skruckures

Ania KLo
Universiktal Poliktecwnica de Ca%&iumva“B&rtetoma Tech



£ algebra
£ action

Sikew left braces Hc:;»pf CGralois skructures of
With mulkiplicative group Gralois field extensions with
Lsomorphic ko € Galoils group isomorphic to €
Yang Baxter Local or gi.c:}bai. telds
:QMQEEOMS Arithwetbic ques&i; NS




Caye wp theoretical Ho Pufm Gralois

G group , G' a core-free subgroup
oo & — Perm(G/G") Lleft action on Lleft cosets

A HOP&“GQLOES skructure for (&,&") is N a reqular
subgroup of Perm(G/G") normalized by 6. (&)

Almost classical N C gy (&)

Equivalently, N normal complement of A (G)
(‘Prc;:»fs 4.1 &-P)
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(G,&") almost classical f G' has normal complement
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raloils "corres FO ndence"”

GREITHER AND PAREIGIS

5.1. THEOREM [2, Theorem 7.6]. [If we define for a k-sub-Hopf algebra
Wof H

Fix(W)={xeK|u(w)(x)=¢(w) x all we W},
then the map Fix:

{ W< H sub-Hopf algebra} — {E|k < Ec k, E field}

is injective and inclusion-reversing.

Thm 6.2 Almost classical = d Hop
suchk

£ Galois structure
that also surjective
N'E = CQM%Perm(G/G’)(M)



Theorem 2.3. If K/k is a Hopf Galois extension with Hopf algebra
H = K[N]% for a reqular subgroup N of Perm(G/G'), then the map

Fn :{Subgroups N' C N stable under \(G)} — {Fields E | kCECK}
N’ — KIA{'[N']G
18 1njective and inclusion reversing.
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Theorem 3.4. Let p > 5 be a prime number, d a nontrivial divisor
of p— 1. Let K/k be an extension of degree pd such that its Galois

closure K has Galois group over k the Frobenius group Fy,—1). We can
endow K/k with a non almost classically Galois Hopf Galois structure
of type C,q such that the Galois correspondence is one-to-one. We can
also endow K /k with a Hopf Galois structure of type F,q, which is almost

classically Galois exactly when ged((p — 1)/d,d) = 1 and such that the
GGalois correspondence s always one-to-one.

Corollary 3.5. There exist Hopf Galois extensions which are not almost
classically Galois but may be endowed with a Hopf Galois structure such
that the Galois correspondence s one-to-one.

Theorem 5.4. There exist separable Hopf Galois extensions K/k such
that the Galois correspondence is not bijective for any of its Hopf Galois
structures.
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A normal &omptﬁmemamﬁ J {m* C3 erovi;cies Qa
transversal for &/G' and an embedding

I: Perm(G/GIxPerm(GN=Perm(IIxPerm(G") — Perm(E)

1(0,7)(g) = 1o, T)(xy) = o(x)7(y)

o 0(g) EPerm(@) | ik tolunigue decompositions
L morphism, | injective 9 Exyxid yinGe



& Perm(I) x ?’erm(f}’) o ‘Pmm(@)
- l(N1XN2>




Reqular representation of

Action of element g=xy  xiMI yinG

s bl &
For a ih & ga= XYX N, = XYXY Yy, = XX~ YYq

G Perm(I) x Perm(G") O € Auk(I)
il xy % Gr'axyx |y Grlaxx G
— (400D, Ihy) ) RS gy 1
Action on cosekls




Induced Hopf Galois structures of &

Theorem

If N, is a Hopﬂf Gralois structure for (&,G") and N, is a
Hopt Gralois structure for (G',1), then N= i(Njx N,) is a
Ho-pf CGralois structure for (&,1)

1f G= 3 X &', then (&,1) has Hca»pf CGralois skructures of
type I x &

(Almost classical for (&,&") and classical for (G&'1) )



Dihedral group of order 16 has Hopf Gralois structures

Dihedral group of order ¥ has Hotwf Graloils structures
of type Z, X Z, and structures of type V, X Z,

Galois extensions with Galois group S3 = C3 X C2 have induced Hopf Galois struc-
tures of cyclic type Cg = C3 x (5.

Galois extensions with Galois group D2, = C, x C2 have induced Hopf Galois
structures of type C,, x Cs.

Galois extensions with Galois group S,, = A,, X C2 have induced Hopf Galois struc-
tures of type A, x Cs.

Galois extensions with Galois group A4 = V4 x C3 have induced Hopf Galois struc-
tures of type V4 x Cs.

Galois extensions with Galois group a Frobenius group G = H x G’, where H is

the Frobenius kernel and G’ a Frobenius complement, have induced Hopf Galois
structures of type H x G'. Let us note that Sonn [17| has proved that all Frobenius
groups occur as Galois groups over QQ.




S F’i b skructures which are induce

Theorem 9. Let K/k be a finite Galois field extension, n = (K : k|, G = Gal(K/k).
Let K/k be given a split Hopf Galois structure by a reqular subgroup N of S, such that
N = N; x No with N1 and Nz G stable subgroups of N. Let F = KN2 pe the subfield

of K fixed by N> and let us assume that G' = Gal(K /F) has a normal complement

T. Crespo et al. / Journal of Algebra 457 (2016) 312-322

in G. Then K/F is Hopf Galois with group Ny and F/k is Hopf Galois with group N;.
Moreover the Hopf Galozs structure of K / k _given by N s mduced by the Hopf Galois
structures given by N 1 and N2










Induced Hoptf Galois Structures and their Local Hopt Galois
Modules

Daniel Gil-Munoz, Anna Rio

Proposition 5.5. Let N; C Perm(J) be reqular and normalized by \.(G) and let Ny C Perm(G/J)
be reqular and normalized by \¢/7(G/J). Then N = (N1 x N) C Perm(G) gives the induced Hopf
Galois structure of L/ K. Therefore, the corresponding Hopf algebras are H = L[N|“, H, = L[N;]¢
and H = F[N,]%/7. Then,

H=H ®x H.

Proof.
L[N]% = L[t(N x N2)]¢ = (L[o(N1 x 1) x ¢(1 x N2)])

= (L[¢e(Ny x 1)] ®k L[e(1 x Nz)])G = (L[V,] ®k L[Nz])G

Since the action of conjugation by A(G) on Perm(G) factors through Perm(.J) x Perm(G/J) as
conjugation by A (G’) on the first component and conjugatlon by A¢/7(G/J) on the second one,

we have

H = L[N ®k FIN;|9/' =Hi @ H




“Tnduced” Hopf action




Proposition 5.8. With the previous notations for induced Hopf Galois structures, let py : H —

Endg (L), pu, : Hi — Endg (E) and pg : H — Endg (F) be the representations obtained from the
respective Hopf actions. We have L = E Qg F, H = Hy @ H and

PH = PH, @ P
That is, forwe Hy,ne H,a€ Eandze F, (w®n) - (a®z2) = (w-a)® (n-2).
Proof. As w € L[N1|% and n € F[N]%/”, let us write

rv

w=zcz()cz~€L, n = Zdn()dEF

1=1

where N; = {ngl)};:l and Ny = {ng‘z)};_,:l Recall that L(nz : (2))(Id ) = n(l)(Id )n(Q)(IdG')

(w®n) (a®z) = (ZZczd 1

1=1 3=1

S S (o) ;(Idc)(az) Suttable choice of basis,

=1 73=1

RO matrices of py are
- cidjt n,,-'1 _1, nj‘2 ) (Ide) (az
2 2 (@7 ) dele Kronecker prodmc&s of

=YY cid;(ni”) 1 (1dy) (@) (nf?) " (1der ) (2)
> matrices of py and py

=1 73=1

=(icz(n( N=1(1dy) (a)) Ed(n” (Ider)(2)

1=1

=<Zcin§1))-a Zdjngz) z=(w-a)®(n-=2).
i=1 i=1




Induced skruckures mimic

classical direck pro Aucks

Proposition 1.2. Let L/K be a finite Galois extension with Galois group G and assume that G
can be written as a direct product G = J x G'. Let E = L and F = L. Then:

1. E/K and F/K are Galois ertensions.
2. L=FEF and ENF =K.

3. E/K and F/K are linearly disjoint, namely the canonical map F g FF — EF is a K-
1somorphism.

. K[G] = K[J] @k K[G"].

. The Galois action of K|G] on L is the Kronecker product of the Galois actions of K|[J| on
E and K[G'| on F.



\ell e 2 el Theorem 1.3. Let L/K be a finite Galois extension with Galois group G = J x G'. Let E = LG
e and F = LY. Then:

Induced skruckures mimic
classical direck pro Aucks

1. E/K and F/K are Hopf Galois extensions.

2.L=FEF and ENF =K.
3. E/K and F/K are linearly disjoint.

Let E/K be H,-Galois and let L/E be Hy-Galois. We consider the corresponding induced Hopf
Galois structure of L/K . Let H be its associated Hopf algebra. Then:

4. H = H) Qg H, where H is the Hopf algebra of the Hopf Galois structure of F/K such that
H ®g E = H, (see Proposition 5.3).

L

RN

FE H F

K

5. The Hopf action of H on L is the Kronecker product of the Hopf actions of H, on E and H
on F.



Aribthmetic

Number fields, p-adic flelds..

Freeness of ring of inteqers over associated order?

A, ={he H : hO; C O;}



Arithwetic

Proposition 1.4. Let K be the quotient field of a Dedekind domain Ok and let E/K, F/K be

finite Galois extensions. Put L = E'F and suppose that E/K and F/K are arithmetically disjoint. C{,&ﬁSEC“
Then:

1. Q[L/F - mE/K Ko, OF and QIL/K - QlE/K R0k Q[F/K’
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2. If there exists some v € O with Op = RAg k-7, then Op = A ;p- (Y ®1).
If there also exists 6 € Op with Op = ™Ap i -9, then Op =Ap k- (YR 9).

Theorem 1.5. Let K be the quotient field of a principal ideal domain Ok, L/K a finite separable

Hopf Galois extension and Of the integral closure of Ok in L. Assume that the structure is an H(}Pﬂf G’QLC}E,S

induced one and its Hopf algebra is H = H, @ H. If E/K and F/K are arithmetically disjoint
then the follounng statements hold:

1. Ay = A, Ro, A

2. If O 15 AUp, -free and Op is Ugz-free, then O s Ay -free. Moreover, an Ay -generator of
O, s the product of an Ay, -generator of O and an Azz-generator of OF.




Columins of a cerbain makbrix give basis for the
associated order

Linearly disjoint 0, = 0;Qp, O

Induced makbrix is the Kronecker Produ& of
factors matrices

Associated order is product of associated orders



