
MINIMAL PERIODIC FOAMS WITH EQUAL CELLS
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Abstract. We show existence of periodic foams with equal cells in Rn

minimizing an anisotropic perimeter.

Contents

1. Introduction 1
2. Lattices 2
3. Existence of minimal partitions 4
4. Some remarks in the isotropic case 7
References 9

1. Introduction

The Kelvin problem, posed by Lord Kelvin in [17] (see also [19,20]) is the
problem of finding a partition of R3 into cells of equal volume, so that the
total area of the surfaces separating them is as small as possible.

In this paper we deal with a related problem in Rn, that is, finding the
minimal foam among all periodic partitions generated by a lattice tiling of
Rn. A lattice G is a discrete subgroup of Rn of full rank, and a lattice tiling
is given by D+G = Rn, where D is a fundamental domain associated to the
action of G.

The isoperimetric problem can be stated as follows: among all fundamen-
tal domains associated to lattices of Rn with fixed volume (where the volume
of the lattice is the volume of each fundamental domain) show that there
exists a domain with minimal perimeter, where the perimeter functional is
either the classical isotropic perimeter or an anisotropic one. The solution
of this problem provides a periodic tiling of Rn with equal cells of minimal
perimeter, among all periodic tilings generated by a lattice.

The starting point of our analysis is the existence of a minimal funda-
mental domain for a given lattice, which has been proved in great generality
in [4], extending previous results in [5, 12]. Our first result is a compact-
ness property of lattices with volume equibounded from below and with an
upper bound on the perimeter of a fundamental domains (see Proposition

1991 Mathematics Subject Classification. 49Q05 58E12 74E10 .
Key words and phrases. Minimal partitions, Kelvin cell, 24-cell, fractional perimeter.

1



2 ANNALISA CESARONI AND MATTEO NOVAGA

3.1), which is based on classical compactness results for lattices, such as the
Mahler’s compactness Theorem [11] and its generalizations (see [3]). The
main tool to prove existence of a minimizer is a concentration compactness
argument, which is a classical method in order to deal with loss of mass at
infinity in isoperimetric problems in noncompact spaces.

Once we show existence of minimal periodic partition with equal cells, an
interesting question is analyzing the possible explicit structure of these par-
titions. This problem is quite hard, and it has been solved only in dimension
2 by Hales [9], whereas it remains open in all the other cases.

In the last section we describe some candidate minimizers in dimension
3, 4, 8, 24, motivated by the analogy with related problems such as the op-
timal sphere packing. Moreover, in the isotropic case we provide some es-
timates on the asymptotic behavior of the isoperimetric function c(n) (that
is, the value of (1) for m = 1), as the dimension n goes to +∞, and we show
that

√
2πen ∼ nω

1
n
n ≤ c(n) ≤ 2

(2ζ(n))
1
n

nω
1
n
n ∼ 2

√
2πen,

where ζ(n) is the Riemann zeta-function. Note that one side of the estimate
is obtained by direct comparison with the perimeter of the ball of volume 1,
whereas the other side is based on a noncostructive existence result due to
Minkowski and Hlawka, see Proposition 4.3 for more details.

Finally, we conclude by observing that similar results are expected to hold
also for more general perimeter functional, such as the nonlocal perimeters.
This will be the subject of future investigations.

Acknowledgements. The authors are members of INDAM-GNAMPA. The
second author was supported by the PRIN Project 2019/24.

2. Lattices

We recall the definition of lattice in Rn.

Definition 2.1 (Lattice). A lattice is a discrete subgroup G of (RN ,+) of
rank n. The elements of G can be expressed as

∑
kivi, for a given basis

(v1, . . . , vn) of RN , with coefficients ki ∈ Z. Any two bases for a lattice G
are related by a matrix with integer coefficients and determinant equal to
±1.

The absolute value of the determinant of the matrix of any set of genera-
tors vi is uniquely determined and it is equal to d(G) ∈ (0,+∞), which we
call volume of the lattice G. Equivalently, every lattice can be viewed as a
discrete group of isometries of RN , and d(G) coincides with the volume of
the quotient torus RN/G. Given m ∈ (0,+∞), we denote by Gm the set of
all lattices G such that d(G) = m.

We define the minimum distance λ(G) > 0 in the lattice G as the length
of the shortest nonzero element of G. In particular, for every p, q ∈ G, there
holds that |p− q| ≥ λ(G). Other important values associated to a lattice G



MINIMAL PERIODIC FOAMS WITH EQUAL CELLS 3

are its packing radius ρG and its covering radius rG defined as

ρG := sup{r : ∀x 6= y ∈ G,Br(x) ∩Br(y) = ∅} =
λ(G)

2

rG := inf{r : G+Br = RN}.

We also recall the definition of Voronoi cell associated to a lattice.

Definition 2.2 (Voronoi cell). Given a latticeG of Rn, we define the Voronoi
cell associated to G as

VG := {x ∈ Rn : |x| ≤ |x− g| ∀g ∈ G, g 6= 0}.

VG is a centrally symmetric and convex polytope, with at most 2(2n − 1)
facets. Moreover VG +G = Rn and VG + g ∩ VG + h = ∅ for g 6= h, g, h ∈ G.

Lemma 2.3. A closed subgroup G of (Rn,+) is discrete if and only if it does
not contain a line.

Proof. Clearly, if G is discrete, then it cannot contain a line.
Assume that G is not discrete. Then there exists a sequence gn converging

to some g ∈ G, with gn 6= g for all n and such that gn−g
|gn−g| → e, where e is

a unitary vector of Rn. Fix r ∈ R and, for all n, fix kn ∈ Z such that
|kn|gn − g| − r| ≤ |gn − g|. Then we have

|kn(gn − g)− re| ≤ |gn − g|+ |r|
∣∣∣∣ gn − g|gn − g|

− e
∣∣∣∣ ,

so that the line Re lies in the closure of G. �

The following result shows the existence of a reduced set of generators for
lattices (see [11, Theorem 1]).

Lemma 2.4. There exists a dimensional constant Cn such that every lattice
G admits a set of generators v1, . . . , vn with Πn

i=1|vi| ≤ Cnd(G).

We introduce a notion of convergence of lattices see [3, 11]. Note that, if
G is a lattice, then for every compact subset K ⊂ Rn, the set G∩K is finite.

Definition 2.5. A sequence of lattices Gk converges to G if there exists
for all k a set of generators gik of Gk such that gik → gi, and gi is a set of
generators of the lattice G.

A sequence of lattice Gk converges in the Kuratowski sense to Gi, if

G = {g ∈ Rn | lim sup
i→+∞

d(g,Gi) = 0}.

Note that G is a closed subgroup of (Rn,+). Actually, the two notion of
convergence are equivalent, see [3, Section V.3, Theorem 1].

We recall the following compactness theorem for lattices due to Mahler
[11, Theorem 2] (see also [3, Chapter V]).
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Lemma 2.6. Let Gi, i ∈ N, be a sequence of lattices and assume that there
exist two constants k, δ > 0 such that λ(Gi) ≥ δ > 0 for all i and d(Gi) =
|Rn/Gi| ≥ k > 0 for all i. Then there exists a subsequence Gin and a lattice
G such that Gin → G, and λ(G) ≥ δ, d(G) ≥ k.

We recall the notion of fundamental domain for the action of a group G.

Definition 2.7 (Fundamental domain). We say that D ⊂ Rn is a funda-
mental domain for the group G if it is a fundamental domain for the action of
G on Rn, that is a set which contains almost all representatives for the orbits
of G and such that the points whose orbit has more than one representative
has measure zero. We denote by DG the set of all fundamental domains of
Rn for the group G. Notice that |D| = |Rn/G| for all D ∈ DG.

Remark 2.8 (Fundamental domains associated to lattices). If G is a lattice,
then its Voronoi cell is a fundamental domain. Moreover if v1, . . . , vn is a
set of generators of G as a Z-module, then the set D = {x =

∑n
i=1 tivi, ti ∈

[0, 1)} is a fundamental domain associated to G. Indeed it is easy to check,
using the fact that v1, . . . , vn is a vectorial basis of Rn, that every element in
Rn can be written as an element in D translated by an element of the group
G.

We now recall the notion of tiling of Rn.

Definition 2.9. A partition or tiling of Rn is a collection of measurable
subsets {Ek}k∈I, where I is either a finite or a countable set of ordered
indices, such that

(1) |Ek| > 0 for all k,
(2) |Ek ∩ Ej | = 0 for all k 6= j,
(3) |Rn \ ∪kEk| = 0.

Each fundamental domain D associated to a lattice G induces a lattice
tiling of Rn: that is Rn = ∪g∈GD + g. Moreover it is possible to prove
that the fundamental domain D is precompact if and only if the G-periodic
partition {D + g}g∈G induced by D is locally finite (see [4]).

3. Existence of minimal partitions

Let us fix a spatially homogeneous norm ϕ in Rn, and consider the local
(anisotropic) perimeter associated to ϕ: for every measurable set E ⊆ Rn,
we define

Perϕ(E) =

∫
∂∗E

ϕ(ν(x))dHn−1(x)

where ∂∗E is the reduced boundary of E. When ϕ(x) = |x|, we recover the
classical perimeter Per(E).

We will show existence of a solution of the following isoperimetric problem:
let m > 0 and consider

(1) inf
G∈Gm

inf
D∈DG

Perϕ(D).
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Observe that if D is a fundamental domain associated to a lattice G ∈
Gm which solves the previous isoperimetric problem, then the G-periodic
partition {Eg}g∈G, generated by D, that is defined as Eg = g + D, is a
partition of equal cells in Rn with minimal perimeter among all partitions of
equal cells.

We start with a compactness result.

Proposition 3.1. Let Gi, for i ∈ N, be a sequence of lattices in Gm and
let Di be a fundamental domain for Gi. If there exists C > 0 such that
Perϕ(Di) ≤ C for all i, then there exists δ = δ(C,ϕ,m) > 0 such that
λ(Gi) ≥ δ for all i.

In particular, up to a subsequence, Gi → G in Kuratowski sense, where G
is a lattice in Gm.

Proof. It is sufficient to prove the result for the classical (isotropic) perimeter,
since a uniform upper bound on Perϕ(Di) implies a uniform upper bound
on Per(Di).

For every Gi we consider a vector gi of minimal norm, that is, an element
of Gi such that |gi| = λ(Gi). Let Vi be the orthogonal subspace to gi, and let
πi : Rn → Vi the orthogonal projection. Notice that, since |Di∩(Di+gi)| = 0,
every line of the type {x + tgi : x ∈ Rn, t ∈ R} intersects Di in a set of
measure at most |gi| = λ(Gi). Then, by Fubini-Tonelli Theorem we have
that m = |Di| ≤ λ(Gi)H

n−1(πi(Di)). On the other hand, from the area
formula it follows that Per(Di) ≥ 2Hn−1(πi(Di)). Therefore we get

λ(Gi) ≥
m

Hn−1(πi(Di))
≥ 2m

Per(Di)
≥ 2m

C
.

The conclusion is now a direct consequence of Lemma 2.6. �

We recall now the concentration compactness result which is, together
with lower semicontinuity and compactness properties of the perimeter func-
tional, the standard tool to show existence in isoperimetric problems, since
it permits to deal with the possible loss of mass at infinity of minimizing
sequences. For the proof we refer to [4, Lemma 3.3, Lemma 3.4], see also
[15, Theorem 3.3].

Lemma 3.2 (Concentration compactness). Let Ek ⊆ Rn be a sequence of
measurable sets with supk Perϕ(Ek) ≤ C < +∞ and |Ek| = m, for some
m,C > 0.

Then, up to passing to a subsequence, there exists a sequence zik ∈ Rn,
i ∈ N, k ∈ N, with |zik − z

j
k| → +∞ as k → +∞ for i 6= j and a family (Ei)

of measurable sets in Rn such that
(1) Ek − zik → Ei locally in L1 as k → +∞, for all i;
(2)

∑
i Perϕ(Ei) ≤ lim infk Perϕ(Ek) and

∑
i |Ei| = m.

We are now ready to show existence of a minimal partition of Rn.
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Theorem 3.3. For all m > 0 there exists a lattice G ∈ Gm and a funda-
mental domain D ∈ DG such that

Perϕ(D) = min
G∈Gm, E∈DG

Perϕ(E).

Proof. Let C = infG∈Gm infE∈DG
Perϕ(E). If C = +∞ there is nothing to

prove; if C > 0, we consider a minimizing sequence Gk of lattices in Gm, and
of fundamental domains Dk associated to Gk, with Perϕ(Dk) ≤ 2C. Then
by Lemma 3.1, up to a subsequence Gk → G in Kuratowski sense, where G
is a lattice in Gm. We consider a reduced set of generators, which exists due
to Lemma 2.4, vik of Gk: we get that |v1k| . . . |vnk | ≤ Cnm. So, since |vik| ≥ δ
for all i and k, there holds that |vik| ≤ Cnmδ1−n := R(m, δ) for all i and k.

By Lemma 3.2, there exist zik ∈ Rn and Ei measurable sets in Rn, such
that Dk − zik → Ei, |zik − z

j
k| → +∞ as k → +∞,

∑
i |Ei| = m and∑

i

Perϕ(Ei) ≤ lim inf
k

Perϕ(Dk).

We observe that for all i, we may choose gik ∈ Gk, with |gik−zik| ≤
√
n
2 R(m, δ),

so that |gik − g
j
k| → +∞ as k → +∞, when i 6= j.

Possibly passing to a subsequence, we get that there exist measurable sets
in Di such that Dk − gik → Di,

∑
i |Di| = m and∑

i

Perϕ(Di) ≤ lim inf
k

Perϕ(Dk) = inf
G∈Gm

inf
E∈DG

Perϕ(E).

In order to conclude, we have to prove that D := ∪iDi is a fundamental
domain for the limit group G. First of all we prove that |Di ∩ (Dj + g)| = 0
for all i 6= j, and for all g ∈ G, and that |(Di + g) ∩Di| = 0 for all g ∈ G,
g 6= 0. This would imply, together with the fact that

∑
i |Di| = m, that

∪iDi = D is a fundamental domain associated to G (see [4, Lemma 2.2]),
and then that D is a solution to the isoperimetric problem (1).

Notice that, since Dk are fundamental domains, we have

|Dk ∩ (Dk − gjk + gik)| = 0 for all i 6= j.

Passing to the limit as k → +∞, we then get |Di ∩Dj | = 0.
Let now g ∈ G, with g 6= 0. So g = limhk, for some hk ∈ Gk, with hk 6= 0.

Therefore, Dk−gik+hk → Di+g in L1
loc. Moreover, sinceDk are fundamental

domains associated to Gk, there holds |(Dk − gik + hk) ∩ (Dk − gjk)| = 0 for
all k, i, j. Passing to the limit as k → +∞, we then get |(Di + g) ∩Dj | = 0
for all g 6= 0, i, j. �

We now state the regularity of minimizers of (1), which is a consequence of
the fact that the G-periodic partition generated by a minimal fundamental
domain is a local minimizer of the perimeter functional. For the proof we
refer to [4, Theorem 4.8, Theorem 4.9].
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Corollary 3.4. Let D ∈ DG be a solution to problem (1) given by Theorem
3.3, and assume that ϕ2 is uniformly convex and of class C2. Then ∂D is
a C1,α hypersurface, for some α ∈ (0, 1), up to a closed singular set Σ 6= ∅
with Hn−1(Σ) = 0. Moreover, in the isotropic case ϕ(x) = |x|, the G-periodic
partition generated by a minimal fundamental domain D is locally finite, D
is bounded, and ∂D\Σ is of class C∞. Finally, if n = 2, then D is a centrally
symmetric hexagon.

We recall the notions of decomposable and indecomposable set (see [1]).

Definition 3.5. Let E be a set of finite perimeter. E is decomposable if
there exist A,B ⊂ E subsets such that |A|, |B| > 0, |A| + |B| = |E| and
Per(E) = Per(A) + Per(B). We say that E is indecomposable if it is not
decomposable.

Corollary 3.6. Let ϕ(x) = |x| and let D ∈ DG be a solution to problem (1).
Then Rn\D is indecomposable. If n ∈ {2, 3}, then D is also indecomposable.

Proof. Let us assume by contradiction that Rn \ D is decomposable. By
regularity, both D and Rn\D are union of a finite number of indecomposable
components. Moreover, since D is bounded, there exists only one unbounded
indecomposable component of Rn \ D and all the others are bounded. Let
A be a bounded component of Rn \ D. Since D is a fundamental domain,
the component A is covered by translations of indecomposable components
of D, that is, A = ∪Ni=1Di + gi, with gi ∈ G.

Let now n ∈ {2, 3}, and assume by contradiction that we can write D =
D1 ∪D2, with |D1|, |D2| > 0, |D1| + |D2| = |D| and Per(D1) + Per(D2) =
Per(D). Observe Dg = D1∪ (D2 +g) is a fundamental domain for all g ∈ G,
and there exists g such that ∂D1 ∩ ∂(D2 + g) 3 x ∈ Rn. In particular
Dg induces a minimal partition which has a disconnected phase in Br(x)
(given by Dg ∩ Br(x)) for all r > 0. This is in contradiction with the
complete classification of singular point which is available in dimensions 2, 3
(see [16]). �

An interesting question, which remains unsolved, is if a minimal domain
D is necessarily indecomposable or if its interior is homeomorphic to a ball.

4. Some remarks in the isotropic case

We briefly discuss some candidate solutions to the isoperimetric problem
(1), in the isotropic case ϕ(x) = |x|.

First of all, we recall that the problem admits a unique solution in R2

due to Hales [9] (see also [13, 14]), given by a regular hexagon. We mention
that the result by Hales is much stronger, since it gives uniqueness of the
minimizer in a large class of competitors.

Theorem 4.1 (Hales honeycomb theorem). Any partition of R2 into regions
of equal area has average perimeter at least that of the regular hexagonal
honeycomb tiling.
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In three dimensions, the variational problem corresponding to the surface
minimizing partition into cells of equal volume is known as the Kelvin prob-
lem [19]. Lord Kelvin formulated a conjecture about the explicit shape of the
minimizer, based on the bitruncated cubic honeycomb: a small deformation
of the faces produces a minimal partition, which is Kelvin’s proposed solu-
tion, see [20] for an more explicit description of this cell. Weaire and Phelan
[21] provided a three-dimensional foam of equal-volume cells, containing two
different shapes, and strictly less surface area than the Kelvin’s partition.
However, it remains unknown if Kelvin’s foam is a minimizer among foams
with equal cells, or if it is a solution to problem (1).

In R4 there is a well known regular tessellation, which is the 24-cell honey-
comb. The 24-cell is the convex hull of its vertices which can be described as
the 24 coordinate permutations of (±1,±1, 0, 0). In this frame of reference
the 24-cell has edges of length

√
2 and is inscribed in a 3-sphere of radius√

2. Up to a rescaling, it is also the Voronoi cell of the D4 lattice.
If a sphere is inscribed in each 24 cell of the 24-cell honeycomb, the re-

sulting arrangement is the densest known regular sphere packing in four di-
mensions, with kissing number 24, even if the sphere packing problem is still
unsolved in dimension 4. This suggests that the 24-cell could be a solution
to problem (1).

In this direction, we observe that the 24-cell honeycomb satisfies the fol-
lowing local minimality property, which is a necessary condition for being a
solution to problem (1).

Proposition 4.2. The 24-cell honeycomb is a minimizer for the perimeter
in every ball Br(x), with x ∈ R4 and 0 < r <

√
2.

Proof. The thesis follows from the fact that inside a ball Br(x) with r <
√

2,
the 24-cell honeycomb is either empty or coincides, up to a translation,
with one of the following cones in R4: a hyperplane, three half-hyperplanes
meeting at 120 degrees, the cone over the 1-skeleton of a tetrahedron times
R, the cone over the 2-skeleton of a hypercube. Thanks to the results by
Taylor [16] and Brakke [2] it is known that such cones define partitions of
R4 which are minimal for the perimeter under compact perturbations. �

In analogy with the case of the 24-cell in R4, one may wonder if the
Voronoi cells associated to the E8 lattice in R8 and the Leech lattice in R24,
which are solutions to the sphere packing problem and the kissing number
problem (see [6, 18]), are also solutions to problem (1).

A reduced problem which should be easier to tackle is given by

(2) inf
G∈Gm

Perϕ(VG),

where VG is the Voronoi cell of the lattice G.
The existence of a minimal lattice for (2) can be shown reasoning as in

Section 3 above. In this case, it should be simpler to explore the optimality
of the D4, E8 and Leech lattices, respectively. In three dimensions one might
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expect that the BCC lattice is the optimal one, since its Voronoi cell is given
by the truncated octahedron (see [8, Conjecture 2.1]).

Finally we discuss the asymptotic behavior as the dimension n goes to +∞
of the isoperimetric function, that is the minimal value in (1), with m = 1.
We have the following result.

Proposition 4.3. The isoperimetric function c(n) satisfies:

(3)
√

2πen ∼ nω
1
N
n ≤ c(n) ≤ 2

(2ζ(n))
1
n

nω
1
n
n ∼ 2

√
2πen

where ζ(n) is the Riemann zeta-function.

Proof. We consider a generic latticeG ∈ G1 and its associated Voronoi cell VG
(see Definition 2.2). Let Fi be the facets of VG and hi the distance between
the center of the cell and the hypersurface cointaing Fi: by its definition we
get that hi ≥ ρG, where ρG is the packing radius of G. Then we obtain

1 = |VG| =
∑

i Per(Fi)hi
n

≥ Per(VG)ρG
n

and so Per(VG) ≤ n

ρG
.

Minkowski-Hlawka theorem [7, chapter 1] provides a nonconstructive proof
of the existence of lattices G in RN such that

ρG ≥
ζ(n)

1
n

ω
1
n
n 21−

1
n

,

where ζ(n) is the Riemann zeta-function. As a consequence, for these lattices
G we get

Per(VG) ≤ n

ρG
≤ nω

1
n
n 21−

1
n

ζ(n)
1
n

=
2

(2ζ(n))
1
n

nω
1
n
n ∼ 2

√
2πen.

On the other side by direct comparison with the perimeter of the ball of
volume 1, we get Per(VG) ≥ nω

1
N
n ∼

√
2πen. This permits to conclude

(3). �
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