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O > MOTIVATION

LIK Galois extension of number fields al p-edie fields,
G-. GALILIK )

.

Denota by Q , Ok the ring of integra -

Velvet.eu nings .

It UK is not Tame , Then OL ¥ Ok [G]
,

no NIB
.

LEOPOLD -1 mi Uyuni { a c- KID 1 a OLEOL }

If L /Qpio abeliane , thou 0L ± Nuk as Mha - media
.

But if K tap , a Hap notabeliane , itmay be not the
case .

Since Nuk is the anly Ok -onda in K[G] aver

OL con be free , whatcon me do if it is not ?



IDEA : Look in a differenti K - algebra !

① Introduce K -HOPF ALGEBRA S
,

and HOPF GALOIS EXTENSIONS

② generalise the associated arden

③ Study of asmodula ora it .

Byatt : example with frames , in a
"

nonclassica
"

setting ,
butnot over Hyun .



1 . HOPF ALGEBRA 5

We fix R , a commutativa ring (with unity )
for all this lecture .

NOTATIdi :

• ④ = ④
R

• If A ,
B are R - modulari, then A⑦B is an R - Module ,

and we derrate by T : 1-①B → B⑦ A the SWITCH MAP
,

a@b i→ b⑦a

In the fint put we worked nidely with R - algebra :

• a ring A , with an R
-Module structure at

, V-nc-R.a.ieA
,

R ( e a' / = (re) e ' = e ( né)

• a ring A , with a ring harnauorpli>
m

f : R→ a

a. T . f- (AR) is container in the Center of & .



Def : ln R - algebra io (Api ) DEF : R - COALGEBRA ( c , ? E)
Where's Where'

.

. Aimon R - mediche . Ci> an Rumatera

• µ : 1- ① A - 'A R - linea . A :(→ (☒ C R- linea

MULTIPLKATION COMULTIPLICATIOV

il : R -> a R - linea . E :(→ R R - Linear

UNITY County

a.T . 5. t
.

ASSOCIATIVKY : COASSOCIATWKI
1-④ A@ A ÌÌ 1-① A (⑦col <

È Cac

ident U µ Più@A 0 } a
1- ① A
a-

' A Cec <

a-
C

unrary : country

(④ id id ① l id④ E {④ io

R①A - ' Aeoa ←A@R (① R 2-
(①C ← Rooc

cosa

,
?\
,

/% "511%
A < !
O ce



NOTATION : NOTATION :

^ da
'
= µ / e ① 0

'

/ . SWEEDLCER Norton

• 111,2) . 1A CEC
,
ALY = -24s >

④cu,
in cc )

(①L1,2 ④ a 1- I ILARI @a country Prop :

% e :[ Galilea ) :i «I
= [ {Casi ) 44il = lisina
( al

ex: . R Ex : . R

. it A.Bene R - algebra ,
. it GD ore R- coalgebros,

then A B R - algebra : Then (①D "

idxot ④ id Ac ⑦AD
A@B ①AOB -1 A @A ① B④B (④ D - Coca DOD

\ ④MB \ fin' ④Kid
✓
1-④ B

°

(④☐ ①COD

@① b) (e ' @b
' / = da '

@ bb
'

Ea@EB
(④D- , per ÉRla @ 'B

R ROR → 1- • B

Api- 1A @ IB



A. B B- algebra , f. 1- → B C
,
D R - coagesros , f :(→ D

R- linea .

R - linea
.

DEF : fi > an DEF : fi> an

• R . alguna honneur .

• R-coalg.hananaplr.im
if it respect> µ ,

l if it respect 0, E

f
A f- > B K - D

Map UTMB Def ce todo
Aaa -' BOB

(④ ( → ☐① D

f- ① f f-of

flao
' ) > f- (a) f- (d) [ D

A f-> B cercato / ED
R

più .}

. R - algebra anti . Conan .

- R - coalf . anti - lauanoyilizn .

ifitrespais 1
,

if iotrespeit > E
,
and

A f- AB Art > D
MY TUB Day e Pd

A ① A → Aaa
→ BOB col col- >

DoD

~ feof

f@fflaai1-.fCeYfla)



DEF : an R - biALGEBM.io ( H , µ , c, 1,6 ) whee :

1) ( H ,Nil R - algebra .

2) ( HP, E) D- coalgebra .

3) D , E ore R - algebra

hananaplioms.lt-0
> Holt

uf ce {MH@H
H H → Holt @ Halt

daa

( Rk : D
,
E R - alflauou ⇐ i µ , il are R - caos .

henan )
.



DEF : In R - Hopf algebra i] ( H
,
µ
, ya, E , 7)

volere

1) It ,
n
,

'

, d. s ) bi algebra .

2) a :/ 1- → H R - linea
,
ANTIPODE, IT.

a @io
'

aylt
@ H-> Holt

e
In
0HIR → H

in↳
Hat→ Holt

id @ 7

RK : a is the invase of Ida muort t card.

PRODUCT



RK : In [CH' 00], it is Required that I risonanti hanan .

of R - alta bros and R - Coalfebros

In [und 's]
,

riti , shawn that this fai i >
"

free
"

from our definition

DEF : H
,
H

'

R - Hopf algebra , f : H → H
'

R - linea .

f- is an R- Hopf algbne banane . if it rospetto

µ , Lia, E , A It f-] H
'

☐HI Ù fatti
H f-

' H
'

DEF : du R - Hopf algebra H is

^) COUMUZATVE if µ la @ 0
' ) : µ la '#a) =µ

•

"

è aia

2) CoconutWE if To D= 1
, %,

hca ,@ha hai ⑦4s,

3) ABELLAN if it botti ,



Ex : LETG be a finite group .

RIG] free R -Module

with basis fr : REG }

① RIG ) R - algebra : f ,-1 C- G

µ ( tot )
i TT ( ing )

( ( 112 ) : 1g

② RIG) R - confessa

dlrl = far

Elr ) : 1m ( E / È.fr/--EjrAvonova-aoMAP

③ REG] R - Hopfalgbne
Alt ) =p

-1

( lioce ) = No / A④ io' ) od

•

(( { lol ) -- Elton) - Iper]

- slot -- reo µ ( acri @ t ) : µ / ÒÓT ) = Igea]



RK : 1) RIG] i> alnay, cocanmiaiie Tod =D

DIO ) -- Goo

2) RIG) commiatie ⇐ i G abeliane

3) a ! id ( ato) =p -2 )

( H comunale a coconuiatie => 7?- id )



2. DUAL OF HOPF ALGEBRA S

Let H be an R -modula
,
and It' = Horn! H , R) , also on

R - mediche .

DEF : e FINITE R - Module io e finitela generated
projective R - Module .

Lemma : Let It be e finite R - modulo .

1) H io a direct summano of a free R -Module of finite rank .

2) Hai finite

3) His REFLEXIVE : H - H
"

isomonplizw

hi-' ( ftiflh ) ) of R - modulo. >

Wewrite L
,
> : H H → R

f ④ h 1- i { f. h ) = f- ( h)

4) Hadmits a projectNE COORDINATE SYSTEM ( PCS ) :

{ hi , fi }È ,
with hi c- H

,
fi.CH?s.T.V-hc-H

,

h = È (fin > hi
ii. i

RK : H finite R -Module with Pcs { hi.fi } È
,
=)

H
"

" " " " { fi, hi } ! ,



FACT : Let H be a finite R - Hopf algebra .

2ham

H
"

is gain e finite R - Hopf algebra

LETRER
,
4h

'
c- H

,
f. f-

'

EH ?

• (ff ' ) (h ) = f- ④ f ' ) (dlhl ) : 2- fika ) f-
'

(hi »)
(h )

. ¥4 = RE
µ ( Ea : It → 12 R - linea = , {

µ EH)

. Alt ) ( hxoh
'

/ = flhh
'

/
H
-

• E
µ
.
( t ) : f ( 1 µ )

• I
µ
. ( t ) ( h ) = f ( a" ( h) )

FACTS : 11 H comunione (=) H
*

cocommvat.ie

2) H colonnati (=) H
'

commiatie

3) H - ) H
"

Isdn . of HR - Hopf algebra .



Ha
EX : RTG]

,
G finite

,
H
*

= RIG]
"

basis : } lo :O -16 } 91T ) : fan
,

neh
, MT , f C- G

,

fer et ) (f) = ( o @ et ) ( p @e) = lok ) lite )

⇒

lrlt : feg , lg ( =) PAnwiseoritdreNALIDSMPOTE.int)
i lati ) : nÌ
. Alert ( là ) : lolla ) = %

, et
⇒

Allo / : [ le ⑦ la
F. TPT

. allo ) : lo .rs ( a µ (G) =p
-1)

H
'

RK : RFG]
'

almeno coennniatie

PIÙ colonnata <⇒ G abeliani .



3. GROUPLIKE ELEMENTS

Recall that for H -

- RIG]
,
REG

,
DIO / = for

DEF : Letltbaen R - Hopf algebra ,
HEH
;
his GROUDLIKEIF

• k¥0
. dlh ) : hah

GIH ) : } rhett : hgoupliue }

Prop : if R : k i> a fidò , H io e K - Hopf algebra
,

phen di > tuo quartire elements are

lincoln Independent ,



Prop : Letti be an R - Hopf algebra , and suppose that R

has no nautnivial idem potenti ( f- 0,1 )
① the GIH '

,
Elh ) = 1

② GIA / & H
"

ppoof : ①heHR@HEidHooHcouNin.ry: \ fa
j
"

H

hetGlH7Dlhliheoh1@h-.Elh) ⑦ h si h = Elh) 4

=) E ( h ) : E ( Eln ) h ) = { (h ) Elh )

Elh ) - o ⇒ 4=0 ¥
= , { (h) idemPatent ✗

{ ( h) a 1



④ HEGIHI ithen his invertibile alti)

¢04 ) = Mo ( io' @a) of Leg (y) :{
d' """oh

4 ④
{ (4)=L

In µ / team) = Infin)

AH
= Alhlh

④ AIHIEGIHI a- the GIH )
• 71h / =/ o

• ④ ( h ) ) : 11h / ⑧ 71h1

HGGIH )
,
# ± hah

HÈ > H hi- > altri

% Ti E I
h @ h Alain)

Holt → Hot-> It@ A
T A @a ↳

@hi- > aiutatemi
alh ? C- GLH)



④ hih 'E GIA ! È un' c- GCH )

A R - algebra banane .

E- • A
dlhh

' ) : Dlhldlh
'

) =/ hroh ) / titoli )
= hh '

@ 44
'

☐

RK : H finte Hopf algebra H
'

3- f -1-0

menu : ☐ (f) :-( ① f EH
-

⇐ È

Alt ) ( hoh ' / = (fot ) ( hah
' /

" "

f- (hh
' ) f- (h) -( (hi )

C-

Riff
R-alf.com ⇒ fgouplike

iff qenpliue = , flhh ' ) - ftp.flh
' /

f- ( 1A ) -

. f- ( 1h ) f- 11h )

if D= K =/ f- ( 1/+1=1 = , trentenne >

algebra hem .



4. MODULE S AND COMO DULES

Let Hbeafixed R - Hopf algebra .

"" " " "" " """

(
"" " " """ ""°"

is ( 5,2 ) ,whee i ) ( S, p ) ,
whee

- S isen R - module - S R - modulo .

- 2 : Heos - is R - linea
. p :S -s S① H R - linea

ST
.

at.

AssociatiUITY : caassochiivity :

Heat ④ S Hos s @ Holt cpaoid-s.at
idea / | P
,

ci fa più @ 1 e
Holt
a- 5 Scott % S

UNITARI : Gunnars :

Ras ÌÌ It@S s@RÈ Salt

5 ↳% a ÉTÉ
S S



NOTATIOU : Natation :

• h . S = d ( h①S ) SuseDLER

se S È H
u

(hh
'

) - S = h . / h '

.SI pls) = Esco> ① Sia ,
a ( S )

1A ' S = S S① H

DEF : 5,5
'
lett 1- I - modello

,
DEF : 5,5 '

right It - carnadhleg

f :S → S
'

R - lineare . f :S - is ' D- linea .

f- is on H -modulo fi.] an H - comodino hem .

hernan . it frespeif if aspetto P .

2 ,

s S
'

dsfctIdsiH@S-sHosiid0fffh.s
) : h . fls )



Suppose naw that His finite ,with dual It' aeò
pcs { hi.fi !!

•

LeTSbearighTH-comaduleipls--Ik.s@Sis_cs-oHCSIFACTi.Siaalso
a lett H ± modelle

è mit
felt

"

,
se § f. s = Esco, { f. Sia, > ES

LS )

( si > aright H ? candele =\ Si> e lett H -Module)

- Lets be a lati H -

mediale : h - S ES
,
V-hc-H.s.is

FACT : Si > a right It ? conodnle :

polsi =
È/hi - S ) ① fi

a

j@ Ha
÷ '



Prop : Let Hbeafinite R - Hopf algebra
,

ad Sba

an R - modula . 2hm

Si > a lett H -modelle ⇐ > Si, e right It'- conduce .
Moreau

, the pene, >es of ping from H -modula

avion to It'- Comeana evian and viceversa

ore invase
.

Prodi : ① S lett H -Module
,

h - s ES

}
S is a right It'_ candele

M

Pds ) : [ hi - S ④ ti
E. i

}
Si > e lett H - modelle

21h05 ) = Èth : -5)< hai> = (È
,

h :< hifi) . S

i. ^ 4. S



as ult
'

② Si , e right H ? conadllb ( s'→§ So, @ sia ,

}
Si , a lett H - medicee

e

"
OH

×

h . s =
E Sco ) ( h

, Sia , >

:
S is a right HE candele .

n

pls ) : [
hi -Sofi =

È / È, Koichi ,sisi)@ fi
i :S c' = a

± [ Sco) ① (È 4h ,
Sis ) > fi )

CS ) i :&

= E Sco) @ Scs ?
( ) )


