Definition 1.15. A doubly stochastic matrix is a square matrix A = (a;;)
of nonnegative real numbers each of whose rows and column sums to 1, i.e

Zaij:Zazjzl VZ,]
J i

Corollary 1.16 (Sinkhorn’s theorem). To a given N x N matriz A = (a;;)
with a;; > 0 Vi, 7, there corresponds exactly one doubly stochastic matriz T's
which can be expressed in the form Ty = D1 ADy where Dy and Dy are diag-
onal matrices with positive diagonals. The matrices Dy and Dy are unique
up to a scalar factor.

Proof. Using the notation of the previous theorem, we can set Y = (y;;) with
1

Vi = for all 7, j.

By this choice of Y, we have that T4 = (m;;) is doubly stochastic. ]



Chapter 2

Sinkhorn’s algorithm

In this chapter we will discuss Sinkhorn’s algorithm in order to compute the
unique matrix diagonally equivalent to a given matrix with prescribed row
and column sums. The existence and unicity of such a matrix was proved in
Chapter 1. We will use Hilbert’s projective metric d to define a metric
1 on the set P(E,4) of matrices diagonally equivalent to a given matrix.
We will show that the space (P(R7}),d) is complete [1].This result allows to
show the completeness of (P(E4), ) -

We will prove Birkhoff-Hopf theorem in 2 x 2 case using Sinkhorn’s theorem
and then, following [4], we will extend it to the m x n case. This theorem
gives a bound on the contraction ratio defined in [2.10]

We will use this bound and the completeness of (P(E4), ) to prove the
convergence of Sinkhorn’s algorithm.

2.1 Hilbert’s projective metric

Definition 2.1. If z,y € R} we define M(z/y) = m.a><;E and m(x/y) =

)

. Ly
min —
Y
Definition 2.2. Hilbert’s projective metric d(,) is defined on R’} by
M W
d(z,y) = log Mz/u) _ log max %4
m(z/y) i LY

Proposition 2.3. (Rﬁﬁ, d) is a pseudo-metric space and (P(Rﬁ), d) is a met-
ric space.

Proof. Let x,y,z € R} .It’s obvious that d(x,y) = d(y, ). Since M(x/y) >
m(z/y) we have d(z,y) > 0 and d(z,y) = 0 iff x = ay where a > 0.

11
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We have

max Lili max TizizYi < max Ti%j max %

LjYi Lj Zi 25 Yi LjZi ZjYi
So d(z,y) < d(z,2) +d(z,y). If z,y € P(R}) then d(z,y) =0 2 =y so
(P(R?),d) is a metric space. O

Proposition 2.4. F = (]P’(RZ‘F), d) is complete.
Proof. If z,y € R and z # Ay VA > 0, we will show that
|z — y|[< exp(d(z,y)) — 1.

If z,y € R} we have
m(x/y) <1< M(x/y)

Therefore,
|z —yll = {Z — )< {Z (z/y) — m(z/y)2y2}/2

SM(SL‘/y)— (w/y)_(earp(d(x,y))— Dm(x/y)

Moreover,
|z —yl
M(x <1+
(x/y) m(g7e)
Similarly, if ||z — y||< m(y/e)
[z — yll
m(x/y) > 1—
W= e

It follows that ]
lz = yll< m(y/e) tanh(5d(z, y)).

Let p : R} — P(R%) be the natural projection. So if {;} is a Cauchy

sequence in E, then {p~*(z))} is a Cauchy sequence in {R"}, || ||} and hence
converges to a limit p~'(x) with d(zy,z) — 0 and so z; converges to x in
E. [l

Definition 2.5. Let A be a positive m x n matrix. We denote A ~ B if
there exist X and Y diagonal matrices such that A = X BY. Denote

Eq={B:A~ B,b; >0}

the set of matrices diagonally equivalent to A.
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Definition 2.6. If B, B’ € E4,, B = XB'Y, X =diag(z;), Y = diag(y;)
we define

w(B,B') =d(x,e) +d(y,e)

Remark 2.7. p is well defined because by Sinkhorn’s theorem X and Y are
unique up to a scalar factor.

Proposition 2.8. (E4, ) is a pseudometric space and (P(E4), i) is a metric
space.

Proof. Let B,B" € Eo,B = XB'Y with X = diag(z) and Y = diag(y).
Since d(,) > 0, u(B,B') = d(z,e) + d(y,e) > 0. u(B,B") =0 iff d(x,e) =
—d(y,e); by positivity of d we obtain d(z,e) = d(y,e) = 0 so z = Xe
and y = te and B = MB’. We also have u(B', B) = d(g,e) + d(g,e)

d(z,e) +d(y,e) = u(B,B’) .

If B” = X"BY" with X" = diag(z”) and Y” = diag(y”) we have u(B, B)
dz.e) + dy.€) < dz,a") + d(z",e) + dy,y") + d(y",¢) = p(B, B")
H’(BH7 B/).

O+ |

Proposition 2.9. The space P(E4) with the metric y is complete.

Proof. Let {Ay}r be a Cauchy sequence in P(E,). For all 4,5 A; ~ A;.
So there exist X, Y; such that

Ay = X1 A1,

Az = XoA0Y)

An+1 == XnAnYn = Xn . -XIAI}/I e Yn
Let {z'} C R% be such that X;... X, = diag(z").
Similarly, let {y*} C R be such that V;...Y; = diag(y").
Since Ay is a Cauchy sequence there exist N such that Ve >0 Vm,n > N

(A, Ay) < e

Suppose n >m, so A, = X,, ... X, A Y, ... Y, and

n n

A A) = (g, 0) + () = e ")+ dly ) <

pm—1 )

Since d(,) is a distance we have d(,) > 0 and so

dz", 2™ ) <e dy",y" ) <e
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Hence, {z'} and {y'} are Cauchy sequences in (P(R7"), d); since this space is
complete ‘

=z Yy =y
Then Vm > N let

m m

. Z . Yy
B = diag(*— L
iag( " )A,, diag( ; )

We have B € P(F,4) and

m m

P8, Ap) = d(= )+ d(E ) = (™, ) 4 d(y” ) < 2
So the sequence A, converges to B in P(E4) with the metric p. O

2.2 Birkhoff-Hopf theorem

Definition 2.10. Given an m X n matrix A with positive entries, we define

1. A(A) = sup{d(Ay, Ay')|y,y" € R"}; it measures the diameter of the
image.

2. k(A) = sup{—d(gg’ﬁg{)

ratio of A.

cy,y € R,y # ay} denote the contraction

3. lf z,y € R, w(x/y) = max — — mmx—
Yi vYi

,x,y € R"} is the Hopf oscillation ratio

Remark 2.11. If A and B are two m x n matrices diagonally equivalent with
positive entries, i.e., there are two diagonal matrices X and Y with positive
diagonal entries such that B = X AY, then A(A) = A(B)

Remark 2.12. Let A; be an m X n matrix and As be an n X m matrix. Since
Vy,y € RY,

d(A1 Ay, A1 Asy') < k(A1)d(Agy, Asy') < k(A1)K(A2)d(y,y)

then
r(A1As) < K(A1)R(A2)

Proposition 2.13. Let A be an m X n matriz. Then A(A) = A(AT).
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Proof. Let y,y" € R'}. If e; are standard basis vector of R then y = > A,es;
s=1

Y = Z i€t
t=1

A(A) = max logmax
Yy €RY 4]

= log max (AMwer): '
Y (Akkek)g(Aﬂzel)i
i,5,k,l (Aek)

ik

a;

~—
=

—~
\_/

= log max
L1kl Q)

Using this equality, A(A) = A(AT). O

d
where a > 1 with k(A) = k(A'),

Theorem 2.14. Given a matriz A = {CCL b} with positive entries and det(A) #

1
A(A) = A(A') and N(A) = N(A').

Proof. According to Sinkhorn’s theorem there exist diagonal matrices D; and
D, with positive diagonal elements such that Dy AD; is doubly stochastic so

DﬂDfZLfﬁlgﬁl

Now, if det(A) > 0 let P be the identity matrix and if det(A) < 0 let P be
the permutation matrix

0 1

o

rman-[,2, 1

0, there exists a matrizc A" =

(det(A) # 0) by hypothesis, so

where v > 1/2. Finally, let D be 1/1 — ~ times the identity matrix, so

1 «

A:P&A%D:P 1

Using Remark and the fact that P and D are bijections in R? we have
N(A)=N((A"), A(A) = A(A") and so k(A) = k(A)
O
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Proposition 2.15. Let A be the matrix
a 1
=]
where o > 1. Then A(A) = d(Aey, Aey) where e; and ey are the standard
basis vectors of R2.

Proof. Assume v = e; + sey, v/ = tey + es where s,t > 0 and d(Av, Av') =

A(A). We want to show s =t = 0.
Therefore,
AU:|:04+S} AU,:[athl}
1+ as L+«
Assume without loss of generality

o+ s 1+ as

>
at + 1 t+«
Define ts b4
a+s e
1) =
S A P
Since a > 1,
a—+ s < t+ o <a
1+sa ™ at+1
Hence, f(s,t) < a? and then s =t = 0. O

Proposition 2.16. Let A be the matrix
a 1
[

where a > 1. Then N(A) = k(A) = tanh iA(A) _ exp(A(4)/2) -1

~exp(A(4)/2) +1

Proof. By the definition

Az /A
N(A) = sup w(Az/Ay)
ryerz  W(T/Y)
We can consider z = (1, s) and y = (1,¢) for non-negative s,t. For w(z/y) to

exist and be non zero we must have s,t > 0 and s # ¢.
Using the definition of w we have

a+s 14+ as

t 1+at

N(A) = sup o+ 8+a
s,t 1— -
t




CHAPTER 2. SINKHORN’S ALGORITHM 17

o — 1)t
:i?(aiﬂ&nll)
= sup (1)
where
oit) = >~ L

(a+t)(at+1)

¢ is non-negative, its only stationary point is at 1 and its limits at 0 and oo
are both 0; it follows that its supremum is attained at 1 and is equal to

a?—1 a—1
o(1) = (@+1)2 a+1

A similar approach for xk(A) gives

(a+s)(1+at)

a1+ as)
t 1 5
s, og —
gt

= suplu(s, 1)

where
(a+s)(1+ at)

ot )1+ as)

¢(8,t) = . S
og Z
We can write ) — £(1)
s) —
Y(s,t) = —————~
logs — logt
where +t
«Q
t) =1
f( ) 8 14+ at

Using mean value theorem, we have that for 0 < s < ¢ there exists 7 with
s<7<t

_ fls) = f@)
Yls,t) = log s — logt
~ oy

_ (1—-a?)r
(a+ 7)1+ ar)
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= —o(t).
From this we obtain sup |[¢)| < sup¢. To show the opposite inequality, fix
t > 0 and choose an arbitrary positive . Using mean value theorem, —1(t —
g, t+¢) = ¢(r) with 7 € [t — ¢,t + ¢]. By the continuity of ¢ we have that
4| attains values arbitrarily close to ¢(t) for any given t.
Hence, we have
N(4) = s(A) = 22

a+1

Let e; and ey be the standard basis vectors for R?. By Proposition

A(A) = d(Ael, A€2)

Since Ae; = (a, 1) and Aey = (1, a), we have d(Ae;, Aey) = log a? = 2log a.
Now a = exp(A(A)/2) and

a—1_exp(A(4)/2) -1
N(A) =k(A) = a+1 exp(A(A)/2) +1

_ tanh iA(A)

Corollary 2.17. If A € RY** with positive entries and det(A) # 0 then

_ew(B(4)/2) -1
exp(A(A)/2) +1

1
k(A) = N(A) = tanh ZA(A)
Proof. Using the previous theorems, there exists a matrix A’ such that k(A) =
k(A"), N(A) = N(A"), A(A) = A(A") and

ep(A)/2) 1
exp(A(A)/2) +1

K(A) = N(A') = fanh iA(A’)

]

We now extend the previous result to a generic m xn matrix with positive
entries:

Theorem 2.18 (Birkhoff-Hopf). Let A € R"*™ with positive entries. Then
exp(A(A)/2) ~ 1
exp(A(A)/2) +1

Proof. If x,y € R} define V(z,y) = {ax + By; o, f € R}
Now define the functions k, N and A on R’} by

K(A) = N(A) =

= tanh ;LA(A)

wlay) = sup{ )

lv,we V(x,y)}
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w(Av, Aw)
w(v,w)
A(z,y) = sup{d(Av, Aw)|v,w € V(z,y)}

N(x,y) = sup{ lv,w € V(r,y)}

Since we proved the theorem in dimension 2 we have

exp(A(z,y)/2) — 1
exp(A(z,y)/2) + 1

() = N(z,y) = tanh 2 A(r, ) =

By the definitions it follows that
k(A) = sup{s(z,y)|z,y € R }

N(A) = sup{N(z,y)|r,y € R} }
A(A) = sup{A(x,y)|r,y € R} }

Now
rk(A) = sup{s(z,y)|z,y € R}

= sup{N(:L‘,y)|x,y € RT—:-}
- N(4)

1

= sup{tanh ZA(&:, y)lx,y € R}
1

= tanh(sup{7 Az, y)|z,y € R1})

= tanh }lA<A)

Remark 2.19. k(A) < 1. Using k(A) = r(AT).

2.3 Sinkhorn’s Algorithm

The aim of Sinkhorn’s iterative algorithm is to find a positive matrix B of
the form DlAQQ which has prescribed row and column sums. The existence
of the matrix B was proved in the first chapter.

Suppose A = (a;;) is a positive m x n matrix and p € R™, ¢ € R™ with

Pt et Pm =@+t G
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Starting with Ay = A it’s possible to define the sequences Ay, A} of column
and row normalized matrices by the following algorithm.
If #®) = A,e is the vector of row sums, define

Ay, = SpAy, Sy, = diag( IZ;))
Ti

If ¢®) = ATe is the vector of column sums, then

Ajr = ATe, Ty = ding(-2)
c
J

Definition 2.20. We say that A is row normalized by p if Ae = p. We say
that A is column normalized if by ¢ is ATe = q.

Theorem 2.21. If B € P(E,) is row normalized, then f(B) = SoBT, is a
contraction.

Proof. Let B, B' € P(E4) be row normalized.
We want to show that

u(f(B), f(B)) < k(u(B,B)) k<1

There exist diagonal matrices X = diag(x),Y = diag(y) such that
B' = XBY

and u(B, B") = d(z,e)+d(y,e). Now f(B') = S,XBY Ty and B = S; ' f(B)T;*
implies

f(B') = SoX Sy f(B)T; YT
So

/

W(f(B), F(B) = d(— )+ d(2y.e)

where Sy = diag(so); Sy = diag(sy); To = diag(ty) and Tj = diag(t}).
Now,
B<= diag(x)B diag(y)E = diag(x)Be = Bex
Y Y

Hence,
50 o :
d(—=x,e) = d(—z,e) = d(Bex, B'e)
So To
e
=d(B'—,Be
( ; )
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/

t
Now we want to show d(t—oy, e) < k(B')d(z,e).
0

We have
BTE = diag(y) B* diag(az)E = diag(y)Be = Bley
T T
Therefore,
t/
d(t—oy, e) = d((SoB) ey, (S,B')Te) =
0
d(B* Syey, B S)e)
=d(B%ey, B"e)
_ d(B,TE,B/Te)
T
< &(B')d(z, e)
since Spe = Spe = e and k(B'T) = k(B'). O

Remark 2.22. 1t’s not known if f is a contraction on P(Ej4).

2.3.1 Convergence

We will use Hilbert projective metric and p defined in the previous sections
to show the convergence.

Theorem 2.23. Let A = Ay be column normalized. Then
d(r™,p) <~d(r®, p)

(Y, q) < ~vd(c?, q)

where v = k(A)?, r®) = Age, ¥ = ATe and Ay, A, are the matrices defined
by Sinkhorn’s algorithm.

Proof. Let A’ = A)). Since rV) = Aje = A'Tye = A’% and A’e = p we have
c

W ) = dAa-L 4
d(T’ 7p) - d(A C(O) ) A 6)

< w(A)d( . )

= w(A)d(g, )
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since k(A) does not change during the iteration.
Now

A = ATe = AT Spe = AT L
r(0)

and ATe = ¢ imply
(g, V) = d(ATe, AT5) < w(AT)(r "), p).
r
Since k(A) = k(AT) we obtain d(r™M, p) < vd(r©®,p).
The estimate for the column sums follows similarly. n

Remark 2.24. By construction, all matrices A; in Sinkhorn’s iteration are
column normalized. Hence repeated applications of the previous theorem

yield
< A*d(r®, p)
d(c(’“) q) < ~*d(c?, q)

Proposition 2.25. The sequence {Ay} genemted by Sinkhorn’s algomthm
converges in (P(E4), 1) to the unique matriz B such that Be = p, BTe = g
and B ~ Ay.

Proof. We first show that A, is a Cauchy sequence.
Following the previous theorem,

T 4
N(Aka Ak+1> - d(r(k) 3 6) + d(C(k) ) 6) -

— (¥ p) + d(c® g)
<A, p) + d(c?, q)}

Suppose m,n > N and m > n, by triangle inequality
(A An) < (7" -+ A, p) + d(”, ¢)}
= "L+ A", p) + ()}

1 — ™M
n2 0 © )+ d(c), q)}

(r',p) +d(c”, q)}
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Since v = k(A)? < 1, the last term tends to zero as n approaches oo.

So there exists the limit C' € P(E4) of the sequence Ag; we want to show
that C' = B.

For k large enough, Ve > 0

pw(Ag, C) =d(x,e) +d(y,e) < e,

where C' = diag(x) Ay diag(y). So C has column sums q.
Recall A] = Sy Ay where Sy = diag( p

(k))
So
p(A, Ay) = d(e, e) +d(1V, ) = d(q, ™) < 4*d(c, q)
Now, by the triangle inequality
[1( Ay, C) < pi( Ay, Ak) + 1A, ©)

and the last term tends to zero as k approaches co. Then, C has row sums
p- So C'is diagonally equivalent to Ag = A and has row sums p and column
sums ¢.By unicity proved in Sinkhorn’s theorem, B = C'. O]

Corollary 2.26 (Error bounds). Using the notation of Pmposition

(A, B) < (r®,p) +d(c”, q)}

Proof. If m > k we already proved that

(7“(0)7 p) + d(C(O), Q)}
If k is fixed and m — oo then A,, — B and

1(Ay, B) < @, p) +d(c?, q)}

Proposition 2.27 (Error bounds). If A ~ B, ATe = BTe and u(A,B) < ¢
then ;
exp(—¢) < =+ < exp(e)
Q5

foralli,j.
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Proof. There exist diagonal matrices with positive entries X = diag(z),Y =
diag(y) such that B = XAY and d(z,e) < ¢ and d(y,e) < €.

If 2/ = —x where 2, = min{z;} then
Tk

1<z <exp(e) i=1,..,n.

Without loss of generality we may assume x = /. From Y AT = BT X! and
ATe = g = BTe it follows that

Yqg=YA%e = BT X e,

So
exp(—e) < X e <e

and multiplying by BT,

Now

Finally



Chapter 3

Optimal transport problem

In this chapter we will define an optimal transport problem between
two probability vectors. It is a known fact that the solution of this problem
lies on a vertex of the polyhedral set U(r,c) defined in our aim is to
approximate the solution.

Following [2], we will introduce a convex subset U,(r,c) of U(r,c), using a
constraint on the Kullback-Leibler divergence. Hence, it’s possible to define
the optimal transport problem on the set U,. For a large enough, U, (7, c) =
U(r,c) and the two formulations are equivalent.

Lagrange multipliers’ theory allows to turn the problem defined on U, (r, ¢) in
the form of the definition [3.6] Proposition [3.10] shows that this formulation
is equivalent to minimize a Kullback-Leibler divergence on U(r, ¢).
Therefore, the existence and uniqueness of the solution to the problem defined
in [3.6) is ensured by theorem [I.11} According to the condition on the partial
derivatives of theorem [I.11] the solution of [3.6]is diagonally equivalent to a
given matrix.

Moreover, by Sinkhorn’s theorem, there exists a unique matrix of that form,
with row sums 7 and column sums c.

Therefore, it is possible to compute the solution of the problem defined in
using Sinkhorn’s algorithm. In the last section we will show some numerical
experiments.

3.1 Entropic constraint

Definition 3.1 (OT problem). Let U(r,c) be the set defined in 1.1} Given
a d X d cost matrix M, the problem

dy(r,c) = Pg{lji({qlc) < P/M >

25
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is called an optimal transport problem between r and ¢ with given cost M.

Proposition 3.2. The set U,(r,c) :={P € U(r,c)|KL(P||rc’) < a} =

{P e U(r,c)|h(P) > h(r) + h(c) —a} C U(r,c) is convexz.

Proof. The two definitions are equivalent because K L(P||rc?) = h(r)+h(c)—
h(P). If P,Q lie in U,(r,c) then Vt € [0,1] A((1 —t)P+1tQ) > (1 —t)h(P) +
th(Q) > (1 —t)(h(r) + h(c) — a) + t(h(r) + h(c) — a) = h(r) + h(c) — a. So
(1—t)P+1tQ € Uy(r,c). We used the concavity of the entropy (Remark
in the first inequality. O]

Remark 3.3. rct' is the joint density in the case r and ¢ are independent.

Definition 3.4 (OT with entropic constraint).

dro(r,c) == Per[rjligc) < P,M >

1
Remark 3.5. Since for any P € U(r,c) h(P) is lower bounded by i(h('r’) +
h(c)), we have that for « large enough U,(r,c) = U(r,c) and so dprq(r,¢) =
dy (1, ).
Definition 3.6 (dual-Sinkhorn divergence). For A > 0,

1
) ‘= min < P.M > —=h(P
M(ra C) Pér(lfl(rrl,c) ) )\ ( )

Remark 3.7. Equivalence between [3.6| and [3.4]is a consequence of the follow-
ing proposition.

Proposition 3.8. Let G(P) =< P,M >, let F : R" — R be a smooth and
strictly convex function. If there exists a unique minimum P* for G such
that F(P*) = o where a > 0, then there exists a p < 0 such that (P*, u) is
a minimum for

A(P, i) = G(P) + uF (P)

Proof. Using Lagrange multipliers, there exists a p* such that (P*, p*) is a
stationary point for
A(P, ) = G(P) + uF(P)

It’s known that VG must be proportional to VF' in the point P*. So
VG(P*) = p*VF(P*)

Suppose p* > 0, so there exists a 7' minimizing G with F(T') < «, this is
absurd because by hypothesis the minimum must achieve F(T") = a.
Using the convexity of F', (P*, 1*) is a minimum for A. H
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Proposition 3.9. For every a € [0,00] there exists a X\ > 0 such that
dara(r,c) = dy(r, c)

Proof. Fix a > 0.
If P* is the matrix such that < P* M >= dps.(r,c), so P* € OU,(r,c).
Hence, P? satisfies K L(P?||rc’) = a which is equivalent to

h(P*)+«a —h(r) —h(c) =0

By the previous theorem, there exists a u < 0 such that (P%, 41) is a minimum
for
A(P, ) =< P,M > +uKL(P*||rc")

So (P*, i) is a minimum for

N (P, u) =< P,M > +ph(P)

1
Setting = —— where A > 0 we get the proposition.

A
O]
L . KL(Pllexp(=AM))
Proposition 3.10. d},(r,c) = Pgljl(ﬁc) )
Proof.
ng
P il
K L(P|lexp(— ij e v
= Zpij logpij + A Zpijmij
irj ij
= —h(P)+ A< P,M >
[

Theorem 3.11. For A > 0 the solution P* = (p}}) of the problem defined in
i is unique and has the form P* = diag(u)K diag(v) where u,v € R% are
uniquely defined up to a multiplicative factor and K = e~ is the element-
wise exponential of —AM.

Proof. The existence and uniqueness of the solution P* is ensured by Propo-
sition [3.10] and Theorem [L.11]

By the condition on partial derivatives in theorem |1.11} there exist o, 8 € ]Ri
such that

=0

[KL(P|le ™) — " Pe — 8" PTe] ,_,,

op; j
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that is equivalent to
10gp%+1+)\mij—06j—ﬁi:0

which leads to

pf\j — o V/24aj o =Amij Bi=1/2
Therefore, P is diagonally equivalent to K and has row sums r and column
sums c.
Since K has strictly positive entries, Sinkhorn’s theorem states that there
exists a unique matrix diagonally equivalent to K that belongs to U(r,c).
P? is necessarily that matrix. O

3.2 Numerical experiments

3.2.1 1-D marginals

It is possible to implement Sinkhorn’s algorithm in Matlab to find the solution
P> of Algorithm 1 computes Hilbert’s projective metric between two
given vectors in R}.

Algorithm 1.
function d= distance (w,v)

—v(1) fw(1)
=v(1)/w(1);
for 1—2 length (v
F () (i)
—v (i) jw(i);
end
end
for i=2:length(v)
f(v(i)/w(i)<t)
—v (i) jw(i);
end
end
d=log (s/t);
end
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Given a matrix cost M and marginals r and ¢, Algorithm 2 computes
the unique matrix P which has row sums r and column sums c¢. We will use
Hilbert’s projective metric computed in Algorithm 1 as a stopping criterion.
We say that Sinkhorn’s algorithm converges to P at k — th iteration if the
sum of the distance between the row sums and r and column sums and c is
less then 1075,

Algorithm 2.
function [P,k,d]=sink (M,r,c,1)
[n,mj=size (M);
e=ones(n,1);
el=ones (m,1) ;
P=M;
d=1;
k=1;
while (d>10"—5 && k<1)
j=Pxel;
Al=diag(r./j)=P;
g=Al"'xe;
P=Alxdiag(c./g);
d=distance (j,r)+distance(g,c);
k=k-+1;
end
end

Given variance o2, mean m and a uniform grid of an interval a, Algo-

rithm 3 computes a discretized Gaussian distribution on a.

Algorithm 3.

function g=gaussd(a,sigma ,m)

g=ones (length(a) ,1);

for j=1:length(a)

a(j ,1)=exp(—(a(j)-m) 2/ (2+sigma 2))
end

q=(1/sum(q) ) *q;

end




CHAPTER 3. OPTIMAL TRANSPORT PROBLEM 30
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Figure 3.1: Marginals p (blue) and ¢ (red)

Marginals p and ¢ in Figure 3.1 are Gaussian distributions with variance
4, and mean respectively m; = —2 and my = 2; discretized on a uniform grid
(2;);% of 100 points of [—10, 10]. Using the cost matrix M;; = |z; —z;|* and
K = e elementwise with A = 5, Figure 3.2 (a) shows the convergence of
Sinkhorn’s algorithm from p to ¢ and Figure 3.2 (b) shows the structure of
the transport matrix, that is similiar to a translation.
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(a) k=number of iterations (b) Transport matrix P obtained with
d=distance(j,p)+distance(k,q) Sinkhorn’s algorithm

Figure 3.2: Convergence of Sinkhorn’s algorithm for a fixed A
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Figure 3.3 and Figure 3.4 show the convergence of the algorithm for dif-

ferent values of .
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Figure 3.3: k=number of itera- A

tions of Sinkhorn’s algorithm; A\ is

the parameter used computing K =
e—>\M

Figure 3.4: For encreasing values
of A, d}; approaches |m; — ma|?

Let Sy AT}, be the k-th iteration of Sinkhorn’s algorithm starting from
the matrix A. Let p be the normalized row sum and ¢ be the normalized
column sum. If {gx} is the sequence of column sums of S5y AT}, then by
Sinkhorn’s theorem Sy 1.5, AT}, is the unique matrix diagonally equivalent to
A with row sum p and column sum ¢;. The sequence {qx} converges to q.
Therefore, stopping the algorithm at the i-th iteration and normalizing the
rows we get a transport matrix between p and g,. This gives an idea of the

convergence from p to ¢. The computation is performed with cost matrix
M, ; = |z; — z;]* and K = e®M elementwise.

Algorithm 4.

function Y=succ(K,p,q,n)
P=sink (K,p,q,n);
[a,b]=size (P);
e=ones(b,1);
r=Pxe;
Y=diag(p./r)=P;
end
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Figure 3.5: Input marginals p (blue) and ¢ (red) are gaussian distributions
with the same variance. In yellow the distribution of Ye for n = 7. In violet
the distribution of Ye for n = 15.

Figure 3.5 shows the distribution of Ye where Y is computed using Al-
gorithm 4 for different values of n. We get similiar results if the input
marginals p and ¢ have different variances.
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Figure 3.7: In yellow the distribu-
tion of Ye for n = 2, in violet the
distribution of Ye for n = 4.

Figure 3.6: Marginals p (blue) and
q (red) with different variances
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Fix 0 <t < 1. Given the transport matrix P obtained with Sinkhorn’s
algorithm, we can know where the point (1 —¢)i+tj is sent by the matrix P.
If t =1 we get the marginal ¢ = P’e, if t = 0 we get the marginal p = Pe.

Algorithm 5.
function r=inter (P,t)
[n,m]=size (P);
r=zeros (n,1);
for i=1:size (P)
for j=1:size (P)
k=floor ((1—t)*i+t*j);
r(k,1)=r(k,1)+P(i,j);
end
end
end

0.12

01+F [

0.08 - [

0.06 il

004 r

0.02

Figure 3.8: Input marignals p (blue) and ¢ (red), in yellow interpolation
with ¢ = 1/2
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3.2.2 2-D marginals

Let (2;)}%° be a uniform grid of 40 x 40 points in [—1,1]*. If the input
marginal s is a uniform density distribution on the discretized ball centered
in (0,0) of [-1,1]* and r is the uniform density on the discretized boundary
of the square, Figure 3.9 shows the convergence of Sinkhorn’s algorithm with
input bidimensional marginals s and r. The computation is performed with
cost matrix M;; = ||z; — z;]|* and K = e %M elementwise. Subfigures from
(b) to (e) show the distribution of Y'e where Y is computed using Algorithm
4 for different values of n.

5 10 5 20 25 30 35 40

5 10 15 20 25 30 35 40

a) Uniform density on the discretized
l(Ja%I Y (b) n=1

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

(c)n=2 (d)n=5

5 10 15 20 25 30 35 40

(f) Uniform density on the discretized
boundary of the square

() n=10

Figure 3.9: Sinkhorn’s algorithm with input marginals (a) and (f)
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Let ()19 be a grid of 40 x 40 points in [—1,1]%. Let M;; = |jz; — z;|?
and K = e '™ elementwise. Let s be the uniform density on a ball centered
in (0,0). Let r be the uniform density on two balls centered in (-1,0) and
in (1,0). The following figure shows the convergence of Sinkhorn’s algorithm
from s to r. Subfigures from (b) to (e) show the distribution of Ye where Y
is computed using Algorithm 4 with different values of n.

5
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10
10
15
15
20 |
20
25
25 |
30
5
3
5 10 15 20 25 30 35 40
5

10 15 20 25 30 35 40

(a) Uniform density on the discretized

ball (b) n=1

5 10 15 20 25 30 35 40

(c)n=2

5 0 15 20 25 30 35 40
5 10 15 20 25 30 35 40

(f) Uniform density on two balls cen-

(€)n=06 tered in (-1,0) and (1,0)

Figure 3.10: Sinkhorn’s algorithm with input marginals (a) and (f)
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The following algorithm is a variation of Algorithm 3 for the 2-D case.

Algorithm 6.
function r=inter2 (P,t,n)
r=zeros (n,n);
for i=1:(n"2-1)
xl=floor (i/n);
yl=i—mnx*x1;
for j=1:(n"2-1)
x2=floor (j/n);
y2=]—n*xX2;
w=floor ((1—t)*x1+t*x2);
k=floor ((1—t)*yl+txy2);
walt=ceil ((1—t)*x14+t*x2);
kalt=ceil ((1—t)*yl+t*y2);
r(k+1,w+1l)=r(k+1,w+1)+P(i,j)/2;
r(kalt+1,walt+1)=r(kalt+1,walt+1)+P(i,j) /2;
end
end
end

Let P be the transport matrix between (a) and (f) in Figure 3.10. Figure
3.11 shows the results of Algorithm 6 for two values of ¢t and n = 40.

5 10 15 20 25 30 35 40

1 3
(a) t=3 (b) =

Figure 3.11: Interpolation between uniform density on a ball centered in
(0,0) and uniform density on two balls centered in (—1,0) and (1,0).
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5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
(a) Marginal s (b) Marginal r
Figure 3.12: Marginals s and r are uniform density on a rectangle in the

discretized square [—1,1]2

If P is the matrix obtained with Sinkhorn’s algorithm with marginals
input s and r in Figure 3.12 | Figure 3.13 shows the results of Algorithm
6 for two values of ¢.

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

1 3

t=— b)t=-

(a) 1= (b) 1=
Figure 3.13: Interpolation between marginals s and r in Figure 3.12 for two

values of t.
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