
Eserciẑı di Algebra Lineare (Petronio 14/15)

12 ottobre 2012

Nello spazio vettoriale V assegnato considerare l’insieme W descrit-
to e stabilire se W sia un sottospazio vettoriale di V .

Esercizio 1 V = Rn

(a) W =

{
x :

n∑
j=1

√
j − 1 · xj = 0

}

(b) W =

{
x :

n∑
j=1

xj
j = 0

}

(c) W = {x : x2
1 = x2

2}

(d) W = {x : x3
1 = x3

2}

(e) W = {x : cos(x1 + . . .+ xn) = 1}

Esercizio 2. V = Mm×n(R)

(a) W = {A : (A)1,1 · (A)m,n = 0}

(b) W =

{
A :

min{m,n}∑
j=1

(A)j,n+1−j = 0

}

(c) W =

{
A :

m∑
i=1

n∑
j=1

√
i−

√
j√

i+
√
j
· (A)i,j = 0

}
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(d) W =

{
A :

min{m,n}∑
j=1

(A)2j,j = 0

}
(e) W = {A : |(A)i,j| 6 7 per 1 6 i 6 m, 1 6 j 6 n}

Esercizio 3. V = R[t]

(a) {p(t) : p(−3) + p′′(2) = 0}

(b) {p(t) : p(1) · p′′′(−1) = 0}

(c)

{
p(t) :

+∞∑
n=0

(−1)n · tn · p(n)(t) = 0

}
(d) {p(t) : |p(t)| 6 1 + et ∀t ∈ R}

(e) {p(t) : deg (2p′(t)− 3t2p′′′(t)) 6 5}

Esercizio 4. V = F({a, b, c},R)

(a) W = {f : f(c) > 2f(a)}

(b) W = {f : 3f(a)− 7f(b) = 0}

(c) W = {f : f(a) · f(b) + f(a) · f(c) + f(b) · f(c) = 0}

(d) W = {f : ln (1 + |4f(a)− 3f(c)|) = 0}

(e) W = {f : |f(b) + f(c)| 6 |f(a)|}

♢ ♢ ♢
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Nello spazio vettoriale V dato considerare i vettori v, w1, . . . , wk in-
dicati, stabilire se v appartenga al sottospazio W = Span(w1, . . . , wk)
e in tal caso dire se l’espressione di v come combinazione lineare di
w1, . . . , wk sia unica.

Esercizio 5. V = R2

(a) v =

(
3
−4

)
, w1 =

(
−2
5

)

(b) v =

( √
6

−2

)
, w1 =

(
−3√
6

)

(c) v =

(
3
7

)
, w1 =

(
4

−11

)
, w2 =

(
3
8

)

(d) v =

(
−2
7

)
, w1 =

(
4
1

)
, w2 =

(
2
−1

)
, w3 =

(
5
−3

)

Esercizio 6. V = R3

(a) v =

 4
5
−2

, w1 =

 3
−6
1



(b) v =

 2
−5
4

, w1 =

 3
−2
1

, w2 =

 4
1
−2



(c) v =

 3
1
−2

, w1 =

 5
1
2

, w2 =

 −2
2
3



(d) v =

 −1
3
−8

, w1 =

 2
2
−3

, w2 =

 5
1
2

, w3 =

 3
−1
5



(e) v =

 −4
1
2

, w1 =

 0
1
−1

, w2 =

 −1
0
3

, w3 =

 0
2
1


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(f) v =

 0
1
0

, w1 =

 4
1
0

, w2 =

 0
2
1

, w3 =

 1
0
2

, w4 =

 0
−1
1


Esercizio 7. V = R[t]

(a) v = 1− 2t+ 3t2, w1 = 4 + t− t2, w2 = −3 + 2t+ t2

(b) v = 4− 3t+ t2, w1 = 2 + t− t2, w2 = 2− 9t+ 5t2

(c) v = 7 + t− t2, w1 = 5− t+ 2t2, w2 = −2− 2t+ 3t2, w3 = 1− 5t+ 8t2

(d) v = 2t2, w1 = 1 + t, w2 = 1− t+ t2, w3 = 3t− t2

Esercizio 8. V = M2×2(R)

(a) v =

(
2 3
−1 7

)
, w1 =

(
2 0
1 −1

)
, w2 =

(
1 0
0 2

)
, w3 =

(
0 1
−1 0

)
,

(b) v =

(
5 −1
2 1

)
, w1 =

(
7 1
−1 2

)
, w2 =

(
1 2
3 −1

)
, w3 =

(
1 0
−6 2

)
,

(c) v =

(
3 0
3 4

)
,

w1 =

(
1 −1
2 3

)
, w2 =

(
2 1
1 1

)
, w3 =

(
3 1
1 4

)
, w4 =

(
0 −1
2 0

)

(c) v =

(
4 1
−3 2

)
,

w1 =

(
1 0
0 1

)
, w2 =

(
1 −2
0 1

)
, w3 =

(
0 −1
3 0

)
, w4 =

(
0 0
−1 1

)

♢ ♢ ♢
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Esercizio 9. Nello spazio vettoriale V dato considerare il sottospazio vet-
toriale W e i vettori w1, . . . , wk indicati. Usando la definizione stabilire se
w1, . . . , wk costituiscano un sistema di generatori per W , e in caso afferma-
tivo se ogni w ∈ W abbia un’unica espressione come combinazione lineare di
w1, . . . , wk.

(a) V = R3, W = {x : x1 + 3x2 − 2x3 = 0},

w1 =

 −1
1
1

, w2 =

 3
−1
0

, w3 =

 0
2
3


(b) V = R3, W = {x : 5x1 + 2x2 − x3 = 0}, w1 =

 1
−1
3

, w2 =

 2
1
4


(c) V = R3, W = {x : 3x1 − 2x2 + x3 = 0}, w1 =

 1
1
−1

, w2 =

 3
5
1


(d) V = R3, W = {x : 4x1 + 3x2 − 5x3 = 0},

w1 =

 1
2
2

, w2 =

 1
−3
−1

, w3 =

 2
−1
1



(e) V = R4,W = {x : x1+3x2+x3−x4 = 0}, w1 =


1
1
1
5

, w2 =


2
−1
1
0


(f) V = R4, W = {x : x3 = 2x1 + x2, x4 = x1 − 3x2},

w1 =


3
−4
2
15

, w2 =


−1
2
0
−7


(g) V = R4, W = {x : x3 = x1 − 2x2, x4 = 3x1 + 2x2},

w1 =


1
2
−3
7

, w2 =


3
1
1
11

, w3 =


2
−1
4
4


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