Regularity for solutions of the total variation denoising problem

V. Caselles* , A. Chambolle T, M. Novaga *

Abstract

The main purpose of this paper is to prove a local Holder regularity result for the solutions of the
total variation based denoising problem assuming that the datum is locally Holder continuous. We
also prove a global estimate on the modulus of continuity of the solution in convex domains of RY
and some extensions of this result for the total variation minimization flow.

1 Introduction

We study the local regularity properties of a local minimizer of the functional
A 2
[Dul + 5 [ fulz) = f(2)]" dz (1)
Q Q

where € is an open set in RN, A > 0, and f : Q — R is locally Holder continuous. Our main purpose is
to prove that u is also locally Holder continuous (with the same exponent).

The previous functional was introduced as a model for image denoising by Rudin, Osher, and Fatemi
n [19]. In that context,  is a bounded domain and f represents the observed image which we assume
to be related to the undistorted image by

f=u+n, (2)

where n represents a Gaussian white noise of zero mean and standard deviation o. The parameter A > 0
may be interpreted as a regularization parameter or as a Lagrange multiplier ir order to adjust the
constraint [, (u — f)? dz < [Q]o? determined by (2).

One of the main features of total variation denoising (1), confirmed by numerical experiments, is
its ability to restore the discontinuities of the image [19, 12, 13]. The underlying a priori assumption
is that functions of bounded variation (the BV model [3]) are a reasonable functional model for many
problems in image processing, in particular, for denoising and restoration problems. Typically, functions
of bounded variation admit a set of discontinuities which is countably rectifiable [3], being continuous
in some sense (in the measure theoretic sense) away from discontinuities. The discontinuities could be
identified with edges. The ability of total variation regularization to recover edges is one of the main
features which advocates for the use of this model which had a strong influence in image processing (its
ability to describe textures is less clear, even if some textures can be recovered, up to a certain scale of
oscillation).

Motivated by the experimental evidence in image processing, we initiated the study of the local
regularity properties of (1) in [11] where we proved that for any f € BV(Q) N L°°(Q) the set of jumps
of u (in the BV sense) is contained in the set of jumps of f. In other words, model (1) does not create
any new discontinuity besides the existing ones. This has to be combined with results describing which
discontinuities are preserved. No general statement in this sense exist but many examples are described
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in the papers [5, 7, 8, 1]. The preservation of a jump discontinuity depends on the curvature of the level
line at the given point, the size of the jump and the regularization parameter A\. The examples support
the idea that total variation may be a reasonable model in order to restore discontinuities.

In the present work we continue our analysis of the local regularity properties of (1) by proving that
if the datum f is locally Holder continuous with exponent 8 € (0, 1] in some region £’ C €, then its local
minimizer u is also locally Holder continuous in ' with the same exponent.

Recall that a function u € BV(Q) is a local minimizer of (1) if for any v € BV (Q) such that u — v
has support in a compact subset K C €, we have

1 1
Jpd+ 5 [ @) - sads < [ o+ 5 [ o) - f@)P ds Q
K 2 Jk K 2 Jk
It follows that u satisfies the equation [10]
—divz+u = f (4)

with 2z € L*°(Q, RY) with ||z||ec < 1, and 2z - Du = |Du| (see Section 2).
As in [11], our analysis of the regularity of the local minimizers of u will be based on the following
observation: for any ¢ € R, the level sets {u > t} (resp., {u > t}) are solutions (the minimal and maximal,

indeed) of the minimal surface problem

{ErlglrglzP(E,Q)—i—%[E(t—f(x)) dx (5)

(whose solution is defined in the class of finite-perimeter sets and hence up to a Lebesgue-negligible set).
The local regularity of u can be described in terms of the distance of any two of its level sets. This is the
main idea in [11] which is further refined here. We proved in [11] that, outside the jump discontinuities of
f (modulo an HY ~!-null set), any two level sets at different heights cannot touch and hence the function
u is continuous there. To be able to assert a Holder type regularity property for u we need to prove
a local estimate of the distance of the boundaries of two level sets. This will be done here under the
assumption of local Holder regularity for f.

Let us describe the plan of the paper. In section 2 we recall some basic facts about functions of
bounded variation. In section 3 we collect some basic regularity results when f € LY (). In Section 4
we prove the main result of the paper, namely the local Holder regularity of the local minimizers of (1) in
any subdomain Q' of Q when the datum f is locally Holder continuous in €. We also consider in Section
5 the case of global regularity of solutions of (4) with Neumann boundary conditions in convex domains
of RY and we then extend this result to the case of the total variation flow.

2 Notation and preliminaries on BV functions

Let Q be an open subset of RY. A function u € L' (2) whose gradient Du in the sense of distributions is
a (vector-valued) Radon measure with finite total variation in (2 is called a function of bounded variation.
The class of such functions will be denoted by BV (§2). The total variation of Du on §2 turns out to be

sup{/udivz dr : z € Cg° (S RY), |z(x)|§1V:v€Q}, (6)
Q

where for a vector v = (v1,...,on) € RN we set [v]2 := N, 02, and will be denoted by |Du|(2) or
by [o|Dul. The map u — |Du|(Q) is L (€2)-lower semicontinuous. BV(f) is a Banach space when
endowed with the norm ||ul| := [, [u] dz + [Du|(Q).

A measurable set E C Q is said to be of finite perimeter in €2 if (6) is finite when u is substituted with
the characteristic function Xg of E. The perimeter of E in  is defined as P(E,Q) := |Dxg|(2). We
denote by £V and H¥ !, respectively, the N-dimensional Lebesgue measure and the (N — 1)-dimensional
Hausdorff measure in RY.



If E C RY is a measurable set and z € RV, we define the upper density of E at = by

- BN B
D(E,x) :=limsup ———————
B 2) = 1B, )

Given u € BV (Q), we define
ut(z) ;== inf{t: D{u > t},x) =0} and wu (x):=sup{t: D{u < t},z) =0}.
Then, we say that u is approximately continuous at z € Q if and only if u*(z) = u™(z). The set of
points where u is not approximately continuous is called the singular set of u and denoted by S,,.
For a comprehensive treatment of functions of bounded variation, we refer the reader to [3].
If 2 € LS (Q,RY) with divz € L}, (Q), and w € BVjoc(Q) N LL _(Q) (with % + % = 1), we define the

loc loc loc

functional z - Dw : C§°(2) — R by the formula

(- Dug) = [

wgodivzd:v—/wz-Vgodx Vo € C5o(82). (7)
Q

Q

It is a Radon measure in (2, which is of course finite if z € L>(Q,RY), divz € LP(Q) and w € BV (Q) N
L%(€)). Moreover, we have z - Dw = z - Vwdzx for all w € Wh1(Q) N L>(Q)

Let Q C RY be a bounded open set with Lipschitz boundary. We denote by vq(x) the outer unit
normal to a point x € 99 is denoted by vo(x). The following integration by parts formula can be found
in [6]. Let z € L>°(Q,RY) with divz € LP(). Then there exists a function [z - vg] € L>(9) satisfying
[z - valllLea0) < [12]l Lo (rN), and such that for any u € BV (2) N L9(£2) we have

/udivzdw—i—/z-Du:/ [z-uQ]udHNfl.
Q Q a0

3 Basic regularity

Proposition 3.1. Assume f € LV (Q). Then there exists 6 > 0 and po > 0 such that if p < po and
B,(x) C Q, then, for almost any t € R,

{u>t}NBs(z)] >0Vs >0 = [{u>t}nB,(x)>dp". (8)
The same holds for the sets {u < t}, {u >t}, and {u < t}.
Proof. We only sketch the proof (see also [2, Th.4.2.3]). Comparing {u > t} with {u > t} \ Bs(z), by

minimality we have

HN Y Byno*{u>t}) < HN Y OBsn{u>t}) + / f(z) —tdr
B,n{u>t}
hence, if h(s) = |Bs N {u > t}|, then 1/(s) = HN 1 (0Bs N {u > t}), and adding HY "1 (0Bs N {u > t}) to
both sides of the above inequality we get
Per(Bsn{u>t}) < 2b/(s) + |[f — tllzv(p,)h(s) /N,

By equiintegrability there exists pg > 0 such that if s < po, || f —t|[z~(p,) is less than half the isoperimetric
constant in RY so that
ch(s)' VN < b/(s)

and we conclude using Gronwall’s Lemma. O

As a consequence of Proposition 3.1, if we identify the set F; = {u > ¢} with the set of points where
it has density one, then E; is an open set and

HN L (OF; \ 0" E;) = 0. (9)

Indeed, if * € OF;, then it may be approximated by points in E; and points in RY \ E;. Then, by
Proposition 3.1, both the upper density of z in E; and in RY \ E; is positive. That is, = belongs to the
measure theoretic boundary of E; and (9) follows.



Corollary 3.2. u~ is l.s.c. and u™" is u.s.c.

Proof. If x € {u~ >t} for some t € R, then there exists ¢’ > ¢ such that v~ (z) > ¢’. Hence,

i e <30 By(@)
p—0 pN

:0,

which implies by the previous result that there exists p > 0 small such that B,(x) C {u > t'}, up to a
negligible set. Hence, v~ >t >t on B,(z), so that {u~ > t} is open, and u~ is L.s.c.. The statement for
u™ follows at once, since u™ = —(—u)~. O

In particular, it follows that u is continuous out of S, = {x € Q : ™ (z) < u™(x)}. We can give a
more precise statement:

Proposition 3.3. For any 0 € [0,1), let Ag be the set of points where u is not 5-Hélder continuous at
x. Then, it holds
dimy(Ag) <N =1+ 1.

Proof. Let Bay(x) C §2, with p < po. For almost any s € (infp,(2) u,Supg, (,) u), there is some y € B,(z)
such that [{u > s} N B,.(y)| > 0 for all » > 0. Then, by Proposition 3.1, we have that [{u > s} N B,(y)| >
6rV for all 7 > 0. Hence [{u > s} N Ba,(y)| > 6p” and we deduce that

1 SUpPp, (z) ¥ .
0scp,(z)(u) < 5p—N/ min{|Ba,(zy N {u > s}, |Bap) N {u < s}|}ds
inpr(I)u

C /SHPBM v ClDul(Bs, (7))

< N1 Per(Bapzy N{u > s})ds < pRa (10)

npr(w) u
where the relative isoperimetric inequality was used in the second inequality. The thesis follows from
(10) and [3, Th. 2.56]. O

In particular, it follows again from (10) that u is continuous at each x such that

|Du|(Bsp(x))

N1 -0

as p — 0.

We recall that in [11], it is proven that in dimension N < 7, if f is continuous in 2, then also w is.
We will try now to extend this result to slightly higher regularity. It is clear, though, that the highest
possible regularity is Lipschitz. This can be shown by trivial examples, for instance in 1D if Q = [—1,1],
f = Ax|?/2, X large enough, and u is the global minimizer of (1).

4 Interior regularity of solutions

We will now show the local regularity of the function u, at least in dimension N < 7, whenever f is
regular. By regular, we mean either Holder with some exponent 3, or Lipschitz-continuous (8 = 1). Our
proofs could be adapted to more general moduli of continuity.

The proof relies on an “exclusion” principle for the level sets of w, which is valid near any sufficiently
regular level line. However, in order to make this argument uniform, we need quite strong results of
regularity for solutions of the prescribed curvature problem (i.e., the problem which our level lines satisfy).
The restriction on the dimension is due to these results and the existence of singular minimal cones in
dimension 8 or more. We believe, however, that this is technical and that the regularity of v should be
preserved near the possible singular points of the level lines.



4.1 Local regularity of the level sets of u

Let us first quote the following theorem of I. Tamanini, which is shown in [20] and relies on the previous
works of Massari [16, 17], and Massari and Pepe [18]:

Theorem 1 (Theorem 1 in [20]). Let Q be an open subset of RN, N > 2, and let E be a Caccioppoli set
satisfying for a € (0,1):

UIE.Byfa)) = |Dxe|(Byla) = it Dxr|(By@) < ep 120 ()
for every x € Q and every p € (0, R) with ¢ and R local positive constants.

Then the reduced boundary 0*E is a CY*-hypersurface in 0, and H*((OE \ 0*E) N Q) = 0 for any
s> N —8.

Moreover, assuming that (11) holds uniformly for any Ej, with (Ep)p>1 locally convergent in Q to
some limit set Ex as h — oo, we have that if x, € OE}), for every h, with (xp)n>1 convergent to some
point Too € Q, then x € OF; while, if xoo € 0*Eo, then there exists h such that x), € 0*F}, for every
h > h, and the unit outward normal to OFEy, at x, converges to the unit outward normal to O0E at X .

Consider now a solution u of (4) and assume f € LP(Q) with p > N. Let t € R, E;, = {u > t} and let
z € Q. If p>0and FAE, € B,(x), then

DX |(B(2)) + /

Ey

(t— f(x)dr < |Dxpl(By(x)) + / (t - f(x)) da.

F

and we deduce easily

(B, By(z)) < /B . |t = f(@)lde < It = fllzo(s, @) Bpla)' 7.
pT

Hence, (11) holds for E; in B,(z), for « = (1 — N/p)/2. Moreover, this estimate is uniform. We deduce

the following corollary:

Corollary 4.1. Let f € LP(Q), p > N, and let « = (1 — N/p)/2. Let u solve (4) and, for any t € R,
let By = {u > t}. Let T € O*E;. Then, there exists an open neigborhood A of T such that for any
s €R, OB, N A is a CY* hypersurface, moreover, one may assume that vy, (z) - v, (T) > /2/2 for any
r € OE;,NA.

Proof. If the corollary were not true, there would exist a sequence xj, x, — Z, such that either z; €
OE\ 0" E; (the singular set) for all h large, or such that vg,, | (2s) Ve, (Z) < V/2/2 for all h large. This
would contradict Theorem 1. o

Corollary 4.2. Lett € R, £ € 0*E; and A be the set given by Corollary 4.1. Choose a system of
coordinates such that the last component xy is along the vector vg,(Z). Then, for any R, and z° € A, if
we let Cr be the cylinder Cr = By x (=R, R) = {x : Efi_ll(:ﬂz —a2")? < R* —R <azy — 2% < R}, then
if Cr C A, Eyzoy N Cr is the supergraph {xn > v(x1,...,an_1)} of a 1-Lipschitz (and C*) function
v: By — [-R,R].

Proof. We just need to observe that vg, , is given by (Vv,—-1)/4/1+ |Vv[?. Hence, the condition
VE, 0, (@) - vE, (T) = v/2/2, which holds in A thanks to Corollary 4.1, becomes 1/+/1 + [Vv]2 > v/2/2,
that is, |Vo| < 1. O

Corollary 4.3. Under the same assumptions, assume also that f is Hélder-continuous with exponent
8 >0 in Q (hence, in particular, bounded, so that the above holds with any o < 1). Then, in addition,
we have that the function v in Corollary 4.2 is C*P, with a norm which does not depend on z° € A.

Proof. Since the graph of v satisfies a mean curvature type equation with Hélder continuous right hand
side, the corollary follows as a consequence of Corollary 4.2 and standard regularity results [15]. O



4.2 Local regularity of u

We consider here the case f € C%#(Q), with 0 < 8 < 1 (we include the Lipschitz case for 3 = 1).

Theorem 2. Let N < 7 and let u be a solution of (4). Assume f € C%? locally in 8, for some 3 € [0,1].
Then u is also C%P locally in Q.

Proof. We divide the proof into four Steps.
Step 1. The case § = 0 has been treated in [11, Theorem 1 and Remark 3.4]. We therefore consider
here the case where > 0. Since N < 7, all points of any level set are regular. From Corollaries 4.2
and 4.3 we know that, uniformly in the neighborhood of any regular point 2° C {u = t;} (as long as
the neighborhood is inside ), and after an appropriate change of coordinates, the set {u > t1} is the
supergraph zn > v1(z'), in a suitable cylinder Cr = B x (—R,R) = {z : Zf;l(xz -9 <R*} -R<
zn — 2% < R}, where we have denoted @’ = (z1,...,2y-1). We can also assume that |V'vi]|s <1 in
Bl and ||[D"?v1]|oc < K < 0o. We have denoted the derivatives with respect to the first N — 1 variables
with a prime (“’”). To simplify, we assume that 2° = 0.

We denote F(p) = /1+ [p2 (and F*(q) = sup, ¢ - p — F'(p) its Legendre-Fenchel conjugate), and
consider, for v € (0,1), the function w,, = vy + (7/2)(R? — |2/|?). Then

—div'VF(V'w,) < t1 — f(2',01(2")) + Cy in Bf, (12)

where C'is an absolute constant (it is a bound on the second and third derivatives of F'(p) = /1 + |p|?).
Indeed, we have

1
div'VF(V'w,) = div'VF(V'v) — ”ydiv’/ D?*F(V'vy —ys2') -2 ds
0

—t1 + f(a',v1(2") —(R)

where the rest (R) is given by (the sums range from 1 to N — 1):

(R)

1
/ 9;(0};F(V'vy — ysa')wj ds
0

1 1
= / TrD?F(V'vy — ys2')ds + / 81-31j7kF(V/v1 - ”ysx')([)zkvl — 80, k)5 ds
0 0

IN

1
/ TrD*F(V'vy — ysa') ds + CR||D"v: |51
0
1
+ / s0s[TrD?* F(V'vy — ysa')] ds
0
= CR|D"v|p~(py) + TrD*F(V'vy —vz') < C(R||D"vi||p(py) + 1).

Hence, using |D"?v1| < k in B}, we get a uniform bound for (R), and we obtain (12).

Step 2. Now we build, in Cf, = {z € Cr : xy > v1(2’)} the vector field

/ o VE(V'w,(2"))
oz, wy(a")) = ( F*(VF(V'wy(2))) ) Y

which has everywhere norm equal to 1. We show that, in CE,
divo(x) > —t1 + f(2',v1(2")) — Cy(x) (14)

where ~(z) is the unique value of v such that w, (') = zy, that is, v(z) = 2(xn — v1(2’))/(R? — |2/[?).
Let o = (0;)Y; and ¢’ denote the first N — 1 coordinates of o. For fixed v > 0, we have using (12)

div'[o’ (@', wy(2")] = div'VF(V'wy) > —t1 + f(a',01(2")) — Cr. (15)



Observe that

N—-1 N—-1
div'[o’ (@, wy ()] = Y (Bioi) (@ wy(2)) + Y (On0i) (@ wy(2))Diws (). (16)
1=1 1=1

Now, for fixed 2’ € B}, we have on one hand

2 _ |2
0, lon @y @ )] = (@), (o)) T

On the other hand, using VF*(VF(p)) = p for any p € RV, we have

Olon(@ wy(@))] = VE(VE(V'w, (@) -0, [VF(Vw, (2)]

N—-1
- Zaiww(x’)aw[ai(x’,ww(x’))]

R2 _ ,TI 2
- Z B (o) (O (@' (o))

Then, dividing by (R? — |2/|?)/2 we find that

(Onon) (@, wy(x Z diw~ (2")(On ;) (@, wy ().

Hence, combining this with (15) and (16), we find that
(divo) (@', wy (') = —t1 + f(@',01(a")) — Cy

which yields (14).

Step 8. Let to > t1 and consider the set Eo = {u > t2}. Let C; be the Holder constant of f, v < 1
and 1 — 3> 0. Let W, = {v1(2') < zn < w,(2')}. Then Ex N W, = 0 as soon as v* < (t2 — t1)/(C +
Oy (B2 /2)°).

Observe that B> NCr C C. Assume that v is such that E> MW, is not empty. Then, by minimality
of F>, we have

HNHOE, N W) + / (ta — f(2))de < HNTHOW, N Ey).
EaNW.

Using the fact that, by construction, o is the inner normal to W, from Gauss-Green’s formula and (14)

we deduce
HN Y OW, NEy) — HN Y OE.NW,) < / (—o-v)dHN !
8W—yﬂE2
+ / (—o-v)dHN ! = / (—o-v)dHN !
W»YﬂaEg B(W»YI'_WEQ)
< / (ty — f(2',v1(2")) + Cv) da.
W»YﬂEz
Hence

| (- t@ -t ) - o) de < 0
Wy NE;

and since |f(2,v1(z')) — f(z)| < C;(yR?/2)P, this is impossible as soon as

1-p R\ 4
O")/ +Cf 7 y7 < ta—11.

By continuity, and using v < 1 and 1 — 8 > 0, we deduce that E> "W, = ) as soon as v* < (to—t1)/(C +
Cr(R?/2)7).



Step 4. Conclusion. For any for any x € Cr/o, T € {u = t1} N Cp/y, we have

B8
ue) ~u@)] < (55) €+ ORI - al" (7)

Assume that u(x) = t2 > ¢1 (a symmetric construction can be done below the graph of v1). By Step
3 we have that @ € {u > th} \ W, where t) =t — € and v# = (th — t1)/(C + C¢(R?/2)"). Then

3
o~ 2] 2wy (') = YR

Hence 5
3R? th—t
-z’ > [ = _lta—t]
8 C+ Cy(R?/2)8
Letting t5, — to, this shows that in Cg/s, the distance between {u = t1} and {u = 2} is bounded from
below by (3/8)R?[(t2 — t1)/(C + C¢(R?/2)%)]'/P i.e., (17) holds.
Since R and C' can be chosen uniform in the neighborhood A’ @ Q of any open set A € , this yields
that u is B-Holder (Lipschitz, when 3 = 1) in {z € A’ : dist(x,0A) > v2R}, which contains A if R was
chosen small enough. O

We are able to extend the above result to the total variation flow in case that we have a uniform
convergence of the implicit in time Euler scheme. This can be proved for instance for the total variation
flow with Neumann boundary conditions in convex domains and this is the purpose of our next Section.
We expect the local regularity result for the total variation flow to be true in general.

5 Global minimizers on convex domains

In this section we assume that € RY is a convex domain.

Let f : @ — R be a uniformly continuous function, with modulus of continuity wy : [0, 400) —
[0,4+00). We consider the solution u of (4) with homogeneous Neumann boundary condition, that is,
such that (3) for any compact set K C Q and any v € BV (Q) such that v = u out of K. This solution is
unique, as can be shown adapting the proof of [10, Cor. C.2.] (see also [4] for the required adaptations
to deal with the boundary condition), which deals with the case = R¥.

Then, the following result holds true:

Theorem 3. Assume N < 7. Then, the function u is uniformly continuous in 2, with modulus w,, < ws.
Again, is quite likely here that the assumption N < 7 is not necessary for this result.

Proof. We first assume that €2 is bounded, smooth and uniformly convex. Let us also assume that f is
smooth up to the boundary. Let a € R and consider the set E, = {u > a}. Then, we now have that

Per(E,,Q) + /

Eq

(a— f(z))de < Per(E,Q) + /(a — f(x))dx (18)
E

for any finite-perimeter set £ C Q. In particular, 0F, is smooth up to the boundary, and orthogonal to

0f) at the contact points. Then JF, satisfies the prescribed mean curvature equation

Hopg, =f—a on 0E, (19)

where Hypp, is the mean curvature of 0F, with the convention that we oriented the surface with the
outer unit normal.

Choose now t > s and consider the sets Ey C F,. For simplicity, let us write 5Et =0E,NQ,
OE, = 0E, N . Let § = dist((’;Et,gEs) =min{|lz —y|: z € OE,, y € 5Et} > 0, and choose z; € OE;
and zs € OE;, such that |xy — xs| = 6. We let e be the outer normal to 5Et, at x;, which is also the outer
normal to dF; at xs and is given by e = (x5 — x;)/0 whenever § > 0.



Since we already know that w is continuous inside Q [11], then the equality s = x; could only happen
in 9. But this cannot happen since both 0F, and JF; satisfy the prescribed mean curvature equation
(19) classically up to the boundary, with Neumann boundary condition, and ¢ > s. Thus we have that
0 > 0. Notice also that, since 2 is strictly convex, none of the points zs,x; can lie on its boundary:
indeed if for instance we had z, € 99 (and z; € Q), we would have (z; — z5) - vo(zs) < 0, and since
—vg(xs) is tangent to dE,, pointing towards its interior, it would contradict the minimality of ||z; — 2|
with respect to x,.

Let C' be the connected component of (5Et +de) N OE, containing z. Since () is strictly convex, we
have that C is a compact subset of (z, 4+ et) N Q. In particular, if £ > 0 is small enough, then the open
set (E; + (6 +¢)e) \ E; has a connected component W, with C' C W, and which is strictly contained in
Q.

We use (18), comparing E; with E; \ (W, — (d + €)e) and E; with E; U W,:

Per(E:, Q) + / (t—f(z))dx < Per(E:\ (W.—(6+¢)e),Q) + / (t— f(x))dx
E: E\(W.—(6+¢€)e)

Per(E,,Q) + /E (s — f(z))dx < Per(E; UW., Q) + /Euw (s — f(z))dx.
s SUWe (20)

Now, if we let L; = HN=1(@W. \ dE,) and Ly = HN~1(OW. N JE,), we have that
Per(Ey\ (W — (6 +¢)e),Q) = Per(E:, Q) — Ly + Ly

and
Per(E;UW,,Q) = Per(FEq, Q)+ Ly — Ls,

so that, summing both equations in (20), we deduce

/ (t— f(e)dr < / (s — f(x)) de.
We—(6+¢€)e W,

Hence,

(t— )W < / (Fa+ (6 +)e) — f(2))da < [Welws(6+2).

=

Dividing both sides by |W,| > 0 and sending then ¢ to zero, we deduce
t—s <wys(d).

The regularity of u follows, that is, w, < ws. Now, if f is continuous in  we may approximate it
uniformly by smooth functions f. € C°°(2). If u. is the corresponding solution of (4) with Neumann
boundary condition, then we already proved that w, < wy. . In particular, this gives us the equicontinuity
of u.. By uniqueness of solutions of the problem (4) with Neumann boundary condition, we have that
ue — u in C(Q) where u is the solution corresponding to f and we get that w,, < wy.

Finally, if © is an arbitrary convex subset of RY, we can approximate Q by a sequence of smooth,
strictly bounded uniformly convex sets €, and consider u,, the solution of (4) with homogeneous Neumann
boundary condition in €,,. Then, each u, is uniformly continuous with w,,, < wy. Passing to the limit
and recalling the uniqueness of the Neumann solution u of (4), we get the thesis. O

Let us recall some basic definitions in order to state the analogous of Theorem 3 for the total variation
flow. For brevity, we shall only sketch the results. As above, we assume that ) is an open convex set in
RY. Let us consider the minimizing total variation flow

@_div<D”) in Qr =10,T[ x Q,

ot | Dul|
(21)
%-VQ:O inQT:]O,T[XaQ



with the initial condition
u(0,x) = f(z), z €. (22)

Let us recall that, in the Hilbertian framework (in L?), it is the gradient flow of the total variation as
defined in [9]. In the general case we shall follow [5, 7, 10] (where the case of the total variation flow
unbounded domains is considered).

We define the operator A, C LP() x LP(Q), i < p < oo, by

(u,v) € A, if and only if u,v € LP(Q), u € BV(Q), and
there exists z € X (), with ||z]c < 1 such that (z- Du) = |Dul, [z - vq] =0, and
v=—div(z) in D'(£2).
By v € A,u we mean that (u,v) € A,.

Proposition 5.1. [5, 7, 10] The operator A, is m-accretive in LP(Q); that is, for any f € LP(Q) and
any X > 0 there is a unique solution u € LP(Q) of the problem

u+ AApu > f. (23)

Moreover, if ui,us € LP(QY) are the solutions of (23) corresponding to the right-hand sides f1, fa € LP(Q),
then

[ur = wallp < [ f1 = follp-

Moreover, the domain of A, is dense in LP(Q) when p < oo and its closure contains BUC(Q) (the space

of bounded uniformly continuous functions) when p = oo

We denote by R f the solution of (23), and by R’}\f its k-iterate, for any k > 1. Recall the notion of
strong solution for nonlinear semigroups generated by accretive operators.

0. . . . . . d
Definition 5.2. A function u is called a strong solution in the sense of semigroups of G + Apu > 0
with u(0) = f if

u € C([0,T]; LP () N W, (10, T[; LP(9)),
u(t) € Dom(A,) a.e. int >0 and v’ + Ayu(t) 30 ae t €]0,T], (24)
u(0) = f.

By LL(]0,T[; BV(£)) we denote the space of weakly measurable functions w : [0,T] — BV (Q) (i.e.,
t€[0,T] — (w(t), ¢) is measurable for any ¢ € BV (Q)*, where BV (Q)* denote the dual of BV (2)) such
T
that [; [lw(t)]| dt < oc.

Definition 5.3. A functionu € C([0,T); LP(Q)) is called a strong solution of (21) ifu € W,=1 (0, T; LP(Q2))N
LL(J0,T[; BV(Q)) and there ezists z € L= (]0, T[ x Q;RY) with ||z]|c <1 such that

/(z(t)-Du(t)):/ Du®)|  for ae. t >0, (25)
Q Q

[2(t) -va] =0 in O for a.e. t >0, (26)

and
up = divz in D' (]0,T] x Q).
Using Proposition 5.1, by Crandall and Ligget’s semigroup generation theorem [14] we obtain the
following result.
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Theorem 4. Let f € LP(Q) if 25 < p < oo, or let f € BUC(Q) if p = oo. Then there is a unique
strong solution in the sense of semigroups u(t) = S(t)f := limy o, kr—t RYf € C([0,T], LP(Y)) of the

problem
du

dt

Moreover, the semigroup solution is a strong solution of (21), and, conversely, any strong solution of

+Au30,  u0)=f (27)

(21) is a strong solution in the sense of semigroups of (27).

Remark 5.4. Notice that given p € [, 00] the limit limy o, ka—¢ RY f is taken in LP(€2).

Let us point out that a more general existence and uniqueness result of solutions of 21 for initial data
in LV () for any p € [1,00] holds [7, 10]. Indeed, it is proved in RY in [7, 10] but it can be easily
adapted to the case of Neumann boundary condition in  using the techniques in [4].

As a consequence of Theorems 3 and 4, we deduce:

Corollary 5.5. Let f be a uniformly continuous function in 0 and u(t,z) be the Total Variation flow
starting from f, with Neumann boundary condition. Then, for any t > 0, u(t,-) is uniformly continuous
with modulus wy .y < wy.

Proof. It f € BUC(R), this is a consequence of Theorem 3 and Theorem 4. If we only assume that f is

uniformly continuous in Q, we may approximate it by functions in BUC(Q), apply the result in this case,

o0

> (Q2) mentioned before the statement of the corollary. O

and use the uniqueness result for data in L
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