Existence of periodic orbits near heteroclinic connections
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Abstract

We consider a potential W : R™ — R with two different global minima a_,a
and, under a symmetry assumption, we use a variational approach to show that the
Hamiltonian system

(0.1) i = W(u),

has a family of T-periodic solutions u” which, along a sequence T; — +oo, converges
locally to a heteroclinic solution that connects a_ to a;. We then focus on the elliptic
system

(0.2) Au=W,(u), u:R?* = R™,

that we interpret as an infinite dimensional analogous of (0.1), where z plays the role
of time and W is replaced by the action functional Jr(u) = [5(5luy|? + W(u))dy.
We assume that Jr has two different global minimizers @_, @4 : R — R™ in the set
of maps that connect a_ to ay. We work in a symmetric context and prove, via a
minimization procedure, that (0.2) has a family of solutions u” : R? — R™, which
is L-periodic in x, converges to a4+ as y — Foo and, along a sequence L; — 00,
converges locally to a heteroclinic solution that connects u_ to u.
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1 Introduction

The dynamics of the Newton equation
1
(L.1) =W ), W)= (1 -

includes a heteroclinic solution u : R — R that connects —1 to 1:

lim wf(t) = +1,

t—+oo

and a family of T-periodic solutions u” that, along a sequence T; — 400, converges to uf

lim «?(t) =uf (¢
Jim o (1) = (1),
uniformly in compact intervals.

Each map ¢t — u” (t) satisfies

T T
T T
- — = — 4 R
u<4 t> u<4 t),te ,
T

and therefore oscillates twice for period on the same trajectory with extremes at uT(:I:Z)
where the speed uT(i%) vanishes and for this reason is called a brake orbit. There is a
large literature on brake orbits [17], [16], [8], [21].

We can ask whether a similar picture holds true in the vector case where W : R™ — R,
m > 1 satisfies

(1.2) 0=W(ax) < W(u), u# ax,

for some a— # a4 € R™, or even in the infinite dimensional case where the potential
W is replaced by a functional J : H — R, where H is a suitable function space, with
two distinct global minima u+ € H that correspond to the zeros a4 of W in the finite
dimensional case.

If we assume that W is of class C? and that a4 are non degenerate in the sense that
the Hessian matrix W, (a+) is positive definite, the existence of a family of T-periodic
brake maps that, as T" — 400, converges to a heteroclinic connection between a_ and a4
can be established by direct minimization of the action functional

ty

1 . u u
J(t?,tg)(u) = / (§|’U‘2 + W(U))dS, —00 < tl < t2 < +OO,
ty

on a suitable set of admissible maps u € H((t% t%);R™). Indeed the non degeneracy
of ay implies that, for small 6 > 0, the boundary of the set {u € R™ : W(u) > §} is
partitioned into two compact connected subsets I'_ and 'y that satisfy the condition

(1.3) Wy(u) #0, uwely.

Then Theorem 5.5 in [1] or Corollary 1.5 in [12] yields the existence of a brake orbit u’
that oscillates between I'_ and I'; and whose period Ty diverges to +0o as § — 01. Even
though the condition (1.3) can be relaxed by allowing I'y to contain hyperbolic critical
points of W [12], the extension of this approach to the infinite dimensional setting requires
new ideas to overcome the difficulties related to the formulation of a condition analogous to



a4

Figure 1: The symmetry of W: finite dimension (left); infinite dimension (right)

(1.3) and to the non compactness of the boundary of the sets {u € H : J(u) — J(u+) > 6}.
To avoid these pathologies the idea is to minimize on a set of T-periodic maps. But we
can not expect that « is a minimizer in the class of maps of period T' = Tj. Indeed,
returning to the case m = 1, we note that, as a solution of (1.1), u” is a critical point of
the action functional

(1.4) Jor)(u) = /OT (%IQIQ + W (w))d,

in the set of H! T-periodic maps but is not a minimizer. In fact it is well known [9], [13],
[7] that, in the dynamics of the scalar parabolic equation

Uy = ug — W'(u), u(t+T)=u(t),

nearest layers attract each other and therefore, for large T, uT has Morse index 1 in the
context of periodic perturbations.

To mode out this instability we work in a symmetric context. We assume that W is
invariant under a reflection v : R™ — R™. that is,

(1.5) W(yu) = W(u), ueR™.
In the finite dimensional case we assume that v exchanges a_ with a4:
(1.6) At =7y ax,
and we restrict ourselves to equivariant maps:
u(—t) =yu(t), teR.

We show that, under these restrictions and minimal assumptions on W, the existence of
periodic solutions to
oW ow  \'

>— ()|

(1.7) = Wy(u), Wu(u) = <8u1 u),...,aum u
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can be established by minimizing Jio 1) on a suitable set of T-periodic maps.
In the infinite dimensional case our choice for the functional that replaces W is the
action functional

Jr(u) = /]R <%|u’|2 + W(u))ds, u € i+ HY(R;R™),

where W satisfies (1.2) and @ is a smooth map such that lim,_, 1 U(s) = ax with expo-
nential convergence. We assume that (1.5) holds with ~ a reflection that, in analogy with
the finite dimensional case, satisfies

(1.8) U+ (s) =yux(s), s€R,

with %_ and % distinct global minimizers of Jg on @+ H'(R; R™). The maps @ and i
represent two distinct orbits that connect a_ to a:

1. lim @ — a..

(19) S Ble) = as

We assume that @_ and @4 are unique modulo translation. Note that (1.9) and (1.8)
imply that a4 = 7ya4, that is a4 belong to the plane =, fixed by 7, see Figure 1. We
restrict ourselves to symmetric maps and replace the dynamical equation (1.7) with

i = ViaJr(u) = —u” + Wy (u).
This is actually an elliptic system which, after setting =t and y = s takes the form
(1.10) Ugg + Uyy = Au = Wy, (u).

We prove that for all L > Ly, for some Ly > 0, there is a classical solution u” : R? — R™
of (1.10) which is equivariant:

uL(_x,y) = p)/uL(x7y)7

L-periodic in « € R and such that, along a subsequence L; — 400, converges locally to
a heteroclinic solution that connects %_ and %,. That is, to a map u : R2 — R™ that
satisfies (1.10) and

i )= 0

1.11
(L11) lim wfl(
Tr—Fo00

z,y) = ux(y).

We remark that, in the proof of this, there is an extra difficulty which is not present in the
finite dimensional case: @_ and @, are not isolated but any translate a_(-—r) or a4 (-—r),
r € R, is again a global minimizer of Jg. Therefore for each z there is a u € {u_,uy} and
a translation h(z) that determines the point @(- — h(z)) in the manifolds generated by @_
and @y which is the closest to the fiber u”(z,-) of u*. The map h depends on L and to
prove convergence to a heteroclinic solution one needs to control h and show that can be
bounded by a quantity that does not depend on L and that, for L; — +o00, converges to
a limit map A* : R — R with a definite limit for z — +ooc.

The paper is organized as follows. After stating our main results, that is Theorem 1.1
in Section 1.1 and Theorem 1.2 in Section 1.2, we prove Theorem 1.1 and Theorem 1.2
in Sections 2 and 3 respectively. The approach used in Section 3 is inspired by [11]. We
include an Appendix where we present an elementary proof of a property of the functional
Jr.



1.1 The finite dimensional case

We assume that W : R™ — R is a continuous function that satisfies (1.2), (1.5) and

(1.6). We also assume that there is a non-negative function o : [0,4+00) — R such that
400 1

Jo = o(r)dr = 400 and

(1.12) VW(z)>0o(z]), z€R™.

Remark 1. The assumptions on W imply (see for example [14], [22] and [12]) the existence
of a Lipschitz continuous map u* : R — R™ that satisfies

Jim ult) = o

(1.13) %yw S W(w) =0,
u(—t) = yu(t), t€R.

We refer to a map with these properties as a heteroclinic connection between a_ and a..

Define

T

(1.14) AT .= {u c HA(R;R™), u(z +t) - u(% - t), u(—t) = yu(t), te R},

and observe that there exists & € AT and a constant Cy > 0 independent of T' > 4 such
that

(1.15) Jor) (@) < Co.

Indeed the map u can be defined by

. 1
u(t) = §(a+ +a-+t(ar —a2)), te€[-1,1],
T
u(t) =a4, tel, 3~ 1].
Since we are interested in periodic orbits near u!’ we restrict our search to orbits lying in

a large ball. Fix M as the solution of the equation
M
(1.16) Co = ﬂ/ o(s)ds.
2(la+|Via-|)
We determine T-periodic maps near heteroclinic solutions by minimizing the action func-

tional (1.4) on the set AT N {||ul|p=~ < 2M}.

Theorem 1.1. Assume that W : R™ — R is a continuous function that satisfies (1.2),
(1.5), (1.6) and (1.12). Then, there exists Ty such that for each T > Ty there exists a T-
periodic minimizer ul of the functional (1.4) in AT N {|jul|p~ < 2M}, which is Lipschitz
continuous and satisfies

(i) Jio,ry(u”) < Co, [ul|| L < M,

(ii) u”(—t) = yu (1),

!This condition was first introduced in [14]




(iii) 31072 — W) = —W(ul(£L)), ae.

For each 0 < g < qo, for some qo > 0, there is a 74 > 0 such that for each T' > 47,

T
(1.17) R R !

and therefore
lim u? (:I:z> =a
T—~+o00 4 -0

Moreover, there is a sequence T; — +oo and a heteroclinic connection between a_ and a4
uf i R — R™ such that

lim w9 (1) = ufl(t),
J—+o0

uniformly in compacts.
If W is of class C1, then u” is a classical T-periodic solution of (1.7).

Note that, if a4+ is nondegenerate in the sense that the Hessian matrix Wy, (a+) is
positive definite or, more generally, if

Wu(u) - (u—ax) > plu— ai|2, for |u—ay| <o,

for some p > 0, ro > 0, then (1.17) can be strengthened to
T
”U‘T(t) - a-‘r’ < Ce_Cta te |:07 Z:|7

where ¢, C' are positive constants independent of T'. This follows by

d2

Tl (@) —ay [P > 20" (uh —ay) = 2Wu(uh) - (uh = ay) > 2pfu’ - ayf?,

and a comparison argument.

Remark 2. Depending on the behavior of W in a neighborhood of a4 it may happen that
the map u!’ connects a_ and ay in a finite time, that is, 379 < 400 : u ((—70, 7)) N
{a_,ay} = 0, u(£79) = ax. We do not exclude this case. A sufficient condition for
To = +00, is

W(u) < cju —ax|?,

for » in a neighborhood of a4.
Note that, if 79 < 400, one can immediately construct a T-periodic map u” (T = 47)
that satisfies (1.13), by setting

uT<§+t> :uH(%—t>, for t € (0, %)



1.2 The infinite dimensional case

We assume that W : R™ — R is of class O3, that (1.2), (1.5) and (1.8) hold with i+ as
before. Moreover we assume

h; liminf},| 4o W(u) > 0 and there is M > 0 such that

(1.18) W(su) > W(u), for|ul=M, s> 1.

hs a4 are non degenerate in the sense that the Hessian matrix Wy, (a+) is definite positive.

For each r € R a(-—7), u € {u_, u4}, is a solution of (1.7). Therefore differentiating

=

(1.7) with respect to r yields @ = W, (@)t that shows that 0 is an eigenvalue of
the operator T : H?(R;R™) — L?(R;R™) defined by

Tv=—0"+Wy(t)v, 0=y,
and 4’ is a corresponding eigenvector.
We also assume
h3 The maps uy are non degenerate in the sense that 0 is a simple eigenvalue of 7.

The above assumptions ensure the existence of a heteroclinic connection between u_
and 4. This was proved by Schatzman in [18] without restricting to equivariant maps
(see also [11] and [15]). The first existence result for a heteroclinic that connects u_ to a4
was given in [2] under the assumption that W is symmetric with respect to the reflection
that exchanges a4 with ax but without requiring (1.8).

Remark 3. It is well known that the non-degeneracy of a+ implies

|ﬂ(y)_a+| SKe_kya y>07 |ﬂ(y)—a,| SKekyv y<07

(1.19) .
@/ ()], |a" (y)| < Ke ", y e R,

for some constants k > 0, K > 0.

Under the above assumptions we prove the following:

Theorem 1.2. There is Lo > 0 and positive constants k, K, k', K' such that for each
L > Ly there exists a classical solution u” : R?2 — R™ of (1.10), with the following
properties:

(i) [uf(z,y) —a_| < Ket, zeR, y <0,
lul(z,y) —ay| < Ke ™™, z€R, y>0.
(ii) u* is L-periodic in x € R: uF(z + L,y) = u¥(z,y), (x,y) € R2
(iii) u” is a brake orbit: ul(% + z,y) = uF (£ — 2,y),
(iv) ul is equivariant u*(—x,y) = yu®(z,y)
(v) ul satisfies the identities:
L, ) 2oy — T (2, ) = — T (%, ),

<'LL£($, ')7 Uﬁ((L’, ')>L2(R;Rm) = O, r € R.
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(vi) u* minimizes
1
g = [ (GIVuP W) dody
(0,L)xR ‘2
on the set of the HL _(R% R™) maps that satisfy (ii)— (iv) and limy_, 1o u(x,y) = ax.

(vii) mingeg [[u”(z,) = @4 (- =7l 2@mm) < K", 2 €0, 4]

L

In particular, as L — 400, uL(Z, -) converges to the manifold of the translates of

Uy .

Moreover, there exist n € R, a sequence Lj — +o0o and a heteroclinic solution uf R?2 —
R™ connecting u— to uy that satisfy

lim ULj(l‘,y—n) :uH(x,y), (1772/) €R27

Jj—+oo
uniformly in C? in any strip of the form (—1,1) x R, for [ > 0.

Note that a by product of this theorem is a new proof of the existence of a heteroclinic
solution uf in the class of equivariant maps.

2 The proof of Theorem 1.1

From (1.15) we can restrict ourselves to consider maps in the subset
(2.1) AL = {ue AT {Jlullpe < 2M} = Jo.1)(u) < Co},

where M is given by (1.16).
Step 1.  w€ Ag’o,M = |lul|lpe < M.
Define

(2.2) Win(s) =

= min
"U,—(Zi |Zsz |u‘<2M

Since u € AT implies u(0) = yu(0) we have

1
[u(0) —ax| 2 Slay —a-|.
Therefore, given p € (0,%|a+ —a_|), for u € Aa),M, there are t, € (O, #@(p)) and
a € {a—,ay} such that, for T' > 4t,, it results
u(t) —ax| >p, for te€|0,t,),
0 u(t) — asl > p 0.t)
|u(tp) —al = p.

Note, in passing, that since u € AT implies u(% —t) = u(% + t) we also have

T
(2.4) ‘u(a —tp) —a‘ =p.
Let ¢ be such that |u(t)| = ||u|| e, then we have
M
V2 o(s)ds = Co > Jiy, p(u)
2(lat|Vla-])
t llull poe
> / AW @ila(b)|dt > V2 o(s)ds
tp lal+p

8



that proves the claim.

It follows that the constraint ||ul|p~ < 2M imposed in the definition of the admissible
set is inactive for any u € ./4:(907 M-

Next we prove a key lemma which is a refinement of Lemma 3.4 in [3] based on an
idea from [19].

Lemma 2.1. Assume that u € H'((o, B); R™), (o, B) C R a bounded interval, satisfies
J(a’g)(u) < C/,

lullzee < M’

for some C', M’ > 0. Let qo = |ay —a—_|. Given q € (0,qo], there is ¢'(q) € (0,q) such
that, if

|u(tl) - CL+’ < q/(Q), 1=1,2
|u(t*) —ay| > q, for some t* € (t1,t2),

for some a < t1 < to < f3, then there exists v which coincides with u outside (t1,t2) and
s such that

[v(t) —at| <gq, for t€ [t ts],
J(tl,tz)(v) < J(tl,tz)(u)'

Proof. For t,t' € R, we have

¢ t 1

@5) ol (@) < | [ Jidas| < - e13( [ aas)” < VGl ¢
t t

Define the intervals (71, 72) C (71, 72) by setting

71 = max{t > t; : |u(s) —ay| < gq, for s <t},
1 = max{t < 71 : |u(t) —ay| < q'},

To = min{t < to : |u(s) —ay| <gq, for s>t}
o = min{t > 7 : |u(t) — a4 | < ¢'}.

From (2.5) we have

0~ = [u(®) — ay| — Ju(r) - ay] < fu(rr) - u(m)] < VColr - 712,

and therefore 1
T — T 2> Eo(q —q)%

and similarly for 7 — 7. Next we set §, o 1= Cio(q — ¢')? and, see Figure 2, define v:

u, for t¢& (m,7m2),
ay, for te(m+ (5%(1/, T2 — g.q'),
u(Tl) - (U(Tl) - a’+) 5;:}’ for t e (7'1, T+ 6q,q’)7

u(ry) — (u(r) — ay ) 2

5 for t € (12 — 0,5 72)-



q — /\
\} ‘ / \/\
¢ () lv~al

t 1 T1 5q ,q 7:1 T2 T2

Figure 2: The construction of the map v in Lemma 2.1

For each s € (0, go] define

War(s) = max W(u).

lu—ay|<s
We observe that |u(7;) —a4| = ¢/, i = 1,2 and estimate

1 q’2
J(Tl,Tz)(v) = J(Tl,Tl-‘r(;qu/)(v) =+ J(TQ—(squ/,Tz)(v) < 2(2511(1/ + 5Q»QIWM(q/))’

‘](7'1 ,T2) (u) > J(T1 1) (u) + J(7~'2,7'2) (U)

> / /2 ()il dt + / /2 ()il dt
> Q/q vV 2Wy(s)ds.
q

/

where W, (s) is defined as in (2.2) with M’ instead of 2M.
Since 64,4 < g—i is a decreasing function of ¢’ € (0,¢) and Wy (¢’) is infinitesimal with
¢’ we can fix a ¢’ = ¢’(q) so small that

1 ¢ a
a + 60,0 Wni(d') </ V 2Wp,(s)ds.
q/

2 Oq,q’
The proof is complete. O

Step 2. From Step 1 and Lemma 2.1 it follows that, if in (2.3) and (2.4) we take p = ¢'(q)

and set 7, = ty/(), then, for T' > 47,, in the minimization process we can restrict ourselves

to the maps u € AgmM that satisfy
T
’U’(t) - a+| < q, te |:TQ7 5 - Tq]a
T
u(t) —a_| < gq, te [5 +Tq,T—Tq]

Step 3. The existence of a minimizer u” € Agm a7 1s quite standard. From Step 1 and (2.5)
Agm s 1s an equibounded and equicontinuous family of maps. Therefore from Ascoli-Arzela

10
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theorem there exists a minimizing sequence {u;}; C .A:go, s that converges uniformly to a
map u’ € Ag‘o,M' This and Jio ) (u;) < Co imply that {u;}; is bounded in H'((0,T); R™)
and therefore, by passing to a subsequence if necessary, that u; converges weakly in H 1
to uT. From the lower semicontinuity of the norm we have liminf;_, o fOT | |2dt >
fOT |4T|?dt while uniform convergence implies lim;_, ;o fOT W (u;(t))dt > fOT W (u” (t))dt.

Step 4. The minimizer v is Lipschitz continuous and satisfies conservation of energy. Let
to < t1 < ty < t3 be numbers such that t3 — tg < T. Given a small number £ € R let
¢ : R — R be the T-periodic piecewise-linear map that satisfies ¢(tg) = to, ¢(t1 + &) = t1,
@(te + &) = ta, ¢(t3) = t3 and let 1) be the inverse of ¢. Set

ve(t) = ul ((t))
and
F(€) = T (ve) = Jio) ("),
The minimality of u” implies that f’(0) = 0. A simple computation yields

£(6) = /(t s )@(WL) 1) T+ () - I)W(UT(T))>dT
= /tol (2(t1 —_fo 9 [aT (7))? + 0 E tOW(uT(T))>d7‘

s § T 2 & T
+Z;Q@—@—wuﬁﬂ m_wwwtm)m

and we obtain

0= f'(0)
S / | (EWT(T)F - W(“T(T)))dT S / 3 (1‘uT(T)|2 B W(UT(T)))dT'

tl - to tO 2 t3 - t2 t2 2

This shows that there exists C' € R independent of ¢ such that

lim —— /ttl (%yuT(r)F —W((r) )dr = C.

vttt —t

Therefore we have 1
TP — W (T (1) = C

for each Lebesgue point ¢ € R. From u(% —t) = u(£ +t) it follows that @(%) = 0, which
implies C' = W (uT(£7)).

Step 5. If W is of class C, then u” is a classical solution of (1.7). Since u
if w: (t1,t2) = R™ is a smooth map that satisfies w(t;) =0, i = 1,2 we have

T is a minimizer,

d
0= aj(tth)(uT + /\’U))’)\:(]
(2.6) o s t
- / (@7 i+ Wy (uT) - w)dt = / (uT - Wu(uT(s))ds> bt
t1 t1 t1

Since this is valid for all 0 < t; < to < T and w : (t1,t2) — R™ is an arbitrary smooth
map with zero average (2.6) implies

¢
' = | Wy(u®(s))ds + const.
t1

11



The continuity of u” and of W, implies that the right hand side of this equation is a map
of class C. It follows that we can differentiate and obtain

il = Wy®), te(0,7T).

The proof of Theorem 1.1 is complete.

3 The proof of Theorem 1.2

In analogy with the finite dimensional case we define

AE = (€ L (B%R™) s u(e + L) = u(e ). lim_ufa,y) = a

u(% —f—x,y) = u(% - x,y), u(—z,y) = 'yu(x,y).}

We will show that the solution of (1.10) in Theorem 1.2 can be determined as a minimizer
of the energy

(3.1) Towpa@ = [ (3IVuP + W) dsdy

(0,L)xR

on AL
We can assume

(3.2) [[ull Lo (R2;Rm) < M,
where M is the constant in h; and

(3.3) Jo,0)xr(u) < Co+ oL,
where Cy > 0 is a constant independent of L > 4 and
(3.4) co = Jr(tix).

To prove (3.2) set ups = 0 if w = 0 and ups = min{|u|, M }u/|u| otherwise and note that
(1.18) implies
Wiup) < Wiu),

while
|Vuy| < |Vul, ae.,

because the mapping u — ujs is a projection. It follows
Jo,0)xr(w) — J0,0)xr(Urm)
1
= [ (W)~ W) + (6P = Fun?))dody > 0,
{lul>M} 2

that proves the claim. To prove (3.3) we define a map @ € A" that satisfies (3.3) by
setting:

iz, ) = %(m b talis —a)), @ e[-1,1],

L
ﬂ(x7) =1Ut, TE [175 - 1]

12



Remark 4. From (3.3) and the minimality of @4 it follows that

// ug|2dady < Co+ oL — //|uyy2+W( )>dazdy<(]0

Since a4 are non degenerate zeros of W > 0, there exist positive constants ~v,I" and
rg > 0 such that

Wau(ax +2)C - ¢ > ?IC%, ¢ eR™, |2 <,
3.5 1 1
(3:5) 572]2\2 <W(asr +2) < §F2]2\2, |z| < ro.

For a map v : R — R"™ we simply denote the norms ||v|| z2,rm) and ||v[| g1 gyrm) With |[|v]|
and ||v||; respectively.

One of the difficulties with the minimization on A’ is the fact that J(0,L)xR 18 trans-
lation invariant on A%. This corresponds to a loss of compactness. We show in the next
lemma that we can restrict ourselves to a subset of A” of maps u that, aside from a
bounded interval independent of u, remain near to a— and a4. This restores compactness.

Lemma 3.1. There is dr, > 0 such that in the minimization of the functional (3.1) on
AL we can restrict ourselves to the subset of maps that satisfy

|U(l‘,y) - CL,| < 7;07 fOT’LL‘ € Ra y < _dLv
(3.6)

fu(z,y) — ay| < 2, forz € R,y > d,
with ro as in (3.5)
Proof. Set §j = 1 log %, then from (1.19) it follows
_ To o _
’u( )_a*’ < Z fOTy < -y, uc {ufvqu})

(3.7)
u(y )—a+’< , fory > +y, w e {u_,uq}.

Given u € AL, define

on{xe 0,L] : Ju(z, ) — @e(- — )1 > reR}.

70
8v2’
If u satisfies (3.3), then Lemma 3.6 or Proposition A.1 implies

Co

0
8v/2

[0,L], 7 € R and w € {u_,uy} such that
8V2

(3.8) [u(z, ) —a(- =)l < 8\[

Since we have J (u,) = J(u) for u,(z,y) = u(z,y+r),r € R, (3.8), we can identify u,
with u. Then (3.8) implies, via [|v]|p~ < \/5”1)”1, the estimate

(3.9) lu(z, ) = all oo rimemy < 5



Consider now the set
Yo = {y €R: Ju(zy,y) —u(z,y)| = %, for some z,, € (5;7574_1;)}‘

For y € Yy it results
_ _ 1 Ty 2 %
< u(eyo) = u(o. )| <[y 2l ([ uso) i)
x

1 z+L %
<ri([ futepPar)

7o

|

so that ) L
€T
0|y < L// i (2, ) [2dz < 2L.Cy.
64 s

It follows

L
Yol < 12820
;

0
therefore there exists an increasing sequence {y;} € R\ Yy such that
Yo=19, yj—yi—1>[Yol, j=12,...
T
lu(z,y;) —ay| < 50, forxz € [z,z + LJ.

This follows from (3.7) and (3.9). From the proof of the cut-off lemma in [5] we infer that,
if the measure of the set

{@v) € .3+ L] % lyim1,u] s [ulw,y) — a > 2}

is positive, then there exists a map v : R X [y, yj+1] — R™ which is L-periodic in € R,
coincides with u on the boundary of the strip R x (y;,y;j+1) and satisfies

(3.10) Ja, (v) < Ja, (u),
where Q; = (z,Z2+L) % (yj,yj+1), j = 1,2,.... From this we see that to each map u € A"
that satisfies (3.3) but not

lu(z,y) —aq] < %, forz e R,y > g+ Yo

we can associate a map v that satisfies this inequality and (3.10). This and a similar
argument concerning the other inequality in (3.6) establish the lemma with dj, = § +
|Yol. O

With Lemma 3.1 at hand the existence of a minimizer u” € A” follows by standard
variational arguments. The minimizer u’ satisfies (3.2). From this, the assumed smooth-
ness of W and elliptic theory it follows

(3.11) [u" | c2.6 g2 mm) < CF,

for some constants C* > 0, 3 € (0,1) independent of L and u” is a classical solution of
(1.10). Moreover, from the fact that u” satisfies (3.6) and a comparison argument we
obtain

(3.12) lu(z,y) —a_| < Ke *W=d) for 2 e R, y < —dy,

. lu(z,y) —ay| < Ke *W=d0) for z e R, y > df.
and, for a = (aq,a2), a; = 1,2, |a| = 1,2

|Duk (2, )| < Ke *WI=d0) | for y| > dy.
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3.1 Basic lemmas

To show that the minimizer u” has the properties listed in Theorem 1.2, in particular (i),
(vii) and (viii), we need point-wise estimates on u that do not depend on L. For example
to prove (i) we need to show that dr, in (3.12) can be taken independent of L. For (vii) and
(viii) a detailed analysis of the behavior of the trace u”(z,-) as a function of z € (0, L) is
necessary. To complete this program we use several ingredients: a decomposition of u” (z,-)
that we discuss next; two Hamiltonian identities that, together with the decomposition of
u’(x,-), allow a representation of the energy Jo, L)XR(uL ) with a one dimensional integral
in z (see Lemma 3.3 and Lemma 3.4) and an analysis of the behavior of the effective
potential Jg(u+v) — Jr(@), @ € {ti_, 1y} as a function of v € H'(R;R™) that we present
in Lemma 3.5 and in Lemma 3.6.

Let t : R = R™ be a smooth map with the same asymptotic behavior as @4. Set
HO(R;R™) = L?(R;R™) and let H!(R;R™) be the standard Sobolev space. For j = 0,1
let (-,-); be the inner product in H’(R;R™) and || - ||; the associated norm. If there is no
risk of confusion, for j = 0 we simply write (-,-) and || - || instead of (-,-)¢ and || - ||o. Set

HI =1+ HI(R;R™),
Define ]
g = If fu—uc(=r)l; wer’

Note that for large |r| we have

_ 1
Ju = =l > Slas — a7
This and the fact that |ju — @4 (- — 7)||; is continuous in r imply the existence of h; € R
and u; € {u_,uy} such that
qj = [lu—1u;(- = hy)ll;-
U

gj is a continuous function of u € H7 and a standard argument implies that
(3.13) (u—u;(- = hy), wj(- — hy)); = 0.

Note that @; remains equal to some fixed @ € {t_, @} while u changes continuously in
the subset of H? where

1
@ < g oy — ()l
We quote from Section 2 in [1§]

Lemma 3.2. There exists § > 0 such that q}f < q implies that uj and h; are uniquely
determined. Moreover hj is a function of class C37J ofu e Hl and

(w, @'(- = hy));

(3.14) (Duhj)w = — @2 = (u—a(- — hy),@"(- — hy));’

There are constants C, C >0 such that, for qf < ¢,

|ho — h1| < Cqf,

(3.15) ) -
[ = a(- = ho)llr < Cqy.

15



In the following we drop the subscript 0 and write simply ¢“, || - ||, etc. instead of ¢,
Il - lo, etc.
From Lemma 3.2 and (3.13) it follows that u € H can be decomposed in the form

a(-—h) +v(-—h),

u =
3.16
( ) (v,u@')y =0,

~

for some h € R and @ € {u_,u4} and that, provided ¢* < ¢, h € R and @ are uniquely
determined. Note that from (3.16) we have

v(s) =u(s+ h) —u(s)

and
[v]l = ¢".

In particular the decomposition (3.16) applies to the minimizer u* € A":

ub(z, )

= a(- — h'(2)) + " (z,- — ¥ (),
(3.17) h .,
ve(x,-),u) =0,
for some % € {u_,u+}. Given x € R we set ¢*(z) = ¢“"@) and i (x) = qiLL(z”) and
recall that
" (x) = v (z, )| = [lu"(x,) — al- = " (@))]-

In general h'(x) is not uniquely determined if ¢*(z) is not sufficiently small. In the
following, if there is no risk of confusion, we drop the superscript L and write simply ¢(z),
v(x,y), h(z), etc.. instead of ¢~ (x), vi(x,y), h*(x), etc..

From the minimality of u = u and its smoothness properties established in (3.11) and
(3.12) it follows that u’ satisfies two Hamiltonian identities. This is the content of the
following lemma, where ¢ is defined in (3.4).

Lemma 3.3. Set u = u”. Then there exist constants w and & such that, for x € R, it
results

a1 [ P = [ (W) + 5lu(n)R)d— oo
and
(3.19) /Rux(m,y) cuy(x,y)dy =w,  for v €R.

Moreover it results

W

L L
(3.20) /R (W(“(Z>y>) + §!uy(z,y)\2)>dy "
0.

&
Il

Proof. The identities (3.18) and (3.19) are well known, see for instance [18] or [11]. To
prove (3.20) we observe that u(% — z,y) = u(% + z,y) implies u,(%,y) = 0. O
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Lemma 3.4. The constant ¢ in Lemma 3.2 can be chosen such that, if
(3.21) 0<q(z)<q(z)<q xe€l,

for some interval I C R, then, for x € I the maps h(x) = h*(z), v(z,y) = v¥(z,y) @ €
{u—_,us} in the decomposition (3.17) are uniquely determined and are smooth functions
of x € I. With v(z,-) = vl (x,-) defined by v(x,-) = q(z)v(x,-), it results

(va(z, ) vy, ) (@) Ve, ), vy, )

(3.22) h'(x) = @ + v, (z, )2 - @+ q(@)vy(z, )2
and

ug(x, |? = ||vg(z, - 2_<Ug;($,-),vy(x,-)>2
52 [tz (2, )" = [lva(z, )] CESRESIE

(Va(z, ), vy(, )

[0 + q(@)vy (2, ) [I*

= ¢'(2)? + ¢ (@)l|va(z, )I” — ¢*(x)
Moreover the map

4 <V$(x> ')’ I/y(:(}, )>2
[0 + pvy (, )|

I :

(0,q()] 2 p = f(p,2) Ve, ) = p?|lvalz, ) |* — p

s non-negative and non-decreasing for each fixed x € 1.

Proof. From (3.17) with u = ul’, v = vl we obtain
(e, ) = = (@) (@ (- = hi) + v (@, = h(2))) + vala,- = h(x)).
uy(@,7) = @(- = b)) + vy (@, — h(z).

and therefore Lemma 3.3 and (3.17) that implies

(Vg(,-), )y =0, x €,

yield
(3.24) 0 = (ua (@, ),y (2, )) = —K @I + 0y, )2 + (wal, ), 0y (2 ).
From assumption (3.21) and (3.15) we have [|v,(z,-)|| < [[v|l1 € Cqi(x) < Cgand § < H;(;H

implies

1, _ 3,
Il <@ + vy (@, )l < 51

Therefore (3.24) can be solved for h'(x) and the first expression of h'(x) in (3.22) is estab-
lished. For the other expression we observe that (vy,vy) = (guv + qua, quy) = ¢*(Va, vy)
that follows from (v(z,-—7),v(z,-—r)) = 1, for r € R which implies (vy(z,-),v(z,-)) = 0.
A similar computation that also uses (3.22) yields (3.23).

It remains to prove the monotonicity of p — f(p, z)||vz(z, )
0 otherwise there is nothing to be proved. We have

2. We can assume ||v,|| >

Pl )l < q@)lvy(, )l = llvy (2, ) < Cq,

17



and therefore

< o 7Vy>2 <V7””’1/y>2<ﬂ/—{—pyy,ljy>
D =99 —14 3 \vgll 4 Mlvel]
Pf(pa ) D p Hﬂ,‘i‘pVy’P Hﬂ,‘f‘pVyW
512 X3
22p(1—2 7/(C'cz)~72 B 7/(Cq)~73).
(I —Ccq)* (@] - Ca)

This proves D, f(p,-) > 0 for ¢ < 171 The proof is complete. O

w
QY

Next we list some properties of the effective potential Jr(u) — ¢ that depend on the
decomposition (3.16) of u. Define

W) = Jr(a +v) — Jr(a).

where v is as in (3.16) and u € H!. If we set v = qu, with ¢ = |[v]] # 0, W can be
considered as a function of ¢ € R and v € HY(R;R™), ||v|| = 1. We have (see [11])

Lemma 3.5. Assume that |v'| < C for some C > 0. Then
2
(3.25) [[0]] oo (rymem)y < Crllv]]3,

for some Cy > 0. The constant § > 0 in Lemma 3.2 can be chosen such that the effective
potential W(qv) is increasing in q for q € [0,q| and there is > 0 such that

82
(3.26) TqQW(QV) > p(1+ V1), g€ (0,4,

and
1
Wi(qv) > §uq2(1 + V1%, q€ (0,
=

1 )
W(v) > gquHi o]l € (0,4q].

Lemma 3.5 describes the properties of the effective potential W in a neighborhood of
one of the connections u+. We also need a lower bound for the effective potential away
from a neighborhood of the connections. We have the following result, see Corollary 3.2
in [18]) or Proposition A.1 in the Appendix, where we give an elementary proof.

Lemma 3.6. For each p > 0 there exists e, > 0 such that, if u € H' satisfies

a1 > p,
then
Jr(u) — co > ep.

Moreover ey, is continuous in p and for p < ||v||1, ||v||1 small, it results
(3.27) ep < Jr(a+v) —co < CHllF, ve HY(R;R™), @ € {a_,uy},

with C* > 0 a constant.

18



Set u = ul and let
p € (0,9),

be a number to be chosen later. From (3.27) there is p* < p such that ey, < e,. Let
Sp= C [0, L] be the complement of the set

Sp ={x € [0,L] : Jr(u(z,-)) — co > ep}.

From (3.3) we have

_ L
el < [ (rtute ) — o) do < o
0

which implies
Co Co
[Spel < ==, |Sp| = L~

Ep~ ep*

For x € S+ we have Jr(u(x,-))—co < ey« < e, and therefore Lemma 3.6 implies ¢ (z) < p.
It follows ¢(z) < ¢1(z) < ¢ and Lemma 3.4 implies the uniqueness of the decomposition
(3.17). On the other hand Lemma 3.5 yields

2 2e
, INPZ < = N—co) <=2 .
(3.28) oyt )| < = (e, ) = o) < =2, €5,
We fix p so that
2 R
p (1 + \f)
With this choice of p we have
1
2 2
(3.29) vy (2, )| < m”u 17, = € Spr
We also have
(3.30) va (2, )||? < 4<JR(u(a:, ) — 00)7 € Sy

To see this, note that from (3.18) and w > 0 it follows

(331) e, )P < Je(u(z, ) — o, =€ [0, L,

and that from (3.23) and (3.29) it follows
lva(, )I* < 2llua(z, )P, z € Spe.

From (3.22), (3.28), (3.29) and (3.30) we obtain

a2 [ el < IR [ (i) —eo)d < LG

Lemma 3.7. There is a constant Cp, > 0 independent of L such that

|h(z) — h(z)] < Ch, x,2" € Spe

19



Proof. S’p* is the union of a countable family of intervals gp* = Uj(ay, B5). Therefore, for
each z,2’ € Sy« we have

|h(z) — h(2)| < / W (2)|da + ) |h(B;) — h(ay)|.
- i

p

Since we have already estimated the first term, see (3.32), to complete the proof it remains

to evaluate the sum on the right hand side of this inequality. Set A = SqTO and let

In={j:Bj —a; <Ay and Iy = {j: Bj — a; > A\}. Note that I contains at most C:FO)\

€p
intervals. For j € Iy and = € (o, 5;) we have

T 1
) = u(as,) <z = sl ([ Jualsg)Ps)
Qaj
=2

u(z, ) — ulay, )| < 2ACp < qz.

From this and «; € Sp+, that implies

N[

q(ay) = |lu(ay, ) —u(- — h(ay))|| <p <
we conclude that

q(x) < flu(z,-) —a(- = hley)|| < Ju(z, ) = uleg, )l +ale;) < q.

This and Lemma 3.2 imply that, for « € (o, §;), with j € I, u = u” can be decomposed

as in (3.17) and that h'(z) = (Dyh)uz(z, ). Therefore from (3.14) and assuming as we
=712
can q < 2”|1|LTU'H we have

Uy (2, - .
|W (z)| < QW, x € (0, B5), j € Iy
It follows
2

7 h(8;) — hlay)| < / W @)lds < = / o (2, ) de
JEIy Ujer, (@,5) ] Ujer, (@,5)

2 1 L 2 1 ~ 1
< — 5*2/ u$2da: < (2CH)2 ——|5,«|2.

a5 ( el )* < (2c0) ik

Assume now j € I and observe that there is a number § > 0 such that, if 7 > 27 and
y € ly,r—ylorifr<-2yandy € [r+y,—yl, it results for sg,sg € {—, +}

_ _ 1
(3.33) [Usg(y) — sy — )| = Slat —a-|.

Consider first the indices j € I such that |h(53;) — h(a;)| < 45. We have

2
3 Ih(B;) — hlay)| < g0 = 32005

~ D
jely|h(B;)—h(ay)|<4g b b

Let (a, B) be one of the intervals (a, 8;) corresponding to j € Iy with |h(3;) —h(a;)| >
4y. If r > 4y the interval (g, — ) (if r < —47 the interval (r + g, —y)) has measure larger
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then @ This and the assumptions on (a, ) imply that there exist 3°, 4! € (a, 8), that
satisfy y' — y° = |h(B;) — h(a;)|/2 and are such that

1
(3.34) [u(B,y) = wla,y)| > Flay —a|,  for ye (y'y").
This, provided p > 0 is sufficiently small, follows from (3.33). Indeed we have

[u(B,y) — u(e, y)| > |tsg(s)(y — h(B)) — tsg(a)(y — h(a))]
- |u(167 y) - asg(ﬁ) (y - h(ﬁ)” - |u(a, y) - ﬂsg(a) (y - h(a))|

> Slay —ac| = o8,y — B~ lola,y — b))
> Slow —a| - Cilale)? +a(8)?)

‘a+—a—’7 for Yy e (y07y1)7

N

1 2
> §\a+ —a_| —2C1p3 >

where we denoted by gy, the map 4 € {u_, u4} corresponding to z € S . and we used
(3.25) based on
vy (2, 9)| < C,

that follows from (3.11) and (1.19). Integrating (3.34) in (y°,y') yields

1

|a+;a||h(ﬁ) — h(a)] < /y: lu(B,y) — u(a, y)|dy </ / |ug|dzdy

< 5o = el — i ( ] [ sy

1

< [h(B) — h(a)|7 (8 — )2 CE.

It follows |h(8) — h(a)| < —%% (8 — ) and in turn

lay—a_|?
> |h(B;) — h(a;)]
FEIN|h(B))—h(a;)[>45

6400 64CO
Sm Z (ﬁj_aj)gﬁw
JEDh(B))~h(a;)| >4y

The proof is complete. O

With Lemma 3.7 at hand we can show that dz, in (3.6) can be taken independent of L
and that u = u” converges to a+ as y — Foo uniformly in z € R.

Next we prove that the restriction z, 2’ € Sy« in Lemma 3.7 can be removed. We have
indeed

Lemma 3.8. There is a constant Cy, > 0 independent of L such that

|h(z) — h(2")| < Cy, x,2" €0, L].
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Proof. Assuming that p > 0 is sufficiently small, from (3.25) we have
(3.35) [u(@,9) gy (y — h(@))| < C'pS < L. w € Spry R

where r( is defined in (3.5). By Lemma (3.7) there exist h4, h_ such that 20y, := hy —h_
is bounded independently of L and

gy (9 = h@)) = as| < 2y > b, @ € S,
o)y — (@) —a-| <, y<ho, € Spe.
The first relation and (3.35) imply
(3.36) lu(z,y) —aq] < %0, y>hy, xSy
Now define Y C R by setting
Y ={y > hq :3z, €0, L] such that |u(xy,y) — at| > %O},

From (3.36) it follows that y € Y implies that x, belongs to Sy« and therefore to one of
the intervals, say («, 3), that compose Sp«. From (3.36) with z = «a it follows |u(zy,y) —
u(a,y)| > 3 for y € Y, and therefore we have

Ty B 1
D [T unwalds <15 alb( [ futeyPds)’ gy,

and in turn

R
‘Y’E < |Sp*

)

B -
/ / lug (z,y) |Pdzdy < 2Ch|Sp=
Sp* 6%

and we see that the measure of Y is bounded independently of L. Then there exists an
increasing sequence y; — +o00 such that

Y1 S th + 2|Y|a

o .
lu(z,y;) —ay| < 5 TE€ 0,L], j=1,....

This and the cut-off lemma in [6] imply
u(e,y) —apl < 50y = he +2Y] 2 € [0,L]
A similar argument yields
lu(z,y) —a_| < %0 y<h_—2Y], z€l0,L).
The lemma follows from these relations and the fact that hy —h_ and |Y| do not depend

on L.
O
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Corollary 3.9. We can assume that the minimizer u” satisfies

lul(z,y) —ay| < Ke ™, y>0, 2€R,

3.37

(3.37) lul(z,y) —a_| < Ket, y <0, z €R.
and

(3.38) |DY (z,y)] < Ke ™™ 4y eR, z eR,

for a = (a1,a2), |a| = 1,2, with constants k, K > 0 independent of L.

Proof. Using again the translation invariance of the energy 7, by identifying u(z,y) with
us, (z,y) = u(z,y + 0p), we can assume that the minimizer u satisfy

r
fu(e,y) —asl < 5,y 20 +2|Y], 2 €[0,L)
T
u(z,y) —a-| < 3, y< =0, —2|Y], z € [0,L].
These inequalities and a standard argument, based on the non-degeneracy of ay,a_, imply

(3.37). Inequality (3.38) follows from (3.37) and elliptic regularity. The proof is complete.
O

Remark 5. From (3.37) it follows that we have |h(z)| < Cp, for z € [0,L] with C},
independent of L. Note that this is true in spite of the fact that h(z), if ¢(z) is large, may

be discontinuous.
The bound on h(z) together with (3.37), (3.38) and (1.19) imply that

(3.39) v(,y) = u(, y + h(x)) = Usg@) (y),

and its first and second derivative with respect to y satisfy exponential estimates of the
form

(3.40) IDiv(z,y)| < Ke™ ¥, yeR, zeR, i=0,1,2

with constants k, K > 0 independent of L. From this and the identity [vy||? + (v, vyy) =0
it follows

(3.41) vy ()| < Cag(x)?,

with Cy > 0 independent of L. This inequality implies that in each interval where ¢(z) <
q*, for some ¢* > 0, we can use the expressions of h'(z) and ||uy(z,-)| in Lemma 3.4 and
we have the monotonicity of the function p — f(p, z).

3.2 Conclusion of the proof of Theorem 1.2

As before we set u = u”. Since u € A* we have in particular u(0,y) = yu(0, ) that means
u(0,y) € m,, my the plane fixed by 7. From this and 4_ = yu4, u— # uy it follows

. _ L. _
@(0) = inf [[u(0,) —ax(-—r)f = Fllas —a-].
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We assume that the constant ¢* introduced above satisfies ¢* < %[y — @ and set
p = ¢*/2. Then, provided L is sufficiently large, there exists x, > 0 such that

q(z) >p, x€[0,xp),

(3.42)
a(xp) = p.
Indeed, from Lemma 3.6 and (3.3) it follows @pe, < [ (Jr(u(z,-) — co))dz < Cj, so that

G

(3.43) xp <=
€p

From (3.42), (3.43) and the symmetry u(£ —,y) = u(£ 42, y) with z = £ — 2, we obtain

L *
a(zp) = a(5 —2p) S alzp) =p=4q"/2,
(3'44) ﬂSg(wp) = ﬂsg(%fzp)’
L
h(xp) = h(E - xp)

We now show, see Lemma 3.10 below, that the minimality of u = v’ and (3.44) imply

L
qz) <p ,x € [%975 _wp]-

In the proof of this fact, for x in certain intervals, we use test maps of the form

(3.45) i(z,y) = aly — h(z)) + d(@)v(z,y - h(z))

for suitable choices of the functions ¢ = §(z) and h = h(z). We always take §(x)
q(z) < p. Note that in (3.45) the direction vector v(z,-) is the one associated to v(x,-)
q(z)v(z,-) with v(x,-) defined in the decomposition (3.17) of w.

From (3.45) it follows

Il IA

(3.46) /R laul?dy = ()2 ||@ + quyll* — 20'6* (v, 1) + (@) + @l|va .

We choose the value of i’ that minimizes (3.46) that is
I 52 <V96) Vy)
12 + Gy 1>
then we get

. . R A <va’/y>2
g *dy = (¢)? + @ ||va|]® — ¢ 2.
/]R ¢ ’ 1w + quy1?

Therefore the energy density of the test map @ is given by
1 ~ 12 A~ 1 ~ 12
§’Ux| dy+ | (W(a)+ §’Uy| )dy
R R
(3.47)

Liine o2 2 (Ve vy)’ ) -
= + @ llve || — ¢ = ) + W(Gv) + co.

Note that, since we do not change the direction vector v(z, -), this expression is completely
determined once we fix the function q.
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Tp o LJ4 L2,
Figure 3: The maps x — ¢(x) and z — ¢(x) in Lemma 3.10, g(x*) < 2p

Lemma 3.10. If u = u” satisfies (3.44), then

L
q(r) <p, w€ [xp7§ _wp}-

Proof. Assume instead that ¢(z*) > p for some x* € (l‘p,% — xp). We can assume that
q(z*) = maxX, e, L_, 1 q(x). We show that this implies the existence of a competing map
’2

@ with less energy than u. Consider first the case where q(z*) € (p,2p]. In this case we
set @ = 4 with 4 defined in (3.45) and, see Figure 3,

q(z) = q(x), if q(x) <p,

q
(3.48) 4(x) = 2p — q(x), if q(z) € (p,2p)].

(3.49) U(zp) = u(xp) = u<£ - :Ep) = ﬂ<£ - xp).

To see this we note that max L }q(as) = ¢q(z*) < ¢" implies that sg(x) is constant

z€lTp, 5 —Tp

in [z, £ — 2] therefore from (3.39) and u(z,y) = u(% — 2,y) it follows
L L
Ux(l‘,y):*l)x<§*l’7y> Uy(.fﬂ,y) :Uy(§*$7y>,

and by consequence

which yields

ﬁ(g - l‘p) = h(zp) + /é—mp b (x)dx = h(zp) = h(g - :Ep>.

Tp

This and g(zp) = ¢(% — z,) imply (3.49). It remains to show that the energy of 4 is
strictly less than the energy of u. By comparing (3.47) with the analogous expression of
the energy of u and observing that (¢')? = (¢’)? and §(x) < q(x) with strict inequality
near x* we see that this is indeed the case.

25



[

T Fpar  LJA L/2 -z,
Figure 4: The maps © — ¢(z) and z — ¢(x) in Lemma 3.10, ¢(z*) > 2p

Assume now that ¢(z*) > 2p, see Figure 4. Let &, € (z), %) be the number
Zp = max{z > xp : q(s) < 2p, s € (xp,x]}.

Note that from tgg(,,) = 4, g(L —ay) and the symmetry of u it follows that sg(x) is equal to

a constant, say +, in [xp, Tp] U [% — Tp, % — Tp).
We define the competing map @ as follows. In the interval [z, Z,] we set & = @ with
g exactly as in (3.48) and

h(z) = h(xp) + / ' W(s)dz, x€ |z, Ty

P

In the interval (Zp, é — I,) we take

w(z,y) =ty (y — h(Zp))-
Finally in the interval [% — Tp, % — xp] we set again @ = 4 with ¢ as in (3.48) but with
R T L L
h(xz) = h(zp) —i—/L i B (s)dz, x € 5~ Zp, 5~ |-
L g,

2

With these definitions @ is a continuous piece-wise smooth map that satisfies (3.49) and,
as in the case ¢(z*) < 2p, one checks that @ has energy strictly less than w. The proof is
complete. O

Next we show that the statement of Lemma 3.10 can be upgraded to exponential decay.
We have indeed

Lemma 3.11. There exists a positive constants c*,C* independent of L > Lo such that

ot £ 0%, w e o, ],

Proof. We show that, under the standing assumption that 2p = ¢* > 0 is sufficiently small,
for L > 4z, it results

L
(3.50) g(x) < V2pe 3VEE) g e [% ﬂ’
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where 1 > 0 is the constant in (3.26). Then the lemma follows from (3.50) and (3.40) that
implies ¢(x) = ||v(z, )| < % To prove (3.50) we proceed as in the proof of Lemma 3.5

n [11]. We first establish the inequality

d? L
(3.51) sl )2 2 e, NP, @ € [, 5 - ).

We begin by the elementary inequality

2 2
& ot ) = g, ) — s (- — ()P

> 2 (ule) = 0 hw)) e ) — 4 (= @),

(3.52)

From

L (o) = = hia)

= Uga (@) = WL (- = h(2)) (W (2))® + @, (- = h(2)h" (@),
and (3.52), using also (3.22) (and (¢, ) = (¢(- — ), (- —1))), it follows

d? 2
T llv(, )P 2 2uan(x, ), (.- — hx)))

_n <U$(IB,'),’U (xﬂ')>2
A e

=211 + 215.

Since w is a solution of (1.10) and @4 solves (1.7) we have

U () = W(u(w, ) = Wa(its (- = h(x))) = (u(z, ) = e b)) .

Then, recalling the definition of the operator T' and that v(z,-) = u(z,- + h(z)) — a4, we
obtain

I = (Wa(ay +v(z,-)) = Wau(y) = vyy(, ), (2, -))

(3:53) (Wa(tg 4 v(z, ) = Wy(ty) = W (g )o(z, ), v(z, ) + (To(z, ), v(z, -)).

Now we observe that a standard computation yields

Talu(z. ) = o = 5(Tola, ) vl ) + [ ey,

where

o = W (is + ) — W(ay) — Wa(i v — %Ww(m)v .

From (3.41), ¢(x) = ||v(z,-)|| < p and (3.25) it follows, with Cy > 0 a suitable constant,

2
[fw (@, 9)| < Owlo(e,y)]* < CrCwllv(z, ) |13 ]v(e, ),

and therefore

(3.54) (To(z,),v(z, ") > 2(Jr(u(,")) = ¢o) = Cllo(z,)||3.
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Introducing this estimate into (3.53) and observing that the other term in the right hand

side of (3.53) can also be estimated by a constant times ||v(z, )||§ we finally obtain

I > 2(Jp(u(z, ) — co) — Cllu(z, )5

To estimate Iy we note that from (3.41) and (3.23), provided ¢* = 2p is sufficiently small,

we get
L

lva (2, ) I? < 2llua(z, )P < 4(Jr(u(z, ) = o), =€ [xp, 5

2
where we have also used (3.31). This and (3.41) imply

12| < Cp(Jr(u(z,-)) — co),

for some constant C' > 0 and we obtain

(I + 1) 2 (2~ Op)(Ja(u(z, ) = o) 2 gullta, )P, 2 € [z s — 2]

and (3.51) is established.
From (3.51) and the comparison principle we have

L

(3.55) o, )I? < el@), @ € [op, 5 — o)

where .
_ 9 cosh \/iu(z — 7)
cosh /fi(x), — %)

pla
is the solution of the problem

¢ = pp, x € [zp, L — ),

‘P(mp) = 90(% - xp) = PQ-

Then (3.50) follows from (3.55) and

o(z) < ople ViE=Tp) 4 [xp, %}

This concludes the proof.

To finish the proof of Theorem 1.2 it remains to show that there is a sequence u

O

L;
M

L; — 400, that converges to a heteroclinic connection between suitable translates of
u+. Indeed, once this is established, a suitable translation n in the y direction yields the
sequence u” (x,y —n) and the heteroclinic u in Theorem 1.2. From (3.11) it follows that
there exists a subsequence, still denoted by L;, and a classical solution u> : R? — R™ of

(1.10) such that we have

(3.56) lim u"i(z,y) = u™(z,y),

Jj—r+oo

in the C? sense in compacts. Moreover u™ satisfies the exponential estimates (3.37) and
(3.38). This implies that the convergence in (3.56) is in the C? sense in any set of the
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form [, A] x R. Set u; = ul and denote by h; and v; the functions determined by the
decomposition (3.17) of u;:

uj(z,y) = ut(y — hj(x)) +vj(z,y — hj(z)),

(3.57) o2y = 0.

On the basis of Remark 5, v; and its first and second derivatives satisfy (3.40). There-
fore (3.41) shows that, under the standing assumption of ¢* > 0 small, we can control the
size of ||(vj)y(z,-)|| and, proceeding as in the derivation of (3.30), we obtain from (3.22)

B @) < Ol e, M| < Ol(us(e,) — o)}, w € [1, 2]

On the other hand from (3.54) and (3.41) we get
8
Jr(u(z, ) = co < C(llvy(x, )| + [[v(z, ) + l[o(z, )lI5) < Cllv(z, )],
and we conclude

L .
(3.59 (@) < oy, M < b e 1, 1]
where we have also used (3.50).
This and the fact that, as we have seen in Remark 5, hj(z) is bounded independently
of 7, imply that by passing to a subsequence if necessary, we can assume that there is a
Lipschitz continuous and bounded map h* : [l),, +00) — R such that

li i(x) = h™
]_EPOO h](x) h ($)7 x € [lp,+OO),
uniformly in compacts. It follows that we can pass to the limit in (3.57) and obtain in
particular that there exists the limit v> : [[,,, +00) x R — R of

li ; =™
]_EPOO UJ (xvy) v (x7y)a
and the convergence is in L? and in L* in sets of the form [I,,,{] xR. The functions h> and

v> coincide with the functions determined by the decomposition (3.17) of u>. Moreover
from (3.50) and (3.58) we have that ¢*°(z) = ||[v*>°(z, )| and h*>° satisfy

¢ (x) < C*e % x>0,
h>(x) < C’e*%\/ﬁ(x*lp), x> 1.

The first of these estimates shows that , for 2 — 400, u>(z,-) converges in the L? sense
to the manifold of the translates of #,. The estimate for h> shows that there exists
n = lim; 100 h°°(z) and therefore that actually, for z — oo, u®(x,-) converges, to a
specific element of that manifold. This, taking also into account the symmetry properties
of u* implies that indeed u® is a heteroclinic solution of (1.10) that connects translates
of .

This concludes the proof of Theorem 1.2.

29



A Appendix

We present an elementary proof of Lemma 3.6, that we restate as PropositionA.1.

Proposition A.1. Assume that W : R™ — R is of class C3, a+ are non degenerate, and
ueH =i+ H(R;R™).
Then, for each p > 0 there is e, > 0 such that

(A1) lu—as(-=r)i =2 ¢ 2p, 7R

implies
Jr(u) — co > ep.

Moreover ey, is continuous in p and for p < ||v||1 small it results
ep < Jr(ti+v) —co < C'o|l}, ve H'(R;R™), 4 € {u_, iy},
with C* > 0 a constant.

Proof. If u satisfies (A.1) and has Jr(u) > 2cy we can take e, = ¢o. It follows that in the
proof we can assume

(A.Q) JR(U> < 2¢p.

Note also that v € H! implies

(A.3) sgrfoou(s) =ay.
and set

A2
(A.4) qo = mln{ro, @},

where rg and ~ are the constants in (3.5) and
Cw = max{|Wyyu(as+ + 2)| : |2] < 3ro}.
Given ¢ € (0, o) define

JHg) = min J(),
veVS (q)
V() ={v € Hj,.((0,7");R™) : v(0) = 2|z —ay| = ¢, lim v(s) = a-},
J (¢) = min J(v),
(@)= min J)

V= (q) = v € HL(0, 71 R™) : [o(0) — as| = q. lim, v(s) = a_},
Jo(g) = min J(v),

o) = min (v)
Vo(q) = {v e H'((0,7°);R™) : [0(0) — ay| = qo, |v(7") —ay|=q}.

Observe that there exists a positive functions v : (0, gp) — R that converges to zero with
q and satisfies

I (q) < ¥(q).
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Note also that Jr(u+) = ¢o and the minimality of @y imply J~(q) + ©¥(q) > ¢o and
therefore we have

(A.5) co —9lg) < J7(q)-
For u € H' define
s“7(p) =max{s: |u(t) —a_| < p, for t < s},

s“T(p) =min{s : |u(t) —ay| < p, for t>s}.

Since ¥(q) — 0 as ¢ — 0 while limg_,0 Jo(¢) = Jo, Jo a positive constant, we can fix
q = q(qo) in such a way that

(A.6) 2Jo(q(q0)) — ¥(q(q0)) = Jo-

We claim that in this proposition it suffices to consider only maps that satisfy the condition

260
Win(a(q0))’

where Wi, (t) = minge(q_ a,},2(>¢ W(a + 2). To see this set

(A7) 5% (qo) — " (o) <

U,

s¢7 = max{s : |u(s) —a—| = q(q)},
st = min{s : [u(s) — at| = q(qo)},

and observe that the definition of 5% implies |u(s) — a+| > q(qo), for s € (8> ~,5%T). It
follows

(A.8) (31 — 5\ Wi(q(q)) < 2co.

Assume first that

u(s) —a_| < qp, for s € (—o0,5“7),
" u(s) — | < ao (~00,57)
lu(s) —at| < qo, for se (5“7, 400).

In this case we have
57 < 8" (qo) < 8™ (qo) < 5%,

that together with (A.8) implies (A.7). Now assume that (A.9) does not hold and there
exists s* € (%1, +o0) such that |u(s*) — ay| = qo (or s* € (—o00,5%) such that
lu(s*) — a_|] = qp). For definiteness we consider the first eventuality, the other possi-
bility is discussed in a similar way. To estimate the energy of u we focus on the intervals
(~00, 344), 5%+, 55 (g(qo))). and (s%+(q(q0)). +00). We have Ji_e,suct) (1) > /- (a(g0)
and since s* € (57, 5% (q(qo))) we also have Jizu+ gu.t(g(q)))(¥) = 2Jo(q(go)). This,
(A.5) and (A.6) imply

Jr(1) > (oo zuty (1) + J(gut sut (q(a0))) (W) = I (a(q0)) +2J0(q(q0))
> ¢o — ¥(a(q0)) + 2Jo(a(q0)) = co + Jo.

This completes the proof of the claim. Indeed this computation shows that, if s* with the
above properties exists, then we can take e, = Jo.
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Since Jg is translation invariant we can also restrict ourselves to the set of the maps
that satisfy

(A.10) —5" (q(q0)) = 5" (a(q0)) <

Wi(a(q0))

and assume that also a4 satisfy (A.10). We remark that the set of maps that satisfy (A.2)
and (A.7) is equibounded and equicontinuous. Indeed (A.2) implies

1
[u(s1) — u(s2)] < V2co|s1 — 522,
which together with (A.7) yield

m(q(qo)))?

We first prove the proposition with (A.1) replaced by

2¢
W@NSA@;:MJ+3%+WEQGV 0

(A.11) lu—asc(-—7)| =" 2 p, reR.

Assume the proposition is false. Then there is a sequence {u;} C H' that satisfies
(A.3) and

lim Jr(u;) =
;m,, Trlug) = co-
luj —us(- —7) Zp, rER.

Since the sequence {u;} is equibounded and equicontinuous there is a subsequence, still
labeled {u;} and a continuous map @ : R — R™ such that

i wes) — &
i ui(s) = u(s),

uniformly in compact sets. From [ ]u;]2 < 4cp and the fact that u; is uniformly bounded,
by passing to a further subsequence if necessary, we have that u; converges to @ weakly
in HL (R;R™). A standard argument then shows that

JR(a) = Co,

and therefore, by the assumption that 74+ and their translates are the only minimizers of
Jr, we conclude that u coincides either with @_(- — r) or with a4 (- — r) with |r| < Ao
where \g is determined by the condition that u satisfies (A.10).

Since \g is fixed, from (1.19) it follows that we can assume |u(s) — ay| < Ke™** for
s > 0. Fix a number [ > Ay such that

K
(A.12) Ke™M<qy, and —eM<

and observe that @ restricted to the interval [—[,[] is a minimizer of J_;;(u) in the class
of u that satisfy u(4l) = u(=%l). From this observation it follows

(A.13) Jiin(ug) = I (@) — Cl6;,
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where C' > 0 is a constant and 0; = maxy |u;j(El) — a(£l)|.
From the properties of u and (1.19) we have

(A14)  uj(s) — a(s)] < |uj(s) — ag| + |a(s) —ay| < qo + Ke ™™ < 2qg, for s>1.
We estimate the differences Ji_oo 1y (u5) — J(—oo,—1)(#) and J( yo0)(1j) — J(14o0)(U). We
have with u; = u + v;
+o0 1
J(t400) (45) = Tt o) () = /l (&) + Sl + W (@ + vy) = W (@) ) ds
+oo 1
= —u'(l) - v (1) + /l ( —a" v+ §|v}|2 +W(u+v;) — W(a))ds

+oo
(A.15) :—u/(l)~vj(l)+/l ( WiI? + W (a +vj)—W(ﬂ)—Wu(ﬂ)-vj>ds

+too q
> ke [ (GO + W@, v)
1 _
§Wuu(u)vj . vj>ds

Set I(v;) = W(t+v;) — W () — Wy (@) - v; — W (@)v; - v;. Then we have

+W(a+wv;) —W(a) — Wy(a) - v; —

1 1 1
I(Uj):/o /0 /o pQO-Wuuu(a+pUTUj)(Uj,Uj,Uj)d7'dO'dp

1 1
= / / / P2oWyuu(as + (@ — ay) + potv;)(vj, vj,v;)drdodp.
o Jo Jo
It follows |I(v;)| < 2goCyw|v;|*>. This and (A.15) imply
J(1,400) (U7) = J(1,400) (@)

> —2q0Ke™ [ (ol 7 P)ds — 2mC [ oy
I I
7 —kl Lo [T 2
> — CWKe 47/z |vj|“ds

> +1 / oyl
vi|“ds
> —° 32 7 J '
where we have used (A.4) and (A.12). From this, the analogous estimate valid in the
interval (—oo, —1), and (A.13) we obtain

0= ]Egl_l (JR(’Q + Uj) — Co)

ngrfoo(_cwj_,y E+411 (/:|vj|2ds+/loo\vj\2ds)).

Since v; converges to 0 uniformly in [—[,{], for j large we have

(A.16)

and therefore from (A.11)



This and (A.16) imply
0= lim (Jr(a+vj)— co)

Jj—+oo
2
. p 2p
> 1 (—cwu- LAY ) b
= o 177 16 + s) =7 16

This contradiction concludes the proof of the proposition when (A.1) is replaced by
(A.11). To complete the proof we note that it suffices to consider the case p < 2(2 +
co =: 2pg. Indee .2) implies ||u'|| < co that together with ||[ul || < co ylelds

V2 2po. Indeed (A.2) impli <2 h her with ||@/, 2¢y yield

(A.17) [ = (- = 7)[| < po, T ER

It follows that p > 2pg implies ||u — @/ (- — r)|| > po and the existence of e, follows from
the first part of the proof.
Set
CY = max{|Wyu(u+(s) + 2)| : s €R, |2 < 2po},

and define p = p(p) by

B(p) = ————.
2(1+Cy)

We distinguish the following alternatives:
a) |lu—1us(-—r)|| >p, for reR,

b) there exists 7 € R and @ € {u_, w4} such that

(A.18) Ju—a(- - )] <

In case a) the proposition is true from the first part of the proof with e, = ep.
Case b). From (A.1) and (A.18) it follows

(A.19) J — (= )2 > p? — 5.

For simplicity we write u instead of u(- — 7) and set v = w — u. Note that from (A.17),
(A.18) and p < py it follows

IM@F§2/1|M$Wﬂ®wséﬂwmdléﬁﬁ

—00

We compute

(A.20) ()—%—IWW //‘ W@+ Tv) xmw»wm&

Since
1
(A.21) ‘/ w(t+ Tv) Wu(ﬂ))vdT’ < 50104/\11]2,

we have from (A.19) and (A.20)

1 2 _2 1 0 =2 1 2
2(19 P°) SCwp™ = 41

This concludes the first part of the lemma. The last statement is a consequence of the
fact that Jg(u) is continuous in H! and of (A.20) and (A.21). O

J(u)—co >
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