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Group theoretical Hopf-Galois
G group ,  G' a core-free subgroup 

 G  Perm(G/G') left action on left cosets 

A Hopf-Galois structure for (G,G') is N a regular 
subgroup of Perm(G/G') normalized by  (G) 

Almost classical  N  (G)  
Equivalently, N normal complement of  (G')  
(Prop 4.1 G-P)

λG,G′ 
: →

λG,G′ 

⊂ λG,G′ 

λG,G′ 



Almost classical

(G,G') almost classical iff G' has normal complement 

Normal complements      Almost classical structures     
                   J              N =  (J)λG,G′ 

G= D  =      G'=        
      

J =          J =

16 ⟨r, s ∣ r8 = s2 = e, srs = r−1⟩ ⟨s⟩

1 ⟨r⟩ ≃ ℤ8 2 ⟨r2, rs⟩ ≃ D8



Hopf-Galois "correspondence"

Thm 5.2 Almost classical   Hopf Galois structure 
sucht that also surjective 

⟹ ∃

N  = Cent (N)opp
Perm(G/G′ )



Group theoretical formulation





G=D   Structures2p

Classical Canonical 
Non Classical 

Cyclic 
(Induced) 



Related? Hopf Galois structures

L 
 G' 

E      G 

       
K

(G,G') Hopf Galois structures for E/K 

(G,1)  Hopf Galois structures for L/K 

(G',1)  Hopf Galois structures for L/E



Related? Hopf Galois structures

(G,G') Hopf Galois structures for E/K 
Regular subgroups of Perm(G/G') normalized by (G) 

(G,1)  Hopf Galois structures for L/K 
Regular subgroups of Perm(G) normalized by (G) 

(G',1)  Hopf Galois structures for L/E 
Regular subgroups of Perm(G') normalized by (G') 

λG,G′ 

λG

λG′ 



Normal complements

A normal complemement J for G' provides a 
transversal for G/G' and an embedding 

: Perm(G/G')xPerm(G')=Perm(J)xPerm(G')  Perm(G) ι →

ι(σ, τ)(g) = ι(σ, τ)(xy) = σ(x)τ(y)

Perm(G) 
 morphism,  injective

ι(σ, τ)(g) ∈
ι ι

Due to unique decompositions  
g = xy, x in J, y in G'



G        Perm(J) x Perm(G')  Perm(G) ↪

λG

N = (N xN )ι 1 2

       G'

N1 N2
λG′ 

λG,G′ 



Regular representation of 
semidirect product

Action of element g=xy    x in J   y in G' 

 For a in G   ga= xyx y  = xyx y yy  = xx  yya a a
−1

a a
y

a

 G        Perm(J) x Perm(G') 
g = xy        ( (x)  , (y) )λJ Φy λG′ 

xy x G'=xyx y G'=xx G' 
Action on cosets

⋅ 1 1
−1 y

1

  Aut(J)Φy ∈



Induced Hopf Galois structures of G

Theorem 
If N  is a Hopf Galois structure for (G,G') and N  is a 
Hopf Galois structure for (G',1), then N= (N x N ) is a 
Hopf Galois structure for (G,1)

1 2
ι 1 2

Corollary 
If G= J  G' , then (G,1) has Hopf Galois structures of 
type J x G' 

(Almost classical for (G,G') and classical for (G',1) )

⋊



Dihedral group of order 16 has Hopf Galois structures 
of type  and structures of type  

Dihedral group of order 8 has Hopf Galois structures 
of type  and structures of type 

ℤ8 × ℤ2 D8 × ℤ2

ℤ4 × ℤ2 V4 × ℤ2



Split structures which are induced



Hopf Galois structures G=J G'⋊

      L      
 G'           J 

                L     
E      G    

           G' 
       
     K         

J

(G,G') Hopf Galois structures for E/K 

(G,1)  Hopf Galois structures for L/K 

(G',1)  Hopf Galois structures for L/E 
        Hopf Galois structures for L /K J



"Induced" Hopf algebra

(G,G') Hopf Galois structures for E/K 
Regular subgroups of Perm(J) normalized by (G) 

(G',1)  Hopf Galois structures for L /K  (or L/E) 
Regular subgroups of Perm(G') normalized by (G') 

(G=J G',1)  induced Hopf Galois structures for L/K 

λG,G′ 

J

λG′ 

⋊

H =L[N ]1 1
G

H =L [N ]2
J

2
G′ 

 H=H H    1⊗ 2



To appear in Pub Mat



"Induced" Hopf action

(G,G') Hopf Galois structures for E/K 
Regular subgroups of Perm(J) normalized by (G) 

(G',1)  Hopf Galois structures for L /K  (or L/E) 
Regular subgroups of Perm(G') normalized by (G') 

(G=J G',1)  induced Hopf Galois structures for L/K 

λG,G′ 

J

λG′ 

⋊

H =L[N ]1 1
G

H =L [N ]2
J

2
G′ 

   ρH = ρH1
⊗ ρH2

EndρH1
: H1 → K(E)

EndρH2
: H2 → K(LJ)



EndρH : H → K(L)

  
Suitable choice of  basis, 
matrices of  are 
Kronecker products of 
matrices of  and 

ρH

ρH1
ρH2

  



Induced structures mimic 
classical direct products

Classical



Induced structures mimic 
classical direct products

Induced



Arithmetic

Number fields, p-adic fields... 

Freeness of ring of integers over associated order?

𝔄H = {h ∈ H : h𝒪L ⊆ 𝒪L}



Arithmetic

Byott-Lettl

Classic

Hopf Galois



Daniel's thesis
Columns of a certain matrix give basis for the 
associated order 

Linearly disjoint  O O O  

Induced matrix is the Kronecker product of 
factors matrices

L = E ⊗𝒪K F

Associated order is product of associated orders


