TV denoising of two balls in the plane
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Abstract

The aim of this paper is to compute the explicit solution of the total variation denoising
problem corresponding to the characteristic function of a set which is the union of two planar
disjoint balls with different radii.

1 Introduction

The purpose of this paper is to compute explicit solutions of the total variation denoising problem
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where f = xg and S € R? is the union of two balls whose interiors are disjoint sets and A > 0.

The study of explicit solutions of was initiated in [8 @], where the authors studied
the bounded sets of finite perimeter S in R? for which the solution of is a multiple of
Xs- Such sets, which were called calibrable, produce solutions of the total variation flow which
evolve at constant speed without distortion of the boundary. They where characterized in [§]
by the existence of a vector field ¢ € L>®°(R? R?) such that [¢| < 1, £ - Dxs = |Dxs|, and
—divé = %Xg, where P(S) denotes the perimeter of S and |S| denotes the area of S. For
bounded connected sets S C R2, calibrable sets are characterized as the convex, C1! sets
satisfying the bound ess sup,cygr(z) < IT(T‘T), where k(z) denotes the curvature of 9S at the
point 2. The paper [§] gives also a characterization of non connected calibrable sets in R2. The
paper [9] describes the explicit solution of for sets S C R? of the form S = Cp \ UF_,C;
where the sets C;, i = 0,1,...,k, are convex and satisfy some bounds on the curvature of its
boundary. The explicit solution when the set S is a convex subset of R? was described in [4]
(also the case of a set S which is a union of convex sets which are sufficiently far from each
other). The explicit solution corresponding to a general convex set in RY was described in the
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papers [3, 11, 2] (covering also the case of the union of convex sets which are sufficiently far in
a precise sense).

When S is the union of two convex sets S7,.S2, the situation may become more complicated,
even when both sets are calibrable. In particular, if the sets are near each other, more precisely
if the perimeter of its convex hull is smaller than the sum of the perimeters of the two sets, then
the sets interact, and the solution outside S is not null (for small values of X). This is the case,
for instance, when S is the union of two balls in R?, which is the object of this paper.

Let us mention in this context the work of Allard [I] who calculated the solution of
when S is the union of two balls with the same radius. He also computed the solution of
when S is the union of two squares. In this paper we extend the result of Allard [I] to the case
where S is the union of any two balls in R?. The interesting case is when the perimeter of the
convex hull of S is less than the perimeter of S, since otherwise the solution can be described
as the sum of the solutions corresponding to each ball [8]. Our approach differs from the one
in [1] even for the case of two balls of the same radius. While the solution in [I] is obtained
by a explicit computation, we describe it in a shorter way by means of more general geometric
arguments. Our starting point is the observation that wu) is a solution of if and only if the
sets [uy > s] minimize the variational problem [12] 1]

s (1—3)
For(X) = P(X) + TIX\ S| = =—[Xns|  s€[0,1,A>0, (2)
where P(X) is the perimeter of X (and we understand that P(X) = +oo if xx ¢ BV (R?)).
Let us point out that, for A > 0 fixed, the solutions of are monotonically decreasing as
s increases, and can be then packed together to build up a function which solves (1)) [3], [12].
Thus, to compute the solution of we study the solution of and those solutions can be
constructed by means of geometric arguments.

On one hand, the Euler-Lagrange equation of tells us that, if Cs ) is a minimizer of ,
then 0C; » is C L1 0C » has curvature 1%5 inside S and —% outside S. When S is the union of
two disjoint open balls S1, .S and A < r., for some value of r. > 0 that depends on the geometry
of S, we prove that the intersection of S;,7 = 1,2, with the minimizing sets is either S; or (.
We also give a counterexample showing that this result is not true for any value of A. Thus, for
A < r,, the possible minimizers of are: 0,51, 52,5, Closex (S), where Close, (S) denotes the
r-closing of the set .S, that is, the complement of the union of the balls of radius 7 contained in
R2\ S.

The computation of explicit examples of TV denoising permits to exhibit qualitative features
of the solution. In particular, the appearance of new level lines is a undesirable feature for
denoising.

Let us describe the plan of the paper. In Section [2| we review some known results that
permit to set the context of our analysis.

In Section [3{ we describe the generic properties of the minimizers C;  of and we prove
that, if S is the union of two balls and A < 7., then the intersection of C y with S;, ¢ = 1,2, is



either S; or the empty set.
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2 Preliminaries

2.1 Total variation and perimeter

Let Q be an open subset of R2. A function v € L'(2) whose gradient Du in the sense of
distributions is a (vector valued) Radon measure with finite total variation in 2 is called a
function of bounded variation. The class of such functions will be denoted by BV (2). The total
variation of Du on €) turns out to be

sup {/ wdivz de : 2 € CP(Q;R?), 2| oo () := esssup |z(x)] < 1} ,
Q z€QN

and will be denoted by [Du|(Q2) or by [, [Du|. BV () is a Banach space when endowed with
the norm [, |u| dx + [Du|(€).

Let us denote by H' the one-dimensional Hausdorff measure.

A measurable set E C R? is said to have finite perimeter if Yz € BV (R?). The perimeter of
E is defined as P(E) := |Dxg|(R?). We recall that when F is a finite-perimeter set with regular
boundary (for instance, Lipschitz), its perimeter P(F) also coincides with the more standard
definition H!(OF). For more properties and references on functions of bounded variation we
refer to [5]. We also mention the following review papers on applications to image analysis and
denoising. [10, 14} I3].

2.2 Morphological operators

Definition 2.1 (Opening and Closing operators). For any set X and r > 0, let B.(z) be a
ball with radius r and center x. We define the opening and the closing of X, with radius r,
respectively by

Open, (X) := U B, (z) ,
z:By(z)CX
Close, (X) = (Open, (XC))C ,

where X denotes the complement of the set X.



The opening operator is anti-extensive (Open, (X) C X), conserves the subset property
(X C Y then Open, (X) C Open, (Y)) and is idempotent (Open, (X) = Open,. (Open,. (X))).
For more on application of morphological operators we refer to [I8]. Later we need the following
properties of the opening and closing operator.

Lemma 2.2 (Properties of the Opening and Closing operator). Let S be an arbitrary set. The
curvature of OClose, (X) is larger or equal to —2, the curvature of Open,. (X) is less or equal
to 2. Consequently the curvatures of OClose, (X)\ X,00pen, (S) NS are —1, 1 respectively.
Moreover, if Close, (X) # X, then min {x(9X)} < +. If Open, (X) # X, then max {x(9X)} >
1

;-

Proof. Assume that there exists a point A € Open, (X), with curvature > %, then there exists
no circle touching Open,. (X) at A that lies inside Open,. (X), this contradicts the definition of
the opening operator, hence we can conclude that the curvature of dOpen, (X) is smaller or
equal to % The proof of the second estimate is analog. ]

2.3 Review of some basic results

The following result was proved in [11 [12].

Proposition 2.3. Let S C R? be a bounded measurable set. Then there is a unique solution uy
of , which satisfies the Fuler-Lagrange equation

uy — Adivz = xg in R?, (3)

where z : R? — R? is such that ||z||ec <1 and z - Duy, = |Duy.
Moreover, for any s € R, {uy > s} (resp. {uy > s}) is the mazimal (resp. the minimal)
solution of

min Foy(X) = PO + 5 x5 - sy (1)

In particular, for all t but a countable set the solution of s unique.
Conversely, for any s € R, let Qs be a solution of . If s > ', then Qs C Qy. The
function
u(z) =sup{s:x € Qs}

1s the solution of .

Thus, in order to build up the solution of it suffices to compute the solutions of the
family of problems . This will be the strategy we follow to compute the explicit solution
when S is the union of two balls.

Recall that if g € L?(R?) the dual BV-norm of g is given by

lglls = sup / gude.
u€ BV (R2),|Du|(R2)<1 JR2



Then ||g[|« <1 if and only if

/gud:cg/ | D
R2 R2

for any v € BV (R?). This is equivalent to say that
/ g < P(F), for any set F' of finite perimeter.
F

Let us first recall a result that permits to compute the value of A for which the solution
uy = 0. The result was proved in [I7, [§].

Proposition 2.4. ([§]) Let g € L?>(R?). Let us consider the problem:

i F 5
weny (B0 ) FA) (5)
where 1
F@i= [ a5 [ u- g d (6)
R2 R2

The following conditions are equivalent
(i) w=0 is a solution of (F).
(i) [lgll« <A
(iii) There is a vector field ¢ € L®(R? R?), ||€]|oo < 1 such that —divé = g.
The following result has been proved in [16], &, [4, [15].

Theorem 2.5. Let C C R? be a bounded set of finite perimeter, and assume that C is connected.
Let v > 0. The following conditions are equivalent:

(i) C decreases at speed v, i.e, for any X > 0 uy = (1 = )" xc(z) is the solution of
corresponding to xc(x).

(ii) C is convex, v = yo 1= % and minimizes the functional
Gy (X) == P(X) —vc|X], X CC, X of finite perimeter.

(iii) C is convex, OC is of class CV'1, v = yo = %, and the following inequality holds:

esssup kac(p) < o,
pedC

where koo (p) denotes the curvature of OC at the point p.

For all r € R, we set r* := max {0,r}. The following result has been proved in [8, Theorem
7 and Proposition 8§].



Lemma 2.6. Let S1,5 C R? be two disjoint balls, let S = S1 U Sy and f = xg. Then

P(S) \* P(Sy) \*
“ < A A) Xoo TA\L= 5,0t ) X

is a solution of for any X\ > 0 if and only if
P(8) < P(co(S)) , (7)

where co(S) denotes the convex envelope of S. In other words, the solution of is the sum of
the two solutions corresponding to xs, and xs, if and only if (@ holds.

In the general case the minimizers of F, ) can be subsets of S or contain parts outside S,
as we shall see in the following section.

3 Properties of minimizers

As explained in Section our purpose is to characterize the minimizers of F y when S is the
union of two balls S, S with disjoint interiors and distance d. In order to fix the notation we
assume S1, 53 are open balls of radii r; > ro.

Let us first state a simple geometric result which will be useful in the proof of Proposition

3.2 below.

Lemma 3.1. Let By, Bo, B3 be three open balls of equal radius, intersecting 3Ss at equal angles.
Let I's, be the arc of 0S2 contained in co(S). Assume the three balls intersect I's, and Bs is
between By and By when we go along I's, (see Figure . If S intersects B1 and Bs, then it
intersects also Bs. The same statement holds interchanging S1 and Ss.

Proof. Observe that the centers of By, By, and Bs, denoted respectively by q1,¢2, g3, are con-
tained in a circle concentric with S5. Let p be the center of S| and r be the common radius of
B;, i = 1,2,3. Consider the triangle formed by the segments [p, qi1], [p, ¢2] and [¢1, g2]. Notice
that since S; intersects By and Ba, |p — q1| <71 +7 and |p — g2| < 1 + 7. Since g3 is contained
in the interior of such triangle then |p — g3| < r1 + r, and therefore S; intersects Bs. O

Proposition 3.2. Let Cs y be a minimizer of Fs . Then the boundary 0Cs y is of class obt
Cs.\ C co(S), and one of the following possibilities holds:

a) Cs €4{0,51,8, Closex (S)}, and Cs \ # So if r1 > ra;
b) S1 C Csx, 0Cs A\ NSy is a circular arc with curvature 1—;5, and OCs\ \ S is composed by
two circular arcs with curvature —5.



Figure 1: The construction in the proof of Lemma

Proof. The regularity of 0Cj y is a classical result [6]. The Euler-Lagrange equations say that,
if non-empty, 9Cs ) \ S are arcs of circle of curvature —%, and 9C, \ NS are arcs of circle of
curvature 1—? In particular, dCs » has finitely many connected components which are chl
Jordan curves, and any two of them have positive distance.

Notice that the energy is additive on the connected components, that is, if CC, » denotes the
set of connected components of C y, then F; z(Cs ») = ZCECCM FsA(C). Moreover F, 5 (C) <0
for any C' € CCy ), otherwise we can eliminate this component decreasing the energy. Let C'
be a connected component of Cs . Modulo null sets, if CNS; =0, ¢ € {1,2}, then C C 5},
Jj € {1,2}, j # i. Otherwise, by replacing C by C' N S; we decrease the energy of C; . Thus
there are only three possibilities: C' C S, C C Sy, or C NSy # 0 and C' N Sy # 0.

Without loss of generality, we can assume that dist(S1,S2) > 0. Having proved the result
in this case, by passing to the limit we get it also when dist(S1,.52) = 0. We divide the rest of
the proof in several steps. Without loss of generality we may assume that C ) is an open set.

Step 1. If r1 > 7o then Cs \ # So.

Assume by contradiction that Cs y = So, then F; \(Cs ) = Fs A (S2) = 271 — @T% <0,
which implies s < 1 and ro > % This in turn implies that Fs x(S1) < Fsa(S2), contradicting
the minimality of C x.

Step 2. We have Cs ) C co(S).
Being co(S) convex, this follows from the fact that C, x Nco(S) has lower energy than Cs y,
with equality if and only if C, 5 C co(S5).

Step 3. Let C be a connected component of Cs y intersecting only one of the two circles, say S;,
then C = S;.



Replacing C' with C'NS; decreases the energy, hence we may assume C C S;. On the other
hand, C' does not have holes since by filling them we would also decrease the energy. Since 0C
is C11, then C is a ball of radius 7(s) = 1—; As we observed at the beginning of the proof, it
is at positive distance from the other connected components. Thus we may dilate it to a ball
B, of radius r contained in S;. Since F, \(B,) = 27r — %W’Q, for r > r(s) near r(s) we have

Fsr(Br) < Fs 2 (C) and this permits to decreases the energy of C 5. Thus C' = S;.

Step 4. Let I' be a connected component of 0Cs x, and assume that '\ S is nonempty. Then
'\ S consists of arcs joining S1 and Sa.

Assume by contradiction that I' contains an arc with both extrema on 95;. Without loss
of generality we can assume i = 1. Then I' \ Sy is the union of consecutive arcs which are
alternatively in S; and in R?\ S. By Lemma all the arcs of T'\ S except the two extremal
ones are similar, that is, they coincide after a rotation around the center of S; (see Figure . In
particular, at least one of these arcs intersects the complementary of co(S), contradicting Step
2.

Step 5. Let I' be a connected component of 0Cs x that intersects both Si and Sa. IfT'N.S; # 0,
fori=1,2, then I' N S; is an arc of circle of radius 1—35 and T'\ S consists of two arcs of circle
of radius %, connecting S1 and Ss.

Let ¢ be the line passing through the centers of S; and S». Let us consider a coordinate
system where the y-axis coincides with ¢, and Sy is above S;. Let I's, be the arc of 05
contained in co(.S). By going along 0S5 in the counterclockwise direction we induce an order in
I's,. Similarly, if I's, denotes the arc of 9S; contained in co(S), we consider the order in I'g,
induced by going along 057 clockwise.

Let us order I' counterclockwise. Since I'\ 'S # ), we may choose G as the arc in I'\ S having
greatest intersection point with I'g,, with respect to the order of I's,. The arc G intersects I'g,
at point ¢, and I'g, at a point p. Let 7g, be the arc of I' N .Sy starting at p (see Figure 2| ). Let
us observe that if p; is the other endpoint of vg,, then p; € I'g, and p; < p with respect to the
order of I'g,. Thus G continues after vg, with an arc G; C I\ S until it intersects S; at a point
q1 (see Figure 2| left). Then G; enters into S7 at a point ¢; < gq. As we observed above, there
is an arc s, C I'NSp that starts at ¢; and exits from S; at go.

Let G5 be the arc in I\ S that starts at go. We claim that Gy = G. Indeed, notice first that
g2 < q by the choice of G. On the other hand, if g < ¢ we could continue following I' along arcs
of circles inside and outside S, until we would reach some point where these arcs intersect each
other, giving a contradiction. We thus conclude that ¢ = g2 and hence Go = G.

Step 6. Let I' be a connected component of 0Cs . Then I'\ 0S is a union circular arcs with
angular span strictly less than .

Let K be a connected component of I' \ 9S. Then K is a circular arc of radius r = r(s, A),
where r = \/(1—s)if K C S, and r = \/s if K C R?\ S (if s = 0 then K is a segment). Assume
by contradiction that the angular span « of K is greater or equal to w. Then we can modify
Cs,» and construct a new set with lower energy. Indeed, for ¢ > 0 small enough, we consider a



Figure 2: Left: The construction in Step 4. Right: Illustration of G, Gy, G2, vs,, 7%2, and the
points q, p, p1, p2 in Step 5.

ball B, of radius r. = (1 + €)r, containing the endpoints of K. Let K. C 0B, be the circular arc
with the same endpoint as K, and let C, be the such that 0C. = (0C; \ \ K) U K. It is easy to
check that Fs z(Ce) < Fsa(Cs,x), contradicting the minimality of Cs y.

Step 7. Let C be a connected component of Cs x, then C is simply connected.

If C intersects only S; then C' = S; be Step 3, hence we can assume that C intersects
both S and Ss. If C is not simply connected then OC contains a closed Jordan curve I" which
bounds a bounded connected component of R?\ C. By the previous discussion we can write
I = U?ZII‘@-, where T'; are circular arcs, I'1, 'y have curvature —(1 — s)/\ and are contained in
S1, 8o respectively, and I's, Ty have curvature s/\ and are contained in R? \ S.

Since the curvature x of I' is negative on I'y U9 and positive on I's U Ty, we have

/ Iid?‘l122ﬂ'—/ kdH > 27
I'sul'y 'y ull'y

/ kdH' < 27
T'sUl'y

since by Step 6 we know that I'; have all angular span strictly less than 7.

On the other hand,

Step 8. Let C be a connected component of Cs \ intersecting both S1 and Sa, then C contains
S1 or Sa. In particular, the set Cs ) is connected.

If C contains neither S; nor Sq, we can write 9C = U?_;T;, where T'; are circular arcs, I'y, Ty
have curvature (1—s)/A and are contained in S, Sy respectively, and I's, 'y have curvature —s/A
and are contained in R? \ S. Reasoning as in Step 7 we then reach a contradiction.



Figure 3: Hlustration of Step 10.

Assume now that C ) is not connected and let C be a connected component different from
C. By the previous discussion, C' contains either S; or Ss, hence it intersects C, thus giving a
contradiction.

Step 9. Cs » is symmetric with respect to £. Moreover, if 11 = ra, then Cs y is also symmetric
with respect to the line ¢’ which is orthogonal to € and has the same distance from Sy and Ss.

Let C~’s7 A be the set obtained by reflecting C \ through ¢, which is still a minimizer of F; y.
Letting A = C5 3 N CN’&,\, B =Cs)\U C’S’,\, we have

Jrs,)\(A) + -Fs,)\(B) = fs,)\(Cs,)\) + Fs,)\(és,)\)a

which implies that both A and B are minimizers of F 5. In particular, A and B have boundaries
of class C'b!, and this is possible only if Con = C’sy)\.

The second assertion can be proved analogously by replacing ¢ with ¢ in the reflection
argument.

Step 10. If Cs \ is nonempty and different from So then it contains Sv. If r1 = ro then C;
contains S.

Assume by contradiction that Cy ) does not contain Si. Then from the previous steps it
follows that C ) contains Sp and intersects S in a circular arc. If r; = ry this violates the
symmetry of Cs y with respect to ¢ and gives a contradiction.

Let us consider the case r; > ra, and let (5'87 A (resp. 5’1) be the sets obtained by reflecting
Cs (resp. S1) through ¢. Let also

A=C,,N (51 \ 52) B=Cs\n (51 \ 52)
It is easy to check that B C A and

FS,A(CS,A) - "TS,A(OS,A) = (|A| - |BD >0,

> =

10



outer transversal set - decreasing type

> increasing type

Figure 4: Left: for some values of (s, \), there are two transversal sets. We call the inner one

inner transversal set - increasing type

of increasing type, because for increasing radius (connected to s, A, these sets decrease, whereas
the decreasing sets decrease. Right: For transversal sets of increasing type, by increasing the
radius of the inner arc, the transversal set increases.

contradicting the minimality of Cj y.

Step 11. From the previous discussion it follows that either Cs x € {0, S1,S}, or C; ) is simply
connected, contains S7 and intersects Ss.
O

Corollary 3.3 ([1]). Assume that S1 and S are two open disjoint balls with equal radius. Let
Cs x be a minimizer of Fs x, s € [0,1]. Then if the set Cs y is non-empty, the boundary 0Cs y is
of class CY'. Moreover, CsaNS;=8; or( for any A\ >0, s € [0,1] and i = 1,2. In particular,
when they exist, the arcs of dCs\ \ S have radius % and are tangent to 0S.

Example. We give an example of a situation where case of Proposition is realized.
For that, we consider two disjoint balls S; and Se and assume that they are tangent. Assume
also that 7o < 1 < r; and take A\ = 1. Then for an appropriate choice of r1, 79, the function
has level sets that are transversal to S, that is, they intersect So but do not contain it. Let
Cy = {un > 0}. Since C) is a minimizer of the functional Fy;(X) = P(X) — | X N S|, it
follows that the maximum of the curvature of 9C) is less than 1. However, if C\ D S5, then the
maximum of the curvature is % > 1, is less than 1, contradicting our choice of ry. If we prove
that C) # Si, then C) is of the type described in Proposition @ For that, it suffices to
show that Fo 1(co(S)) — Fo,1(S1) < 0. Indeed, for ro < 7y, this difference is bounded by

32
2 2
n= CT/Q — 7T,
1
for some constant C' > 0 independent of r1,73. If we choose r; = % and M > %2, then

n= <—MC;/2 — 7r> 7“% < 0.
Definition 3.4.

The following Lemma is needed later to state that transversal sets of increasing type cannot
be minimizers of Fj y.

11



Lemma 3.5. If A < p, then C, , NS C Csx NS, where Cs ;,, Cs \ are minimizers of Fg i, Fs x
respectively.

Proof. We know from [5], Proposition 3.3.8, that
P(Cs,/\ U Cs,u) + P(Cs,)\ N Cs,,u) < P(Cs,)\) + P(Cs,,u)
implying
A (P(CS,A U C&u) - P(CS,/\)) <A (P(Cs,#) - P(CS,A N Cs,u)
< u (P(Cs,,u) - P(Cs,)\ N Cs,,u)) .

The last inequality is strict iff |P(Cs ) — P(Csx N Csp)| > 0.
Because of the optimality of C;  and Cs ;,, we have Fy \(Cs.2) < Fs A (Cs\UCs 1), Fou(Cs ) <
Fsu(CsaNCs ) implying

(8)

AP (Cs2) + s[Csa \ S| = (1= 5) |CsaN S|

S AP (CsaUCsp) + 5 [(Csa U ) \ S| = (1 = ) [(Csa U Cs ) N S|
pP (Csp) +5|Csu \ S| — (1= 5)|Cs,u N S|

S P (CsanNCsp) +s[(CsxNCsp) \ S| = (1 =) [(CsaN Csp) N S|

such that

1% (P(Cs,u) - P(Cs,)\ N Cs,u))
< ([Csun S| = (CsaNCs ) N SY)

(9)
+5(1(Cox N Cog) \ S| = 1Cop\ 8] = [Cop 18]+ [(Con N Co) N1 )
<A(P(CsnUCs,) — P(Cs)y)) -

and (9) can only hold true if (P(Cs,,,) — P(Cs N Cs,)) which implies
(1Csu 181 = (Csr 1 Coa) N 1) +5 ((Cor 1 Ca)| = [Col) = 0. (10)
This in turn implies that
|CsuN S| =[(CsxNCsp)N S| [(Csx NCsu)| = |Cspl -
With this we conclude the Lemma. O

Lemma 3.6. 1. For A\, s such that l—is < rg, there is at most one transversal set.

2. Assume s, i < \ with ﬁ < rg are such that there exist T x, T, two transversal sets with
Ts,,u NSy # 0 and Tsy)\ NSy # 0. Then Ts,,u - TS’A.

3. If A <ro(l —s), then Ty \ cannot be a minimzer of F; .

4. The sets I's \ (S) can be transversal sets of decreasing type, equal to Sy or Closey s (S).

12
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Figure 5: Moving a circle with radius r < ry from left to right through the circle with radius rs,
we observe the following three cases: a) there is an arc with angular span < 7 and the tangents
direct to Sy, b) there is an arc with angular span > 7 and the tangents direct to Si, ¢) the circle
lies inside Ss, or the tangents do not point towards S7.

Si (c(a).0) So

Figure 6: Left: if I',, I'; intersect once in the first quadrant, there is one unique transversal set.
Right: Case of two transversal sets (inner and outer).

Proof. 1. Assume s, A such that l—is < 7r9. Set r; := ﬁ,ra = Assume that S; and

So are as in Figure [5] that is, S7 is on the left side of Sy and the centers are located at

@[>

(—=r1 — 72 —d,0) and (0,0) respectively.
Moving a circle with radius r < 79 from left to right through Sy, we observe the following
three cases

a) there is an arc with angular span < 7 and the tangents direct towards S

b) there is an arc with angular span > 7 and the tangents direct towards S

c) the circle lies inside Sa, or the tangents do not point towards S;.

Set « the half angular span of a circle, centered at (c¢(«),0) intersecting with 952 as shown
in Figure@ Explicitly we have c¢(a) = — (1 cos () + 72 cos ( arcsin (:—; sin (a)))) We
can restrict our attention to circles with centers in (¢(8),0) for 5 € (0,7/2) such that
c(B) € (—(7“2 +7), —/T3 — rf), case a).
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To show that there exists maximal one transversal set in the case where r; < ro we use
the following construction: Set

= ) ()
)

(B) = (C<a> (it cos(a))

(ri + ro) sin(a))

and Ty := {(8), B € (0,7/2)} T, = {3,(a),a € (0,7/2)}.
I'; contain the centers of the circles with radius % that are tangential to 057. I'; contains

the centers of circles that area tangential to the arcs inside S5 at the intersection point
with 955.

For a transversal set I' ), the center of the arc dI'y 5 \ S in the positive y-plane must be
an element of I's N I'; (condition to be smooth).

I';, T can be written as to striclty increasing, concave functions, hence they intersect at
most once, i.e. there is only one set (5o, o) with 7;(80) = v (ap). This implies that there
is at most one transversal set.

2. Denote by ay, 3, the angular span the connected component of 07, N Sz, 0Ts, \ S,
respectively. Moreover denote by p1,ps the intersection points of 07T, and 9S2. An arc
inside Sy with radius l—fs intersecting with 0S5 at p1, po has an angular span denoted by
ay that is smaller than «y,. Now if we continue smoothly with an arc with radius % at
P1, P2, then this arc will not intersect with 957. In order to increase the angular span ay,
we have to move the arc inside S2 outside of T}, ; until the arc outside of So intersects with
0S1. Hence at the end we see that T, , NS CT\,NS.

3. From the previous two items we know that if A < r9(1—3s), a transversal set is of increasing
type. Lemma [3.5] states that transversal sets of increasing type cannot be a minimizers.

4 The dual norm of xg

In this section we compute the dual norm ||xs|«. If ¢ = xg, then || xg|, < p if and only if

1
0 < min {P(F)—|FHE}= min F, (F) .
FCR? o FCR?

14



Figure 7: Increasing the radius of the ball touching the points p1, p2, the smooth continuation
with a circle, does not toucht S; anymore. Moving the circle with larger radius to the right, the
outer circle touches again 5.

|Co,ANS|

Pl A is the minimal parameter such that u = 0

Let Cp,n minimize Fpy, then if A =

minimizes and ||xsl, = |§?§:j’ Hence, letting p(X) := ‘1)3(&5)' for X C R?, we have
sl = mas, o(X). ()
Proposition 4.1. We have
sl =max { ol P
) P(S1)" P(co(9))

For r € (0,71) we let S(r) := S; U Sa(r), where Sa(r) is a ball of radius r centered at the
center of Sy. Before proving the proposition, we need the following Lemma:

Lemma 4.2. If S maximizes X — |X;(‘S;£I)%)‘ over all X C R?, for some R > 0, then it also

maximizes X — %, for every 0 <r < R.

Proof. Note that if X maximizes
X N S(r)l

P(X)
then X minimizes F ) for A = |§E§(gg| Hence by Proposition we know that any possible
maximizer of must be in

X — (12)

{Slﬂ S(T)v CO(S(T)>7 T;(S(T))} .
Since by assumption r < 71, we can exclude S(r) since

S _mo et S0
P(S1) 2 = 2(r+m) P(S(r)

15



It remains to exclude transversal sets. Assume by contradiction that we can find X, C R? with
X5 N Sa(r) & {0, S2(r)}, that maximizes (12)). Then P‘ES:SlH') < |X]§?)‘§(;)|.

Since by assumption S7 maximizes X — |XS(§§I;)|, we get \X;r(w;i) ) < P‘f”) Both conditions

together yield
XaNS(R) _ 181 _ [X2NS0)
P(XQ) - P(Sl) - P(XQ)

such that |Xo N S(R2)| < |X2NS(re)| contradicting the assumption 7o < R (S(r2) C S(R2)),
hence we conclude the statement. O

Now we are ready to prove Proposition
Proof. Set 5 as the radius larger than zero, such that |S(1c%f§((:§)))‘ = Plfsl‘|) It is basic calculus to
proof that 79 exists and for ro < 79 E(lci%((:j)))‘ > P“(g”) and \S(lctifz((z)))l < P'fé‘) for ro > 79 (see

Figure 77).

Consider the following cases:

P(co(S(
transversal set minimizing F y. The only choices for minimizers are S; and co(S), since

we assume 7y > 7o, we have Fyx(S1) > Foa(co(S)) = For(P) = 0, hence co(S) is the
optimal set and co(S) maximizes (12).

e 9 > 9. Set \: M(r?)‘) Then A\ < ry (see Figure . This implies that there is no

e Case ry = 7 analog to the previous case, but Fy z(S1) = Fox(co(S)) = Fo(0) = 0, hence
co(S), Sy are the optimal sets and Si, co(S) maximize (12)).

e Case ry < 9. We can find € > 0 such that for For ro = 79 —e¢, %52((:2)))‘ < r9. Hence also in

: : [S1USa(r2)| 51]
this case there would be no optimal transversal set. Moreover we have Pleo(S(ra)) < P51

hence by Lemma we can conclude that for all 7o < 79 —¢€, S7 maximizes X — %.
Hence we conclude that the only possible choices for an optimal set of are S7 and co(S(r2))
and conclude the Lemma. O

5 Construction of the minimizers C; )
Construction 5.1. Let A > 0 and s € [0,1]. Understand Close (S) as co(S) (convex hull of
0

S).

1. Set k=0, Xg’)\ =9, Ys?)\ := Closex (95).

2. Fork=Fk+1 set

Xk)\ = Open A (1’;;1),
and

s

Y’j:)\ = Close% (Xi)\ ﬂS) .
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g , | 7 7o
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. . _ . Sl S . .
Figure 8: We fix 71 = 1, vary r9 and look at the ratios of P and Pleo(@))" Solid line
|S1] [S(r2)]

PGS dashed line PleolS(ra)) for different ro, dotted line ro. Left: general situation, right: zoom
around r9 = 0.5.

3. Finally define T's \ (S) := pen YS]"’A (= limg_00 Yskx)

Remark 5.2. The sets X i , and Ys]f)\ have the following properties:

i) X0, © Y2, and YN8 € X0, such that X, = Open o (Y9, 1S) € Open s (X0,)

XY . Consequently Y2, C Y!, and so on. In general we have
YRV and X C X,

ii) Due to the properties of the opening and the closing operators (see Lemma [2.2)) we have
for the curvature x:
1—s
A

and /ﬁ(@Y;]f)\) > —; .

/i((?Xf’A) <

i) If Y}, = X1, then Y¥, =Y, for all £ > 1 such that ['; , (S) = Ysl/\
iv) In the case where Xf/\ #* Xf";l = Open <CloseA (Xf/\ N S)) = Open <Y;k)\>, there
’ ’ 1—s s ’ 1—s ’

exists a part in E)Yslf)\ with curvature larger than 1;3 . Applying another opening to Ysk)\ we

replace this part, but then 0Open 2 ()/'Sk/\> \ S might have parts with curvature different

S
from -3

v) For every k we have Open_» (S) C Xf’)\,&'f)\ C C’lasel% (S) .

1-s

Remark 5.3. The sets I'; ) (S) have the following properties:

a) Open% Tx(9))NS =T (S)NS.
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b) Closes (Isx (5)) = Tsx (5)-

c) O\ (S) NS has curvature 152, and 9T, 5 (S) \ S has curvature —3%.

d) 9T\ (S) is of class C! and —% < k(9155 (S))

e) If %_8 <1y <1y thenI's ) (5) = Close% (S).

f) For ry < ﬁ <7y then S; CT'5 5 (S) C Close% (S).

g) For {2~ >, T\ (S) = 0.

We now give an explicit characterization of the solutions of .

Remark 5.4. By Lemma we may assume that

P(S) > P(co(S)), (13)

otherwise the solution corresponding to S is described by the sum of the solutions corresponding
to S1 and o, that is, both sets do not interact. Moreover, by Lemma and Proposition

it is enough to consider
A<max{ |51 5] }
B P(S1)" P(co(5)) J '
otherwise the solution of is equal to zero.

We start by comparing the energies of S1, 52, S and ().

Lemma 5.5. Let A > 0. We have

Faal8) gt <3
min {0, F, 5 (), For (1), Fop (S2)} = { Fen (S1) Hop < 152 < 0%
1-s  P(S1)
0 xS T8
Proof. Observe that, for i = 1,2,
Fs (Si) = P(S;) — \ i |S;| <0 if and only if 3 5 > ‘é"?|)
If 152 > B8 then F, \ (S) = Fax (S1) + Fanr (S2) < min {0, Fox (81), Fox (S2)}. 1 HEH <
50 < B then Foy(S2) > 0 and Fox () = Fax(S1) + Far(8) > Far(Sh). In case
% < P‘,(S’fl|)7 ‘FS7>\ (Sl) > 07 fs)\ (52) >0 and min {O,f&/\ (S) ,fs,)\ (Sl) ,fs)\ (Sz)} =0. O
We now define special values of A which will be useful in order to classify the minimizers of
Fsa-

)
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Figure 9: Illustration of Theorem For any point (), s) this diagram shows which one of the
four sets S1,5,T's x (S), 0 has the minimal F; 5 value. For (A, s) = (A, 1 —)\%), (A, 1—>\%),
the minima are not unique. The dotted line indicates the values of (s, A) such that ﬁ =79,

hence there are no transversal minimizers on the left of the dotted line.
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Proposition 5.6. Assume that holds. Let R.(S) be the minimal radius v such that
Close,. (S) is connected.

(a) There is a unique value Ry € [R.(S),0) such that

1
P (Closer, (S))—f—R—|C’loseR1 (S)\ S| = P(9). (14)
1
S . S S
Let s9(\) = 17)\13'(522') and \1 be given by % = Ri. Then A\ := RlP]?glg)i\Sﬂ € {07 P|(§2|)]
and
Foa() A (CZOSESZ/\()\) (S)> > Feyn (5) (resp. =, <) (15)

for any X < \1 (resp =, >). The value \y = 0 if and only if R1 = 0, and this happens if
and only if R.(S) =0, in other words if the two balls touch eachother. If R.(S) > 0, then
Ry > R.(S).

(b) i) If |Sl 5 < P(Jf(|5))’ there is a unique value Ry € [R.(S),00) such that

1 S
P (Closen, (S)) + —— | Closen, (S)\ 8] = P(S1) 2. (16)
Ry |S1l
Let Sl()\) —1— >\P‘,(5'11|) and Mg := % S [)\1, %] . Then - (}\ y = Ry and
‘7:81( A);A (Olose )(\A) (S)) > ]:51(/\)7/\ (Sl) (resp. = <) (17)
51

for any A < Ay (resp =, >). We have that R1 = Rs if and only if 5 Sl) = |552) if
and only if A1 = Ao. And Ry = 0 (in that case also Ry =0 and A} = /\2 =0) if and

only if R.(S) = 0.

S s . Lo, (S)NS
ir) If e | | < Pl(éll) set Ay as the solution of Ay = P(ILO?A;?S))—PZ(LH)'
\5 | _ S|
If P(co(S))2—P(Sl) <7y, then Xy = promy—prE

S S
(¢) Set X = max { 435, ity |-

s s S
P|(.51‘1‘) = P(c‘o(‘S))’ A2 = P‘(él’J) = As.

Now we are ready to describe the minimizers of F; y. For simplicity, from now on we denote

Remark 5.7. Observe that when

by C; » the largest minimizer of F; ) (see Proposition [2.3).

Theorem 5.8. Assume that holds. Let A1, Ao, A3 be as in Proposition . Then the sets
Cs.\ are given by:
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(a) Let A € [0,A1]. There is a value 0 < sg(A\) <1 — API%?? such that

Closex (S) 0<s<s4(A)

P(S2)
e A 3““):(;)3 L= A9&0 s,
’ 2 1
s e
0 1 - 2EB0
[S1] )

[S1]  _ _|So]
P(S1) — P(S2)°

The third interval is empty in the case

(b) Let A € (A1, A2]. There is a value 1 — )\P‘(S;,Q') <sp(A) <1-— )\Plgll) such that

F37,\ (S) 0 <s< Sb()\)

Cor=145 sp(A) < 5 < 1= A2
0 1-— )\P‘g}) <s,

and I's  (S) = Closex (S) as long as ﬁ <.

(c) Let A € (Aa, As].

(c1) If 5 |S1\ P(IS(I 5y), then there is a value Se(A) >1— )\P‘gﬁ) such that

Closex (S) 0<s<s.(A)

Cs,)\ =
0 else.

S S
(c2) Ich|o(|S) < P|(§|), then

P(S1)
Cs/\: Sl OSSSl—/\lslll
0 else.

(d) For A > X3 Cs 5 = 0.

Figure |11| shows solutions of (|1} . ) for different A, when S is the union of two balls with radii

r1 = 1.2,79 = 1 and distance d = 0.05 (case Plf |) < P(ls(ls)))'

In order to prove Proposition [5.6 and Theorem [5.8 we need the following Lemmas:

Lemma 5.9. Let 0 < R < r and define

-R

Go(h) = /R < 1+h/(x)2—ih(x)> da. (18)

The function that represents an arc of a circle with radius r (angular span smaller than 7) from
—R to R, minimizes G,(h) under all functions h with h(—R) = 0,h(R) = 0.
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Figure 10: The geometric configuration of the proof of Lemma [5.10

Proof. See [T, Lemma 4.29]. O

Lemma 5.10. Let R.(S) be the minimal radius v such that Close, (S) is connected. Then for
s €[0,1],0 < p < A, such that R.(S) < &,

For (Closes (8)) < Fux (Closes (5)) .

Proof. Let us take the z-axis as the axis joining the centers of the two circles. Then S is sym-
metric with respect to the z-axis. Then the upper parts of 0 (C’loseA (S)) and 0 <C’laseg (S))

are representable as functions f, ¢ : [a,b] — R, such that

1 _ 12 f _1

SFea ((Closes (9)) _/[a,b] T+ (772 + 5 (/[ayb]f 2\5\)

1 NS _1 S
\/H(Q)JFA(/[CL@Q 5| !)

=Fs (Close% (S)) =

2 [a,b]

Let P, @ be the points in the positive y-plane where 0Close s (S) intersects with S and So.
Define h := [a/, '] = R as the affine function from P = (d/, f(a’s)) to Q@ = (V, f(V)) (see Figure
. Set f:=[a,b)] >R, f=h—fand §:=[d,V] = R,§g=h—g, then §(a') = f(a') = 0,
gv) = f(t') =0, ¢* = (7)? and f* = (f')2. Note that f is an arc of circle with radius 2,

Using functional G, as in with r = %, replacing the domain of integration [—R, R] by
[@', V], and Lemma (see also [7, Lemma 4.29]) we have G%(f) < G%(g). Hence

1

37 (C’lose% (S)) 1

5]:5,)\ (CZOSE% (S)) = G% (f) — G% (g) < 0.

Next we show some properties of the function (s, A) = Fs x (CloseA (S’))
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Lemma 5.11. The function (s,\) — Fsx (C’losei (S)) satisfies the following properties:

(i) Let k > 0 and sx(N\) == 1— %, A > 0. Then the mapping A — Fg (a2 <C’lose; (S)>

sk(X)

is strictly decreasing and continuous as long as s,@)(\)\) > R.(5), i.e., as long as the set

Close_»__(S) is connected.
sk (X)

(i) For A > 0, the mapping s — F; x (Close (S)) is continuous and strictly increasing for

A
s € [0, %], i.e. as long as the set Close (S) is connected.

(iii) Forr € [R.(S),o0] the functions
1
r — P(Close, (S)) + - | Close, (S)|
1
r — P(Close, (S)) + " |Close, (S)\ S|

are continuous and strictly decreasing in .

Proof. (i) Let A\ < Ay and set s; :=1— Ai ;=1,2. Then sy < s1 and 2‘—; < 2‘—; Assume that

K

A > R.(S). By Lemma we have that

Fsoro <C’losex2 (S)> < Faodo <Closex1 (S))

S52 S1

=P <C’losex1 (S)) — % ‘Close;l (S)ﬂS’ +%
2

S1 S1

Close r, (S) \ S‘

s1

< Fsin (Closm1 (S)> :

S1

Hence the mapping A — F,_(x).a <C’lose A (S)) is strictly decreasing as long as ﬁ(k) >

sk (X)

R.(S). The continuity follows from the continuity of the involved functions.

(ii)—(iii) Let A > 0. The continuity of the function s € [0,1] — F; (C’loseg (S)) follows from
the continuity of the involved functions. Assume 0 < s1 < s9 < 1 and A such that
Close x (S), Close » (S) are connected. Since R.(S) < % < i, Lemma |5.10| gives
Sl S2

S

Fsi (CloseA (S)) < Foix (C’loseA (S)) , (19)

S2
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hence

1
Faix (C’losex (S)> = P <Close A > + Xl Close » (S)| — X |S]
R S1
< (Closex ) +2 Close » (S) —1]5]
A 52 A
S9 1
< <C’lose A > + — |Close x (S)| — < |5]
A 52 A

= Fun <C’loseSA (5))

This proves that the mapping s — Fs » (Close A (S )) is strictly increasing on the interval

[0, min {1, #(S)H . Adding % |S| to both sides of the inequality and setting 1 := %, ro =
% we have that 0 < ro < ry and

1 1
P (Closer, (S)) + - |Closey, (S)| < P (Closer, (S)) + - |Close,, (S)].
1 2

Hence P (Close, (S))+2 | Close, (S)] is strictly decreasing in r for r € [R.(S), o0] if Re(S)
0, or in (R.(S),00] if R.(S) = 0. We understand that the function is +oco when r =
R.(S)=0.

Writing again (19) as

vV

1—81

P <czoseA (S)) n %1 Close » (S)\ S

s1 s1

IN

P ((Jzosm (S)> + %1 Close » (S)\ S| — 1 _Asl

52 2

1—81

< P (C’losex (S)) + SXQ Close x (S)\ S
52 52

setting ry := %,rg = % (notice that these values are not 0), and adding 155 S| to both
sides of the inequality above, we get that P (Close, (S)) + L |Close, (S)\ S| is strictly
decreasing in r for r € [R.(S), 00] if R.(S) > 0, or in (R.(S), 0] if R.(S) = 0. Notice that

the function is also continuous in that range.

It remains to consider the case R.(S) = 0 and to prove that
1
P (Close, (S)) + — | Close, (S) \ S|
r
is continuous at r = 0. This follows if we prove that

1
;|Closer (S)Y\ S| — 0+ as r — 0+. (20)
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To prove , let us estimate the area of Close, (S)\S. This set is contained in a triangle
whose basis has length < 27 and whose height is less than /r max(v/2R; — r, /2Ry — 1) =
O(+/r). Hence |Close, (S) \ S| = O(r3/?) and holds.

O]

Lemma 5.12. Assume that holds and that Plfsll) < P(c‘;g(ls))' Then Cs xN Sy € {0, S2}, i.e.,

Cs ) cannot be a transversal set.

Proof. From and Proposition we obtain that

5] = max p(X). (21)

A Pleols)) ~ X

We claim that A3 < r9. Indeed, if A3 > ro then by Lemma we have that the set co(S)
cannot be a minimizer of Fy y,, that is, there exists X C R? such that

Fors(X) < Fors(co(S)) =0.

It then follows p(X) > A3, contradicting . We thus proved that A3z < ro.
We now claim that, for s > 1 — % we necessarily have C; y = (). Indeed, it is enough to

show that the empty set is a minimizer of Fs ) for s = 1 — /\—);), that is, Fsx(Csx) = 0. Since

% = % > %, from Proposition it follows that Cs \ € {51,5’,@, Close; (S)} From our
assumptions it directly follows that F z(S1) > 0 and F, 5(S) > 0, hence it remains to show that

Fsa(Closes (S)) = 0. By Lemma (i) we know that

For(Close () = F,_» ,(Closes 1 (S)) > Fo,(co(S)) =0,
37

A3

which proves our claim.
In particular, if C, \ # 0 it follows that

sc1-2cr 2
A3 T2

9

i.e., % > %, hence Cs ) cannot be a transversal set (again by Proposition .

Proof of Proposition

(a) Assume first that R.(S) > 0. In that case, because of the convexity of Si, Sz, P(S) <
P(Closeg,(s) (5)), and we have

1
P(S) < P (Closeg,s) (S)) + RS ‘C’loseRC(S) (S)\ S’ .

R.(
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On the other hand

lim P(Close, (S)) + % |Close, (S) \ S| = P(co(S)) < P(S) . (22)

r—00

Hence, by Lemma (iii), has a unique solution in R; € (R.(S), c0).

Assume now that R.(S) = 0. Then we have Closer (s)(S) = S, moreover, since f(r) :=
P(Close, (S)) + 1| Close, (S) \ S| is a continuous and decreasing function in [R.(S), o0)

by Lemma (iii), we have

1
lim P(Close, (S)) + — |Close, (S) \ S| > lim P(Close, (S)) = P(S5).
r—0-+ r r—0+

On the other hand, we also have . Thus, R =0 € [0, 00) satisfies . This value is
unique since r — P(Close, (S)) + 1 |Close, (S) \ S| is strictly decreasing.

To prove , let us observe that
s
Fox (Closei (S)) —Fa(S)=P <Cl()56& (S’)) + X ‘CZOSGA (S)\ S‘ — P(9).

Setting s = s9(A) and r = ﬁ in the above equality and observing that 32?)\) is an

increasing function of A we have that

.7:52()\),)\ (CZOSC A (S)) — .7:32()\)’,\ (S)

sa(\)

is > 0 (resp. =0, < 0) if and only if A < A; (resp. A = A1, A > Aq).

Notice that A\; = 0 if and only if Ry = 0 and we have proved that this happens if and only
if R.(S)=0.

(b) (i) We are assuming that P(co(S)) < F51) |S]. Let us first assume that the radius of S;

|51]
is > than the radius of Sa, hence % > P‘gl') If R.(S) > 0, then

P (Close, (S)) + 1 |Close, (S) \ S| = P (Closer,(s) (S)) + g(gy | Closer,(s) (S) \ S|

> P(S) > E3UIS] asr — Re(S)

and

P(51)
|51

P (Close, (S))+%]Closer (S)\ S| = P(S) > |S] as r — 0+

in case that R.(S) = 0. On the other hand

P(51)
151

P (Close, (5)) + % |Close, (S)\ S| = P(co(S)) < ISl asr— o0,
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Thus there is a unique value Ry € (R.(S5), 00) Satisfying (L6).
P(S) _ P(51) :
Now, if T = 51‘ , then both equations and (| are the same and we can

take Ro = R;. Hence Ay = \y. Clearly, if Ry = Ry, then ‘(—‘ P|(Sl‘) Notice that if
A1 = Ao, then

0> (R1 — R2)|S1]|S2| = R1Ra(|S1|P(S2) — |S2|P(S1)) > 0

Thus Ry = Ry. Note that if £i = £ and R.(S) = 0, by (i), Ry = Ry = 0 and
A2 = A1 =0.
To prove we proceed as in the proof of (7). The fact that Ao > A\ follows since

P|gsl‘) < | SI From the explicit formula for Ao, it follows that Ay < \(S€1|)‘

For \ € ( |f§2‘), P‘%b) the only possible minimizers for F ) are S; and I'g . For
A= P"(g§|) Ty is a minimizer.

P(S1
A — miny Fo » (X) is continuous, there has tobe A = X\g € <P|f§2|), P|(S§J)> such that
Fore (S1) = Foxn, Lox, (5)). Rearrangement of this equation gives

Proposition states that for A > M () is the only possible minimizer. Since

Lo, (S) NS
P (Ton, (S)) — P (S1)

Ay =

6 Proof of Theorem 5.8

We consider the three different intervals of A. For each of them we compute Cj , for s € [0, 1].

(a) A €[0,A1]. In this case A < rp such that I';  (S) = Closex (5).

(al

)

s

Let us prove that there is a function s,(A), A € [0, A1], such that

Fsx <Close% (S)) < Fsy (9) (respectively =, >) (23)

ifand only if s € [0, 54())), resp. s = 54(A), s > 5,(A). Notice that Fj » <Cl086& (S)) <
Fsa (S) if and only if

P (Close; (S)) + ; ‘CloseA (S)\ S| < P(S). (24)
Clearly, by Proposition @ if we define

1
salM) = A A€ (0,0],
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then the equahty in . holds identically. Now, by Lemma Em the left hand
side of (| is an increasing function of s, and the identity in only holds at
s = sa()\). Thus holds.

Remark that holds for any value of A.

(a2) Identification of Cs . Recall that, by Lemma for any s € [O, 1-— )\PﬁgiT)} we have

min{f&,\(S),]’—s,)\(sl) Fsx (S2) 0} = ]:sA( )-

Thus Cs ) = Close% (S)if s € [0,54(N)], Csn =S if s € (sa(/\), 1- )\PSSJ

)}. Notice
that if s = s5,(\), S is also a minimizer of Fj y.
Using and Lemmawe clearly have that Cs y = Sy if s € (1 — )\PS‘S;T) ,1— )\P(Sl)}

[S1]
and Cy\ =0 if s > 1 — )\P‘(Sﬁ).

(b) Let A € (A1, A2]. In this case, let us prove that there is a function s,(\) such that

Fasor (Cs,000 () = Foy oy (S1) A€ [A1, Ag] (25)

. [S1] 15| |S1] Bl
Let us consider two cases P(bl‘l) < Pleo(s)) and P(S{I) > Fleol3))"

S S
P < Pty

i) Proof of (2F)). Recall from Lemma that in this situation we have I'; ) (5) =
291

(b1) In this case we assume that

Close (S). In this case \y = m. We have
A P(51)
a(A <1-2AX .
if and only if
)\ < R1’31| = 5\1.

= RP(S1)+1S1|

Observe that A\; < \g since R; < Rs.
Let us work in the interval s € [O, R%] for all A € [A1, A2]. Let us prove that

Fox (co(S)) < Fox(S1) - (26)
Indeed, since P|(Sl|) < 7 |S(| ) after some simple computations we deduce that
Ny — TSl |52 _
RyP(S1) +1S1] — P(co(S)) — P(S1)
Thus, if A < Ao, then A < % and this is equivalent to .
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i)

|51 S|

Moreover, by Proposmon 5.6 . assuming that P < Pleo(S ))), for A < Ag
and s =s1(\) =1—
Faioom (51) < Fg oy (CZOSeﬂ?A) (5)> ;
with equality if A = A9, and for A € (A1, A2] and s = R , we have
.7-"%17/\ (S1) < .7-"}%17)\(5) = .7-"1%7)\ (Closer, (9)) (27)

(the first inequality being true because A > Aj). Since both functions s —
Fsa(S1) and s = Fs 5 (Closei (S)) are continuous in s, they have to intersect

for some s € [O, min {R%, 1-— )‘P|E'€5111|) H Hence there is at least one value s that

satisfies (25)). Let s,(A) be the smallest value of s satisfying (25)).

Notice that we have that s(\) < R% for any A € (A1, A2 and sp(N\) <1 — AID'(S‘?T)
for any A < A2 (with equality if A = Ag).

We show that s;(A) is the unique value of s € [0, min { A1 —

, if A e ()\1,/\2].

Clearly, if X = Xa, then s(\) = 1 — )‘P\(Sﬁ) = min{

P(Sl)

} satisfying

A1 =G0 and
holds. Our assertion is true in this case.
Assume that A € (A1, A2). Let us prove that for any s € ( , min {R%’ 1 -\
we have

./TSQ\(Sl) < .7:5’)\(01086% (S)) . (28)

Suppose that we find s3(\) < ¢; < ta < min {R%’ 1-— )\P‘gsl})} where

Fira(81) < Fiya(Close » (5)) (29)
1

Fioa(S1) > Fi, A(Close s (5)) . (30)
1]

Let us compute Cy, . Observe that by S1 has less energy than I'y, » (5),
and I'y, ) (S) is better than S because t; < R%' Also Fi, A(S1) < 0 because
to< 1— AP|<51|>. Thus Fi, A(S) = Fyua(S1) + Fiua(S2) < Fiya(S2). Thus
Ciyx = 51

Let us compute Cy, . Observe that I'y, » (S) is better than S; (by (30)). And
Iy, 2 (S) is better than S because ty < RA Also Fi, 2 (S1) < 0 because ty <

L= A2 Thus Fi, A(S) = Fi a(S1) + Fi a(S2) < Fipa(S2). Thus Cy, 5 =
Ty (9).

It is not possible that ¢; < t2 and the optimal set Cy,  contains the optimal set

Cy,.x. We conclude that Fy (S1) < Fix (Tsx (S)) forall s € (.;,,(A), min {p% 1-AE
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The inequality has to be strict. Otherwise there would be two points ¢ < ¢’ such
that the minima of F; » are both S; and I'y ) () and the minima of Fy ) are both
S1 and I'y 5 (S). Then S; would contain I'y 5 (S), a contradiction. Thus is
proved.

ili) Computation of Cs x for A € (A1, X2] and any s.
If s € [0, sp(N\)) we argue as for t2 and we deduce that the optimum is Closea (5).
Letting s — s(\) we deduce that Cy, (y) \ = Close_x_(S5). )

sp(N)

If s € (sb(/\), min {R%, 1- )\P|(S*?1|) H we argue as for ¢; and we deduce that the

optimum is Sj.

If min{i,l — )\Pl(s”?l‘)} R%, i.e., if A € (A, 1], let us compute the opti-

mum for s € (F- )‘ 11— AL |S ] On this interval F; z(S1) < 0. Thus Fs\(S) =

Fsa(S1) + -7:5,)\(52) < Fsa(S2). Also (by the definition of R;) on this interval
Fsa(Closea (S)) > FsA(S). Thus the optimum is either Sy or S. By monotonic-

ity of the optimum with respect to s and the fact that the optimum in (s3(\), R%]

is S1, we deduce that it is also S7 in (i 1-— )\P‘(SL?T)].

If min {%7 1— /\Ijgl‘)} 7y and s > 1A |(Sl\) we have that F, x(S1) > 0 and

the minimum is 0.

If min{l%,l — )\17595;1')} 1— A ‘g |), ie., if A € (A1, 2], as in the previous

paragraph the minimum for s > 1 — | SS1| is .

Let us point out that for A = A9 and for s > sp(A2) =1 — Ao |5951‘), we have that

Fs )\Q(CIOSGJ(S)) > F »(A2), >\2(CIOSG Ao (S)) = ]:sb()\g),Ag(Sl) =0.

sp(X2)
Since also F; x,(S1) > 0, then C; 5, = 0.

S S
(b2) Assume that P|(§1‘) > P(!o(‘s))‘

i) Define sp(N) for A € (A1, A2]. In this case Ay = W
Since A < \g = ﬁ then (26)) holds. On the other hand (27]) also holds
for any A € (A1, Ao]. As in paragraph (bl) we identify a solution sb()\) [O, R%]
of . Let us take the smallest one. Let us prove that su(\) € [O, 1-— )\P‘gﬁ)]

Let s =s1(\)=1— ALGD | Then For(0,a(S1) = 0 and

[S1]
.7:31(>\)7>\(01086T?A>(S)) = P(CIOSeSI?A) (S)) + 81§\)\) o (5)\ S| - f}(?)
> P(co(S)) P|é:?|1)
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Notice that the second inequality is strict if P'fsll‘) > P(legs)), while the first is

strict if Plfsll

|S(|S)) and s1(A) > 0. In both cases, since s,(A) is the smallest

= P(co
solu‘:cgi(in of l, we have sp(A) € [0,1 — )\P(Sﬁ')s]'l
If P(Sll) = Blol@)) and s1(\) = 0, then \ = P(él) = \y and

Faioo)ne Tsi0o)e (9)) = Fey (o) (1) = 0,

and we take sp(A2) = 0.

ii) Computation of Cs x for X € (A1, A2] and any s.
If A € (A1, A1), then s3()\) < R% <1- )\Ijlgfll)' Then the argument is identical to
the same case in Step

If A € (A, o], then 1 — AT < 2 We have that F, \(Ts (S)) < FeA(S) for

all s € [o, Rﬂ It s € [0,1 —APW} we have F,1(S1) < 0. Then Fy,(S) =

[S1]
Fsa(S1) + Fsa(S2) < Fsa(S2). Thus the optimal set for s € [O, 1— Aﬁgﬁ)] can
be only I'; ) (S) or S;.
As in step we prove that s,(A) is the unique value of s € [0, R%} satisfying
(25) if A € (A1, A2]. Then we proceed as in Step to prove that Cs y = T's  (5)
if s € [0,s5(A)], and Csx = Sy if s € <8b()\),1 - A%SJ)] For s > 1 — /\P|(s€1|)’
Cs,A = (Z) since .7'—57)\(5’1) > 0.

(c) Let A € (A2, A3]. Again we distinguish two cases P|(S§1|) < P(C‘f(ls)) and P‘%J) > P(Jfgs)).

S S
(c1) Assume that Pl(sl'l) < P(c|o(|S))'

i) Recall from Lemma we have again that I'; \ (S) = Close (S). In this case

Aoy = % and \3 = %. We look for a value s.(A), A € (A2, A3, such
that
Foe(MA (Close - (S)) =0. (31)

Let A € (A2, A3). If s =0, we have

Fox (co(S)) < 0.

s3(N)

Let s3(\) =1— )\W. Since by Lemma |5. 11| A — F,(x),a <Close A (5’)> is

strictly decreasing, then

0=7F, si_(co(9)) < Feynn <C’lose A (S)) :

»P(co(S)) s3(X)

Then for any A € (A2, A3) there exists s.(\) < s3(A) such that holds.
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ii)

iii)

Let A = A3. Then Fo 5, (co(S)) = 0 and s3(A3) = 0. Hence Fy,(\) <C’lose A (S)) =

s3(N)

0. Since Fg 4 (C’loseL3 (S)) is strictly increasing in s we have that F », (C’loseg (S)) >

0 for any s € <0, %} Then s.(A3) = 0 = s3(A3).
Let us prove that

ifA> N = % and s € [0, 1-— )\P‘gﬁ)], then F » (Close% (S)) < Fsa(S1).
(32)

Indeed, if A > Xy and s € |0,1 — )\1759“5;1')}, then s <1 — )\P‘gﬁ) < R%. That is,
3 < Riz' Then, by Lemma we have

1 P
P(Closeg(S))+§|Closei(5)\sy < P(Closep, ($))+4-|Closer, ($)\S| = |f95‘1) 1S].
E] s 2 1
(33)
Now, Fo (Closes () < For(S1) if and only if
S 1—s 1—s 1—s
P(CloseA(S))—I—X|Closei(5’)\5’] < P(S1)— y |S1|+ 3 |S| = P(S1)+ y |Sa.

Thus, by , it is sufficient to prove that

P(Sl) 1—s
S| < P(S1) +
sSSP+ =

|Sa].

But this is true since L1 < % Hence holds.

Since Fs 2 (S1) < 0 for s € [0, 1-— )\%), then implies

ifA> XM= #S)ﬂlsll and s € [0, 1-— )\Plgll))’ then Fj » (C’lose% (S)> < 0.

P(51)
B

Observe also that the inequality in is strict if s € [O, 1-— )‘Pl(ssll\))'

Let us prove that the optimum in [0,1 — )\P(Sl)] is Closea (S). By it cannot

In particular, we have that s.(A) > 1— A

[S1]

be S1. On the other hand, by the first paragraph of Step bl, if A € (\a, Ag), we

have that A > Ay > \; and, therefore, R% > 1—)\P|g*?1|). By the last remark in Step

(al), Fsa (C’losei (S)) < Fs(S) in the interval [0,1 — )\Pgl')]. On the other
hand, on that interval, F5 z(S) < Fs A(S2). Thus, the optimum is Closey (S5) (its

energy being negative).

Again, the optimum in (1 — )\JD‘gSlT) ,5c¢(A)] is Closex (S). The optimum cannot be

S1 because its energy is positive. By the assumptison ro < 11, the energy of S is
also positive. Thus, also is for S. The optimum is Closex (5).
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)\2<)\:0.4<)\3

Figure 11: Levelsets of the solutions u) for different values of A. Sy, Sy are balls with radius

r1 = 1.2, = 1, the distance between them is d = 0.05. In this case Pl(Séi') < P(C‘f(ls)).

Notice that the argument in the previous paragraph shows that for s > s.(\)
the optimum can only be either I'; 5 (S) or (). Thus, either there is a maximal
interval of values of s, say (sc(\), sq4(A)], not reduced to s.(\), where holds,
in which case Closey (S) is the optimum up to s4(A), or the energy of Close, (.5)
becomes positive irrfmediately after s.(\) and the optimum is (). Thus, we sinay
take sc(\) as the maximal solution of (31)).

(c2) Assume that P(le('S)) < Plfsl,l‘)
In this case, Ao = %. Since P(co(S)) < P(S), we have Fyx(co(S5)) <

For(S). If we take A > Xy, we have Fyr(S1) < Foax(co(S)). Thus, for s €

0,1— ALGD | gmall enough the optimum is S7. By monotonicity of the level sets of
[S1]

uy, S1 is the optimum for all s € [0, 1— )‘PI(S?I)]' For s > 1— )\P|(S“?1|) is the emptyset.

(d) Since A > A3 = ||xs]l,, Cs,x = 0 by Proposition 4.1} This concludes the proof.
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