SOME A PRIORI ESTIMATES ON RIEMANNIAN MANIFOLDS WITH CONSTANT NEGATIVE CURVATURE

Mirko Tarulli Dipartimento di Matematica, Università di Pisa, Via F. Buonarroti 2, 56127 Pisa, Italy e-mail:tarulli@mail.dm.unipi.it

Abstract. In this note we prove some a priori estimates on Riemannian manifolds with constant negative curvature,especially for the hyperbolic space H^n as the the model of upper branch of the hyperboloid.

1. Introduction

In this paper we will prove the following results involving Young and Hardy estimates on H^n :

Theorem 1.1. Let be f_1, f_2 ∈ C^∞_0 (H^n ), then ‖f_1 ∗ f_2‖_Ls_{(H}n_) ≤ ‖f_1‖_Lr_{(H}n_)‖f_2‖_Lp_{(H}n_)

(1.1)

where^1_p +^1_r = 1 +^1_s

Theorem 1.2. Let be f ∈ C^∞_0 (H^n ), then ‖f̂ ‖_Lp_{(R×S}n−1_{,|ca(λ)|}−2_{dωdλ)} ≤ C‖fe^{dHn (0,Ω)(1− 2q )(n−1)/2}‖_Lq_{(H}n_) (1.2)

where 1 ≤ q ≤ 2 and^1_p +^1_q = 1

Theorem 1.3. Let f ∈ C^∞(H^n ), then

‖(d_Hn (0_Hn , Ω))^{−1}f‖_Lp_{(H}n_) ≤ ‖∇f‖_Lp_{(H}n_)

(1.3)

2. Young estimates on H^n

In this section we will look for some inequalities on the hyperbolic spaces as the model of upper branch of hyperboloid in R^{n+1} equipped with the standard Minkowski metric. This space is considered in harmonic analysis as simmetric homogeneous space G/K where G = SO(1, n) is the Lorenz group acting on H^n and K = SO(n) is the stabilizer 0_R = (1, 0, . . . , 0) in SO(1, n) that is H^n = SO(1, n)/SO(n) 1

Definition 2.1. If f_1, f_2 ∈ C^∞_0 (H^n ), then the convolution f_1 ∗ f_2 is definied as f_1 ∗ f_2(Ω) = ∫ G f_1(gO)f_2(g^{−1}Ω)dg. Let T_{f2} f_1 → T_{f2} (f_1) a convolution operator definied on left invariant function f_1, f_2 ∈ C^∞_0 (H^n ) = C^∞_0 (SO(1, n)/SO(n)) the operator T_{f2} (f_1) = f_1 ∗ f_2(Ω) = ∫ G f_1(gO)f_2(g^{−1}Ω)dg, where G = SO(1, n) and dg is a biinvariant Haar measure definied on G and normalized by the condition ∫ G f(gO)dg = ∫ H^n f(Ω)dΩ. This condition guarantees

‖f‖_L2_{(G)} = |f‖_L2_{(H}n_). We have

‖T_{f2} (f_1)‖_L∞_{(G)} ≤ ∫ G |f_1(gO)||f_2(g^{−1}Ω)|dg ≤ ‖f_2‖_L∞_{(G)}‖f_1‖_L1_{(G)} = |f_2‖_L∞_{(H}n_)‖f_1‖_L1_{(H}n_) obviously.

From the Lie group theory

‖T_{f2} (f_1)‖_L1_{(H}n_) ≤ ∫ G ∫ G |f_1(gO)||f_2(g^{−1}hΩ)|dgdh ≤ ‖f_1‖_L1_{(G)}‖f_2‖_L1_{(G)} = ‖f_1‖_L1_{(H}n_)‖f_2‖_L1_{(H}n_).

Using the interpolationon Riesz-Thorin theorem we have ‖f_1 ∗ f_2‖_Lq_{(H}n_) ≤ ‖f_1‖_L1_{(H}n_)‖f_2‖_Lq_{(H}n_) for 1 ≤ q ≤ ∞. The estimate ‖T_{f2} (f_1)‖_L∞_{(H}n_) ≤ ‖f_1‖_Lq_{(H}n_)‖f_2‖_Lp_{(H}n_) with^1_p +^1_q = 1 follow immediately from the Holder inequality for the spaces L^p(G). Again, from the interpolation theorem we have

‖f_1 ∗ f_2‖_Ls_{(H}n_) ≤ ‖f_1‖_Lr_{(H}n_)‖f_2‖_Lp_{(H}n_), with^1_p +^1_r = 1 +^1_s Now we focus our attemption to L^2 estimate involving the Fourier- Helgason transform [4] on H^n .

Definition 2.2. Let be f ∈ C^∞_0 (H^n ) = C^∞_0 (SO(1, n)/SO(n)) we consider the Helgason-Fourier transform f̂ (λ, ω) = a^{(−iaλ+(n−1)/2)} ∫ X_a [Ω, Λ(ω)]^{(iaλ−(n−1)/2)}f(Ω)dΩ, where Λ(ω) = (1, ω).

If we choose a = 1 we can define an operator T in the following way: T : f → f̂ This is clearly an isometry between L^2(H^n ) and L^2(R×S^{n−1}, |c(λ)|^{−2}dωdλ), (for other informations on this argument we refer again to [4] or to [8]). The Plancherel inequality give ∫ X |f(Ω)|^2dΩ =

(2.1) (2π)^{−n} 2 ∫_∞ −∞ ∫ S^{n−1} |f̂(λ, ω)|^2 |Γ((n − 1)/2 + iaλ)|^2 |Γ(iaλ)|^2 dω dλ a^{n−1} , using the inverse Fourier-Helgason trasform, we get

f(Ω)a^{(n−1)/2} =

(2.2) ∫_∞ −∞ ∫ S^{n−1} a^{(iλa−(n−1)/2)}[Ω, Λ(ω)]^{(−iλa−(n−1)/2)}f̂(λ, ω)|c_a(λ)|^{−2}dωdλ. This allowes us to ‖f̂‖_L2_{(R×S}n−1_{,|c(λ)|}−2_{dωdλ)} ≤ ‖f‖_L2_{(H}n_). (2.3) Now we need of the estimate of the term [Ω, Λ(ω)]^{−(n−1)/2)}

. We introduce local coordinate for the radial model of H^n : Ω = (coshr, ωsinhr) and, by the fact that we have Λ(ω) = (1, ω), after a sobstitution we have [Ω, Λ(ω)]^{−(n−1)/2)} = (coshr − (ω, ω_1)sinhr)^{−(n−1)/2)} ≤ (coshr − sinhr)^{−(n−1)/2)(n−1)/2)} ≤ 2e^{r(n−1)/2)}. (2.4) Moreover, taking |f̂| and replacing the previous estimates we have |f̂(λ, ω)| = ∫ X_a 2e^{r(n−1)/2}f(Ω)dΩ, dove Λ(ω) = (1, ω), that is ‖f̂‖_L∞_{(R×S}n−1_{,|c(λ)|}−2_{dωdλ)} ≤ C‖fe^{dHn (0,Ω)(n−1)/2}‖_L1_{(H}n_). (2.5) Using as before the Riesz-Thorin theorem we obtain: ‖f̂‖_Lp_{(R×S}n−1_{,|c(λ)|}−2_{dωdλ)} ≤ C‖fe^{dHn (0,Ω) θ(n−1)/2}‖_L1_{(H}n_), (2.6) with 1 q = 1 − θ 2 , 1 q + 1 p = 1 we obtain θ = 1 − 2 q and the following theorem:

Theorem 2.1. Let be f ∈ C^∞_0 (H^n ), then ‖f̂ ‖_Lp_{(R×S}n−1_{,|ca(λ)|}−2_{dωdλ)} ≤ C‖fe^{dHn (0,Ω)(1− 2q )(n−1)/2}‖_Lq_{(H}n_), (2.7) where 1 ≤ q ≤ 2 e^1_p +^1_q = 1. 3. Hardy inequality Let be f ∈ C^∞_0 (R^n), a similar estimate to ‖|x|^{−1}u‖_Lp_{(R}n_) ≤ ‖∇u‖_Lp_{(R}n_) (3.1) on H^n .

First of all we indicate d_Hn (0_Hn , Ω),

(3.2) where 0_Hn = (1, 0 . . . , 0), is the distance on the hyperboloid. Let be, as before, the geodesic polar coordinates for the radial model Ω = (coshr, ωsinhr) and obtain d_Hn (0_Hn , Ω) = r.

Let be now ‖(d_Hn (0_Hn , Ω))^{−1}u‖_Lp_{(H}n_) ≤ ‖∇u‖_L2_{(H}n_),

(3.3) after the change of coordinates we rewrite this inequality as ∫_∞ 0 ∫ S^{n−1} r^{−p}|f(coshr, ωsinhr)|^p.(sinhr)^{n−1}drdω (3.4) Let be now ∫ S^{n−1} |f(coshr, ωsinhr)|^pdω = g(r)^p (3.5) and

g(r) = ∫_r 0 g^′(s)ds. (3.6) The sobstitution of (3.5) and (3.6) in (3.4), gives ∫_∞ 0 1 r^p | ∫_r 0 g^′(s)ds|^p(sinhr)^{n−1}drdω. (3.7) Using Holder inequality in (3.7), we have ∫_∞ 0 1 r^p r^{p/p′} (sinhr)^{n−1} ∫_r 0 |g^′(s)|^p(sinhr)^{n−1}dsdr, (3.8) then ∫_∞ 0 1 r^p r^{p/p′} ∫_r 0 |g^′(s)|^p(sinhr)^{n−1}dsdr ≤ ∫_∞ 0 ( ∫_∞ r χ^{p/p′−p} [suppf ]dt)|g ′(r)|^p (sinhr)^{n−1}dr, (3.9) where the function χ_{[suppf ]} in the second term of the previous inequality follows from the fact that in the (3.4) we have chosen f ∈ C^∞_0 (H^n ), such that we have suppf ⊂ D_{m,l}(R) ⊂ H^n where D_{m,l}(R) are open neighborhoods definied [2] for any m, l. We obtain

‖(d_Hn (0_Hn , Ω))^{−1}f‖^p_{L2(Hn )} ≤ C ∫_∞ 0 ∫ S^{n−1} r^p|f(coshr, ωsinhr)|^p(sinhr)^{n−1}drdω ≤ ∫_∞ 0 1 r^{−p} | ∫_r 0 g^′(s)ds|^p(sinhr)^{n−1}drdω ≤ ∫_∞ 0 |g^′(r)|^p(sinhr)^{n−1}dr ≤ ∫_∞ 0 1 r^p r^{p/p′} (sinhr)^{n−1} ∫_r 0 |g^′(s)|^p(sinhr)^{n−1}dsdr ≤ ‖∇f‖_Lp_{(H}n_), (3.10) where in the previous estimate we used the inequalities (3.5), (3.6) and (3.9).

Consider again the partition of unity of the hyperboloid, {ϕ_{m,l}, D_{m,l}(R)}, we can rewrite the function f ∈ C^∞_0 (H^n ) in the followin way: f_{m,l} = ∑ m,l ϕ_{m,l}f, (3.11)

from this fact comes out

‖(d_Hn (0_Hn , Ω))^{−1}f‖_Lp_{(H}n_) ≤ ∑ m,l ‖ϕ_{m,l}f‖_Lp_{(H}n_) ≤ C^′ ∑ m,l ‖ϕ_{m,l}∇f‖_Lp_{(H}n_) + + C^{′′} ∑ m,l ‖f∇ϕ_{m,l}‖_Lp_{(H}n_). (3.12)

From the fact that the sum in the right term of the previous estimete is finite and that we will use in (3.14) the following inequality due to Yau (see [3] or [9]) ∫ H^n |f|^pdΩ ≤ (n − 1) ∫ H^n |∇f|^pdΩ. (3.13) By the fact H^n is a complete simply connected manifold with sectional curvature K < 0, we have, after the sobstitution, the following theorem:

Theorem 3.1. Let be f ∈ C^∞_0 (H^n ), then we have ‖(d_Hn (0_Hn , Ω))^{−1}f‖_Lp_{(H}n_) ≤ C‖∇f‖_Lp_{(H}n_),

(3.14) where ∇ is the Riemmanian connection on (H^n , h).

References

[1] T. Aubin, Nonlinear Analysis on Manifold. Monge-Ampere Equation, Springer- Verlag (1982) [2] V. Georgiev, Nonlinear Hyperbolic Equation in Mathematical Physics, I-II-III.

Lecture Notes, Japan [3] E. Hebey, Sobolev Spaces on Riemaniann Manifolds, Springer-verlag, (1996) [4] S. Helgason, Groups and geometric analysis, Academic Press, New York , (1984) [5] M.Nachinovich, Elementi di Geometria Analitica, Liguori Editore (1996) [6] P. Petersen, Riemaniann Geometry, Springer-Verlag, (1997) [7] L. Skrzypczak, Some Equivalent Norm in Sobolev-Besov Spaces on Symmetric Riemaniann Manifolds, J. Londin Math. Soc (2) 53 (1996) 569-581 [8] R. Strichartz, Harmonic analusis as Spectral theory of Laplacians. Journal of Functional Analysis 87 (1989) 51 – 148.

[9] S.T.Yau, Harmonic function on a Complete Riemaniann Manifold, Comm. Pure and Applied Math. 28 (1975) 2o1-228 [10] F. W. Warner, Foundation of Differentiable Manifold and Lie Group. Springer- Verlag, (1983)