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ABSTRACT. We consider the anisotropic mean curvature flow of entire Lipschitz graphs. We
prove existence and uniqueness of expanding self-similar solutions which are asymptotic to
a prescribed cone, and we characterize the long time behavior of solutions, after suitable
rescaling, when the initial datum is a sublinear perturbation of a cone. In the case of
regular anisotropies, we prove the stability of self-similar solutions asymptotic to strictly
mean convex cones, with respect to perturbations vanishing at infinity. We also show the
stability of hyperplanes, with a proof which is novel also for the isotropic mean curvature

flow.
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1. INTRODUCTION

We consider the evolution of sets t — F; in RV*! governed by the geometric law
(1.1) Op - v(p) = = (v(p)) He(p, Er),

where v(p) is the exterior normal at p € 9E}, 1 is a positive, continuous, 1-homogeneous
function representing the mobility, ¢ is a norm representing the surface tension, and H(p)
is the anisotropic mean curvature of JF; at p, associated with ¢, see Definition 2.1. This
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evolution is an analogue of the classical (isotropic) mean curvature flow, which corresponds
to the case p(z) = ¢(x) = |z| and it is studied as model of crystal growth, see [5,6, 13, 14].
Existence and uniqueness of the level set flow associated to (1.1) have been obtained for general
mobilities 1 and purely crystalline norms ¢ in [13,14], in the viscosity setting, whereas the
case of general norms ¢ with convex mobilities ¢ has been treated in [5,6], in the distributional
setting.

In this paper we consider the evolution of subgraphs of entire Lipschitz functions, in the
case in which either ¢ is regular (see (2.2)) or 9 is a norm. In particular, we will assume
that there exists a Lipschitz continuous function ug : RV — R such that the initial set Ej
coincides with {(z, z) | z < up(z)}. By monotonicity of the flow and invariance with respect
to translations, the evolution F; is defined for all times and is the subgraph of a Lipschitz
function, that is, £y = {(x, 2) | 2 < u(x,t)}. In Section 2 we describe the main properties of
this flow.

Since the evolution is defined for all times, we are interested in the analysis of the long time
patterns of the evolution. We recall that evolution of entire Lipschitz graphs in the isotropic
setting has been considered in [9], see also [8], whereas the case of fractional mean curvature
flow has been considered recently by two of the authors in [4].

As in the isotropic case, the long time attractors of the flow starting from entire Lipschitz
graphs are self-similar expanding solutions, defined as follows:

Definition 1.1. An expanding homothetic solution is a solution to (1.1) such that E; = A(t) Ey
where A(1) =1 and N'(¢) > 0 for ¢t > 1. This is equivalent to assume that E; is a solution to

(1.2) c(p-v(p)) = = (w(p) Hy(p, Er)

for some ¢ > 0.

In Section 3 we characterize the graphical expanding solutions as evolutions issuing from
cones, that is, from Lipschitz graphs of positive 1-homogeneous functions, see Theorem 3.1
and Proposition 3.3. Moreover, in Theorem 3.4 we show that Lipschitz graphical evolutions
to (1.1) asymptotically approach self-similar expanding solutions, in an appropriate rescaled
setting, provided the initial graph is a sublinear perturbations of a cone. More precisely, we
introduce the following time rescaling:

(13) (t) = log(2t + 1) ~ 1

and E. =
so that the evolution (1.1) of the rescaled flow is governed by the geometric law

- F,
2 Vo T

(1'4) Orp - ’;(ﬁ) =-p- ﬁ(ﬁ) - w(ﬁ(ﬁ))Hw(ﬁ7 E’T‘)
and we show that E, converge locally in Hausdorff sense as 7 — +00 to a solution to (1.2),
with ¢ = 1.

In the rest of the paper we analyze the long time behavior of the flow (1.1) without rescaling
in the case of regular anisotropies, see assumption (2.2) below. In order to rule out possible
oscillations in time, it is necessary to assume some decay condition of the initial data at infinity,
and in particular we will consider initial graphs which are asymptotically flat or asymptotically
approaching mean convex cones.

In Section 4 we consider self-similar expanding solutions starting from Lipschitz mean con-
vex cones. In Theorem 4.3, by constructing appropriate barriers, we show that such solutions
are stable with respect to perturbations vanishing at infinity.
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In Section 5 we prove that if the initial surface is asymptotically approaching a hyperplane,
then the evolution asymptotically flattens out in Hausdorff sense. This result is obtained by
comparison with large Wulff shapes, and by constructing appropriate 1-dimensional periodic
barriers to the evolution. This approach also provides a different proof for the same result in
the isotropic setting, which was obtained by integral estimates on the flow, see [8,10].

2. PRELIMINARY DEFINITIONS AND RESULTS
We recall some definitions for anisotropies and related geometric flows (see for instance [3]).

Definition 2.1. Let ¢ : RV*! — [0, 400) be a positively 1-homogeneous convex map, such
that ¢(p) > 0 for all p # 0. We associate to the surface tension the anisotropy ¢ : RV*1 —
[0+00) defined as ¢°(q) := Sup,,(p)<1 P-¢, which is again convex and positively 1-homogeneous.
The anisotropic mean curvature of a set E at a point p € OF is defined as

H,(p, E) = div,(Ve(v(p))),

when ¢ is regular, where v(p) is the exterior normal vector to JF at p, and div, is the
tangential divergence, whereas in the general case it is defined using the subdifferential,

Hy(p, E) € div- (9 (v(p)))-
Definition 2.2 (W, o-condition). We define the Wulff shape as the convex compact set
Weo = {q € RM [0%(q) < 1}.

We say that C C RV*! satisfies the interior (resp. exterior) RW jo-condition at x € 9C" if
there exists y, € RV such that RW_0 + y, € C and 2 € O(RW,0 + ;) (resp. there exists
y” such that RW, o + y* C RV*1\ C and & € O(RW 0 + y7)).

Remark 2.3. Observe that if ¢ € C2(RV*!\ {0}) and ¢? is uniformly convex, then also
¢’ € C*(RN*N\ {0}) and (¢°)? is uniformly convex. In this case the W o-condition is
equivalent to the standard (interior or exterior) ball condition.

We consider the geometric evolution law (1.1) under the following assumptions on anisotropy
and mobility:
(2.1)

Y : RVNFL 5 [0, +00) is continuous, positively 1-homogeneous, and (p) > 0 Vp #0

and
(2.2) either ¢ € C?(RN*+1\ {0}) and ? is uniformly convex
(2.3) or 1 is convex.

Remark 2.4. By positive 1-homogeneity there holds that Vp(Ap) = Vp(p) for every A > 0
and p € R¥*1 and moreover that V(p) - p = o(p).

We associate to the geometric flow (1.1) the following level set equation: Given a uniformly
continuous function Uy : RN T — R such that Ey = {p € R¥*!: Uy(p) < 0} and 0Ey = {p €
RN*L . Uy(p) = 0}, we consider the solution U(p,t) to the following quasi-linear parabolic
equation

(2.4)

U, — ¢(VU)div(Ve(VU)) = 0
U(p,0) = Uo(p).
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Remark 2.5. When ¢ is sufficiently regular, that is, (2.2) holds, the solution to (2.4) is
intended in the sense of viscosity solutions, see [2,12|, whereas in the general case in which ¢
is not smooth and 1 is a norm, the solution is intended as the level set distributional solution
defined in [5]. We recall also that the level set distributional solution is the locally uniform
limit of viscosity solutions to (2.4), when we approximate the anisotropy and the mobility
with regular ones, see [6].

We recall the following result about well posedness of the flow (1.1).

Theorem 2.6. There exists a unique continuous solution U to (2.4), to be intended in the
sense of wviscosity solutions if (2.2) holds, and in the distributional level set sense if (2.3)
holds, that is, the level set flows defined as

Ef = {peR"": Ulp,t) <0}
E; = {peR¥: Upt) <0}

provide a solution (in the appropriate sense) to (1.1).

Moreover, if Uy, Vi are two uniformly continuous functions such that Uy < Vy, then U(p,t) <
V(p,t) for allt >0 and p € RN*L,

Finally, if Uy is Lipschitz continuous with Lipschitz constant C, then

|U(p,t) —U(q,s)| < Clp—q|+C'V|t — s Vp,g e RV ¢ s >0,

where the constant C' depends on C. In particular, if there exists a direction w € RN*! such
that Ug(p + Mw) > Up(p) for every A > 0 and every p € RN*L then U(p + Mw,t) > U(p,t) for
everyt >0, A\ >0, p e RV*L

Proof. For the existence and uniqueness of solutions to (2.4), and the comparison principle,
in the case that (2.2) holds we refer to 2], whereas for the general case in which (2.3) holds
we refer to [5].

The last two properties are a consequence of the comparison principle and the fact that the
differential operator is invariant by translations. Indeed, if Uy is Lipschitz continuous, and C'is
the Lipschitz constant of Uy, then for every fixed h € RN then Uy (p,t) := U(p-+h,t) £ C|h|
is a solution to (2.4) with initial datum Uy(p + h) £ C|h|. Since Up(p + h) — C|h| < Up(p) <
Uo(p+h)+C|h|, by comparison there holds that U(p+h,t)—C|h| < U(p,t) < U(p+h,t)+C|h|,
which implies that

U(p,t) —U(g,t)| < Clp—q|  p,g e RNt >0.

A similar argument shows that, if Uy(p + Aw) > Uy(p) for every A > 0 then U(p + \w,t) >
U(p,t).

Finally, observe that if the initial datum is a cone, that is, Vo(p) = C|p — pol|, for some
po € RNV*1 then by uniqueness, using the positive 1-homogeneity of the Euclidean norm and
the scaling properties of the operator, we get that the solution to (2.7) satisfies V(p — po,t) =
%V(r(p —po),r2t) for every r > 0 and ¢ > 0,p € RN+, This implies in particular that

(2.5) V(0,t) = VtV(0,1) for every t > 0.

Therefore, to prove the Hélder continuity of U, we proceed as follows. We fix pg and
observe that Up(p) < C|p — po| + Uo(po). Hence, by comparison and using (2.5), we get
that U(po,t) < vtV (0,1) + Ug(po), where V(0,1) is the solution to (2.4) with initial datum
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C|p — po|. Therefore we get that U(pg,t) — U (po,0) < V(0,1)v/t. By translation invariance of
the operator, we conclude that for every s > 0,

U(po,t+ s) — Ul(po, s) < V(0,1)Vt.
The other inequality is obtained analogously, taking as initial datum —C|p — py|. U

Remark 2.7. It is easy to check that the rescaled Wulff shape RW o, for R > 0, satisfies
Hy(RWy0) = . Let ¢ = min,cgv ¢(v) > 0, and ¢ = max,cgn (v) > 0, and define

R(t) := VR? = 2¢)Nt and R(t) := |/R? — 2¢'Nt, for ¢ sufficiently small. Then R(t)Wo is

a subsolution to (1.1) with initial datum RW o, whereas R(t)W o is a supersolution to (1.1)
with initial datum RW,o. This implies that R(t)W,0 C W™ (t) € WT(t) C R(t)W 0, where
W=*(t) is the level set solution to (1.1), with initial datum W0 as defined in Theorem 2.6.

In this paper we consider the case in which the initial datum FEj is the subgraph of an entire
Lipschitz function. Up to a rotation of coordinates, we may assume that

(2.6)  Jug : RN — R, Lipschitz continuous such that Ey = {(z,2) € RN ™! | 2 < ug(z)}.

A direct application of Theorem 2.6 gives the following result on the evolution of Lipschitz
graphs.

Corollary 2.8. Assume that Ey satisfies (2.6). Then the level set flow satisfies E, = E}} =
{(z,2) € RNt | 2 < wu(x,t)}, where u(z,t) is a continuous function such that

u(z,t) = u(y, s)| < [Vuolloo|z —yl + K/[t — ]
for some K > 0 depending only on the Lipschitz constant ||Vugl|lso of uo.
When ¢ is reqular, that is, (2.2) holds, then u is the viscosity solution to

ut + Y (—Vu, 1)div(Vype(—Vu,1)) =0
2.7) {u(:c, 0) = up(x).

When ¢ is not reqular and (2.3) holds, then the solution is intended in the distributional
sense as in [5], and coincides with the locally uniform limit of viscosity solutions to (2.7) when
©, ¥ are approximated by regular functions, see [6].

Eventually we recall the following regularity results for solutions to (2.7).

Proposition 2.9. Let ug be a Lipschitz continuous function. Assume that ¢ satisfies (2.2),
and that V2, 1 belong to COP(RNT1\ {0}) for some B € (0,1).

Then u(-,t) € C>*(RN) and u(z,-) € C13 (0, +00) for every (z,t) € RN x (0, +00) and for
some a € (0,1). Moreover for every ty > 0 there ezists a positive constant C, depending on
to, v, ¥ and the Lipschitz constant of ug, such that

(2.8) IVul; Dllcremyy + [lud(z, ) <G

HCO‘%(to,Jroo)
for every (z,t) € RN x (tg, +00).

Proof. If the initial datum ug belongs to C%%(R¥), then by [1, Section 6] (see also [16,17]) there
exists a solution u : RN x (0, T") — R for some T' > 0 such that u(-, ) € C>*(R") and u(z,-) €

ch3 (0, T) for every (x,t) € RN x (0,T). Then, by standard results for quasilinear parabolic
equations with Holder continuous coefficients, see e.g. [1, Proposition 9.5, Proposition 9.6],
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we have that the norm of the solution u depends only on 1, ¢ and the Lipschitz constant of
ug. It follows that 7' = +oo and (2.8) holds.
If ug is only Lipschitz continuous we approximate ug with initial data in CQ’Q(}RN ), and
then conclude by stability of solutions to (2.7) with respect to local uniform convergence.
O

Proposition 2.10. Let ug € CHH(RY) with [uollcri@mny < C and let (2.2) hold. Then the

viscosity solution u of (2.7) is uniformly of class CH*(RYN), for any fived t > 0 and for all
a € (0,1), with CY* norm bounded independently of t > 0.

Proof. First of all let u(-,t) be the viscosity solution to (2.7). By Corollary 2.8, it is Lips-
chitz continuous with ||Vu(z,t)|lec < ||Vuo|eo. Let C := ||tp(—Vug, 1)div(Ve(—Vug, 1)) co-
Note that ug(xz) £ C't are respectively a supersolution and a subsolution to (2.7), so that by
comparison principle, see Theorem 2.6, we get

up(x) — C't < u(z,t) < up(z) + C't for all ¢t > 0.

Moreover for every t > 7 > 0, the functions u(z,t) &+ sup, |u(x, 7) — up(z)| are respectively a
supersolution and a subsolution to (2.7) with initial datum w(z,7), whence

lu(z,t + 1) — u(z,t)| < sup |u(z, 7) — uo(z)| < C'r.
x
This implies that wu(z,-) is Lipschitz continuous with |us(x,t)| < C’, which in turn gives,
recalling that Vu is bounded, that
—C < div(Ve(~Vu, 1)) < C for all z € RY and ¢ > 0.
By elliptic regularity theory for viscosity solutions (see [19]), this implies that for every ¢ > 0,
u(-,t) € CH*(RN) for every a < 1. O
3. SELF-SIMILAR EXPANDING SOLUTIONS AND CONVERGENCE OF THE RESCALED FLOW

We discuss the properties of solutions to (1.1) starting from Lipschitz cones, that is, sub-
graphs of Lipschitz continuous and positively 1-homogeneous functions u:

(3.1) 3C >0 |u(x) —u(y)| < Clx —y a(rz) = ru(x) Vr>0,z,y € RV,

Then we consider the long time behavior of solutions starting from sublinear perturbations of
Lipschitz cones.

Theorem 3.1. Let @ : RJ\Z — R be as in (3.1) and let Ey be the subgraph of u. Then, for
every t > 0, the evolution E; of (1.1) with initial datum Ey satisfies for p € OE;

(3-2) p-v==2ty(v(p))Hy(p, Ey),

that is, the flow starting from Eq is an expanding homothetic solution to (1.1). Writing E; as
subgraph of a function u(-,t) we have that for all T >0

lim @(z,t +T) — a(z,t) =0 locally uniformly in RY.
t—o0
Finally, if either u € CY(RN\{0}) or Ey satisfies the exterior and interior R W, — condition
at every x € Oy \ {0} (see Definition 2.2) with R, possibly depending on x, then
lim a(x,t) —u(x) =0 for every t > 0.

|z| =400
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Proof. By (3.1) we get that for every r > 0, there holds rEy = Ey, and Hy(rp,rEp) =
7“*le (p, Eo) for all » > 0 and all p € dEy. Therefore, by uniqueness of solutions and by the
rescaling properties of the operator, we get that E; = rE, sr2 for all t,7 > 0. The previous
rescaling identity gives

1
a(z,t) = ~a(rz,r’t), rt>0 zeRY.
r

Letting r := 7% for t > 0, we get

(3.3) a(x,t) = taa(at 2, 1).
This implies that, if p € OF; then pt% € 0F; and

(3.4) Hy(pt?, By) = t72 Hy(p, By).

Substituting in (1.1) we get that E; solves (1.2) with ¢7! = 2. The same argument holds
substituting ¢ = 1 with another time ¢ > 0.

We observe that, by rescaling property (3.3), and by the fact that @(-,¢) is Lipschitz con-
tinuous with the same Lipschitz constant as u, for every T'> 0 and ¢ > 0 we have

la(z, t+T) —a(z,t)] = |(t+T)zaz(t+T)"2,1) —tzazt "2, 1)
1 1
< (E+T)3lae(t +T)72,1) - alzt™3,1)|
F(t+T)2 — t2||a(zt 2, 1)
Clt+T)2|z||(t+T) 2 —t 2|+ C|(t+T)2 — t2||z|t 2

1 1
< Clwl<<1+T)2—<1—T>2) < Tl
t t t

Sending ¢t — 400, we get the result.

We now show that, if Ey satisfies the exterior and interior W 0—condition, the expanding
solution is asymptotic at infinity to the initial cone, by comparison with the shrinking Wulff
shapes constructed in Remark 2.7.

Note that by positive 1-homogeneity of the function «, for every R > 0, there exists K > 0
such that Ey satisfies the exterior and interior RW o0—condition at every (z,u(z)) € 0Ey,
with |z| > K. Therefore we get

1
2

)
1
2

)

N

U (BRWey +42) € Eo CRN*U\ | (RW,, + 92),

|z|>K |lz|>K

where y,,y" are introduced in Definition 2.2. By comparison (see Remark 2.7 and Theorem
2.6) we have that

U (ROWy, +2) € E SRV (] (R()W,, + y)

lz|>K |z|>K

where R(t) := \/R2 — 2Nt is defined in Remark 2.7. From the previous inclusions, we

2
deduce that, for all |x| > K and t < 271@7

[u(z,t) —u(r)| < C(R— R(t)) < c]\;;/’t
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where C' is a constant which depends on ¢ and on the Lipschitz constant of w. This implies
the conclusion, sending R — +o0.

A similar argument can be used to prove the same result when @ € C*(R™ \ {0}). For it we
define vy (z) := @(\e + x) — @(\e) where A > 0 and e € R with |e¢| = 1. For every compact
set K, since V4 is continuous in RV \ {0}, we get that as A — 400

Vo(z) = Ve + z) = Va (e + ;) ~ Vie)
uniformly in = and e. Hence, letting f.(z) := Vu(e) - © we conclude that
dim oy = fellor(x) = 0

uniformly in e, with |e| = 1.
This implies that there are functions a(r),e(r) > 0, r > 0, with a(r) — oo and g(r) — 0
as r — 00 so that for large |z|, there exist y,,3* € RV*! such that

d((z, u(z)), a(|z)Weo + Ya), d((z, u(x)), a(|z)We, +y*) < e(|z]),

and eventually

(a(|z) Wy +ya) € Eo © RNFIN (af|z])We, + 7).

So, the thesis follows from the same argument as above. O

Remark 3.2. If we assume that V¢, belong to C%(RN+1\ {0}) for some 3 € (0,1), then
there exists C' > 0 such that

(3.5) sup |div(Vzp(=Vi(x,t),1))| < Ct~

z€RN

Indeed due to (3.4) it is sufficient to check that there exists C' > 0 such that
sup |div(Vye(—Vu(z,1),1))] < C,

zeRN

D=

vt > 0.

and this is a consequence of Proposition 2.9.

Moreover, if (3.5) is satisfied, then |a.(z,t)| < C't~2, for some C' > 0 depending on C' and
on the Lipschitz norm of ug. Integrating in ¢t we get

\u(x,t +T) —a(z,t)| <C'(Vt+T —t)  forall T >0,
hence, for every T' > 0 we conclude that

. _ s _ . . N
tileroo |u(z,t +T) —u(x,t)| =0 uniformly in R™.

On the other hand, every homothetically expanding solution E; to (1.1) which is the sub-
graph of a Lipschitz continuous function has a backward in time extension which starts from
a subgraph of a suitable Lipschitz and 1-homogeneous function.

Proposition 3.3. Assume that Ey is a solution to (1.2) for some ¢ > 0, such that there exists
a Lipschitz continuous function uy : RN — R for which Ey = {(z,2) | z <ui(z)}. Let u(z,t)
be the solution to (2.7) in RN x (1,+00) with initial datum u(z,1) = uy(x). Then we may

extend continuously u(x,t) in RN x (tg, +00), where tg = 1 — i, and moreover it holds
lim u(z,t) = a(x) locally uniformly
t—td

where @ : RY — R satisfies (3.1).
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Proof. Since E; solves (1.2), we have that
E, = At)E1, where \(t) := (2¢(t — 1)+ 1)2, ¢> 1.

Therefore the solution u to (2.7) in R x (1, 400) with initial datum wu(wz, 1) = u(z) is given
by

(3.6) wmwzxwm<§;>, t>1, z e RV,

By definition A(¢) is well defined for every t > ¢ty = 1 — i, and so u can be extended to
a continuous function in RY x (¢, +00), which is Lipschitz continuous in z, with the same
Lipschitz constant as u;. We compute now the limit as t — tar , that is the limit as A\(t) — 0T

in (3.6). For r € (0,1), we define
x
vp(x) 1= Uy (7) .

r

Note that (v,), are equi-Lipschitz and locally bounded so that, up to subsequences, there
exists the locally uniform limit of v, as 7 — 0% by Arzela-Ascoli Theorem.

In order to conclude, we need to show that such limit is unique, i.e., it does not depend
on the subsequence. If this is true, it is easy to check that @(x) := lim,_,q+ 7ug (%) satisfies
(3.1). To prove the whole convergence, we observe that by (3.6)

v (2) = ulz, \71(r)) vr > 0.
Let 7, — 0% so that lim, e v, () =: ¥(z) locally uniformly. We set
Un(z,t) := u(z,t + X"1(m)).

Then u,, is the solution to (2.7) in RY x (0, +00) with initial datum wu,(z,0) = u(z, \"*(r,)) =
vr, (z). Recalling that v,, () — v(x) locally uniformly, and that v, and v are equi-Lipschitz
functions, by Corollary 2.8, we get that, up to subsequences, u,(x,t) — v(x,t) locally uni-
formly in (z,t), for some function v(z,t). By stability of solutions to (2.7) with respect to
uniform convergence, we get that o(z, t) is the solution to (2.7) in RY x (0, +-00) with initial da-
tum v(x,0) = v(x). Now observe that by definition u,(x,t) = u(x,t + A" (r,)) — u(z, t + o)
for every t > 0, therefore v(x,t) = u(x,t +to) for every ¢t > 0. This implies that the limit v is
independent of the subsequence r,. ]

We now provide the locally uniform convergence to self-similar expanding solutions, in the
rescaled setting (1.3), if the initial Lipschitz graph is a sublinear perturbation of a cone. A
similar result has been obtained in [9] for the isotropic case, and in [4] for the fractional mean
curvature flow. Note that, if the flow E is the subgraph of the solution u(z,t) to (2.7), then
the rescaled flow E, defined in (1.3) is the subgraph of the rescaled function

21 1
(3.7) u(y,7) =€ "u <yeT, 62> :

Theorem 3.4. Let ug be a Lipschitz continuous function, such that there exist u which satisfies
(3.1), and constants K >0, § € (0,1) for which there holds

o) — a(w)] < K(L+ ).
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Let u(y, ) be the rescaled function as defined in (3.7), where u is the solution to (2.7) with
initial data ug and let u(x,t) be the solution to (2.7) with initial datum . Then

1
lim a(y,7)=u (y, 2> locally uniformly.

T—+00

Proof. We argue as in the proof of [4, Theorem 5.1]. Let x : (0, +00) — (0, +00) be a smooth
function such that x(k) =0 if £ < 1 and x(k) =1 if k£ > 2. Define for r > 1

Then our assumption implies that
lug(z) — ub(z)] < K(1+2r)'° Vo eRN.
By the comparison principle we deduce that
up(z,t) — K(1+2r)'7° Sz, t) <up(z,t) + K1 +2r)17° Ve eRY, >0

where u, u, are the solutions to (2.7) respectively with initial data up and u{. Then passing
to the rescaled functions @ and 4" as defined in (3.7), we obtain

(3.8) @ (y,7) — K(1+2r)' %™ <a(y,7) <@ (y, )+ K(1+2r) 07 vy e RN, 7> 0.
On the other hand,

Let @4, be the solution to (2.7) with initial datum respectively ﬂ(az):l:%( |z|. By the comparison
principle

(3.9) U_p(z,t) < u'(x,t) < Uyr(z,t) vz e RVt > 0.

Note that @(z) + i—{ﬂx! satisfy (3.1) with Lipschitz constant ||Da||o + 2715( < ||Du)|oo + 2K.
By the rescaling properties of @,, see (3.3), we get that when we apply the rescaling (3.7) to

U+, We obtain U4, (y, 1_627%). Then, passing in (3.9) to the rescaled functions as defined in

(3.7) we get
1— 6727' 1— 6727'
() ot < (o2

Recalling that u(x) + i—{f\x| are Lipschitz functions with Lipschitz constant bounded by
|Dii||oo + 2K, by Corollary 2.8 we get that there exists B depending only on || Di||s and
K such that

2 2
Therefore by (3.8) we conclude that

1 1
U_rp <y7 ) — Be™ " < ﬂ’r(va) < Uty <y7 > + Be .

Uy (y, ;) —~ B+ K1 +2r)"%e ™ <y, 1) < Uyr (y, ;) + (B4 K(142r)17%)eT,
forally € RN, 7 >0 and r > 1.

Notice that @4, (y, %) —u (y, %) as r — 400, locally uniformly in y by stability of solu-
tions with respect to local uniform convergence, since u(x) £ i—lﬂxl — u(z) locally uniformly.
Therefore, taking r = e” in the previous inequality and letting 7 — +00, we obtain the local
uniform convergence of «. 0
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Remark 3.5. If ug—u € L>°(RY), the convergence result in Theorem 3.4 can be strengthened
to uniform convergence. In the isotropic case, the uniform convergence has been obtained in
[9] under the assumptions of Theorem 3.4, by using maximum principle and integral estimates.

4. STABILITY OF SELF-SIMILAR SOLUTIONS ASYMPTOTIC TO MEAN CONVEX CONES

In this section we assume that the anisotropy is regular, that is, (2.2) holds, and we address
the issue of the stability with respect to perturbations vanishing at infinity in the case of mean
convex cones. The same problem has been considered in the isotropic setting in [8].

So we consider self-similar expanding solutions starting from initial data which satisfy the
following condition: @ is as in (3.1) and moreover

(4.1) @e C*RN\ {0}), @ is nonlinear and div(V,o(—Vi, 1)) < 0 in the viscosity sense.

Note that the assumption in (4.1) implies that the epigraph of @, that is, the set {(x,z2) | z >
u(x)} is a mean convex set.

We first show that mean convexity is preserved and that the homothetic solution @(z,t)
always lies above u.

Lemma 4.1. Let u be as in (3.1) and (4.1) and let u(x,t) be the solution to (2.7) with initial
datum u. Then u(xz,t + s) > u(z,t) for every t > 0 and s > 0, and moreover u(0,t) =
Vtu(0,1) > 0 for t > 0.

Proof. Condition (4.1) implies that @(z) is a stationary subsolution to (2.7), so by comparison
u(x,t) > u(x). Again by comparison and the semigroup property we get that for all s > 0,
there holds u(z,t + s) > u(z, ).

In particular we get that u(0,¢) > %(0) = 0, moreover by (3.3), (0,t) = v/tu(0,1). Observe
that since %(0,1) is a solution to (1.2) with ¢ = 1/2, then div(V,¢(=V4a,1)) € LS. and by
elliptic regularity theory [19], recalling (2.2), this implies that @(-,1) € CLH*(RY) for every
a < 1. It follows that w(0,1) > 0. O

Proposition 4.2. Let @ be as in (3.1) and (4.1) and let ug : RY — R be a Lipschitz continuous
function such that
lim  wo(x) —a(x) =0.
|z|—+o0

Then for every d > 0 there exists ts > 0 such that
u(z,t) = a(z) — 9, t>ts
where u(x,t) is the viscosity solution to (2.7) with initial datum ug.

Proof. The proof is based on the construction of a barrier for the evolution. First of all observe
that by assumption, there exists m > 0 such that ug(z) > @(z) —m for all z € RY. Moreover,
for every § > 0 there exists R(J) > 0 such that ug(z) > a(z) — § for every |z| > R(9).

Let x : [0,4+00) — [0, 1] be a smooth function such that x(s) =1if s < 1, x(s) =0if s > 2.
Then for every r > 0, we define b.(z) := @(z) — rx(|z|). Then b, € C?(RY \ {0}), moreover
by(x) < u(z) for all x, in particular b,(z) = u(x) if |x| > 2 and b.(z) = u(x) —r if |z] < 1.
Finally we get

li div(Vap(—Vbe(2),1)) < div(Vap(—Vi, 1)) = —c < 0.
Nim max, iv(Va(=Vbr(2),1)) e iv(Vap(=Va, 1)) = —c <
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Choosing r sufficiently small, we get that div(Vze(—Vb,(x),1)) < 0 in the viscosity sense for
all z. Now, let us fix rg, and b,, the corresponding function such that the previous condition
is satisfied. In particular b,, is a stationary subsolution to (2.7).

We claim that there exists A > 0 such that
(4.2) u(x,t) = w(z,t) := sup (ﬂ(a:,t) —m, Aby, (%) - 6)
where @(z,t) is the solution to (2.7) with initial datum @. Note that the function w(zx,t) is a
subsolution to (2.7), since it is the supremum between two subsolutions. Therefore to check the
claim, it is sufficient to show that u(xz,0) = ug(z) > w(z,0) = sup (@(z) — m, Aoy, (5) —9).
First of all, by assumption we know that up(x) > @(z) — m for all z. On the other hand,
observe that if A > max(R(J),m/rg), by definition of x and the positive 1-homogeneity of u,
there holds that for |z| < R(J) < A,

x |z

Abr, (X) =u(z) — A\rox <)\) =u(z) — Arg < u(z) — m < up(x).

On the other hand if |x| > R(J), by assumption and our construction of b,, ug(x) > u(x)—4§ >
Aoy, (%) = 6.

Therefore, by comparison, (4.2) holds for every A > max(R(0), m/rg). We fix A\g which
satisfies this condition.

Now, observe that by Lipschitz continuity and Lemma 4.1, there holds @(x,t) —m >
Vti(0,1) — ||V so|z| — m. Therefore there exists t5 such that @(z,t) — m > @(x), for all
|| < 2)\g and for all t > t5 and then, in turn, by (4.2), we get that u(z,t) > u(x) for
all t > ts and |x| < 2)\g. On the other hand, if |z| > 2\ there holds by definition that
Aobr, (%) —d = u(x) — ¢ and then again by (4.2), u(x,t) > u(x)— ¢ for all ¢, for all |z| > 2)g.
So, we get the conclusion. O

We conclude with the following stability result.

Theorem 4.3. Assume that (2.2) holds. Let ug : RN — R be a Lipschitz continuous function
and @ a nonlinear function which satisfies (3.1), and (4.1) such that

lim  wo(x) — u(x) = 0.
|z| =400

Then,
lim w(z,t) —a(z,t) =0 locally uniformly in RY

t——+00

where u(x,t),u(x,t) are the solutions to (2.7) with initial datum wug,u. If moreover Vg, v
belong to COP(RN+1\ {0}) for some 3 € (0,1), then the convergence is uniform in RN .

Proof. First of all we observe that by Proposition 4.2 and the comparison principle, there
holds that for all § > 0 there exists t5 such that for all ¢ > tg,

(4.3) w(z,t) > @z, t — t5) — 0.

We fix now € > 0 and R, > 0 such that ug(z) < @(z) + ¢ for all |z| > R.. Therefore, by
Lemma 4.1, we get that for all t > 0,

(4.4) uo(x) < u(x) +e < u(x,t) +¢e for all |z| > R..
Observe now that by (3.3) and Lipschitz continuity
a(a,t) = a(0,t) — | Valoo|z| = VEa(0,1) — | Vil|oo|]-
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Since %(0,1) > 0 by Lemma 4.1, there exists t. > 0 sufficiently large such that
(4.5) u(xz,t) = up(x) for all |z] < Re, t >
Therefore, by (4.4), (4.5), and by comparison we get that for every ¢ > 0
(4.6) u(w,t) <ulr,t+t)+e V=00 RV
By (4.6) and (4.3) we get that for e >0, 6 >0
u(z, t —ts) —u(z,t) — 0 < wu(w,t) — u(z, t) < ulx,t +t) — ulx,t) +e.

We conclude sending ¢ — +00, and recalling Theorem 3.1. In case that VZp,4 are more
regular, we conclude recalling Remark 3.2. g

5. STABILITY OF HYPERPLANES

In this section we show that hyperplanes are stable with respect to the flow (1.1), if the
anisotropy is regular, that is, (2.2) holds. In particular we show that if the initial datum is
flat at infinity, then the solution stabilizes to the hyperplane at which the initial datum is
asymptotic. The same result has been obtained in the isotropic case by integral estimates and
comparison with large balls in [8, 10|, and by using the heat kernel, in dimension 2, in [18].
Here we provide a different proof based on construction of suitable periodic barriers.

We start with a preliminary lemma on 1-dimensional periodic barriers.

Lemma 5.1. Assume (2.2), and let fo : R — R be a function of class CY1(R) which is Z-
periodic and odd. Let u(x,t) be the solution to (2.7) with initial datum uo(x) := fo(x - e1).
Then

lim w(z,t)=0 uniformly in C(R™).

t—+o0
Proof. By uniqueness we have that
u(z,t) = f(x - ey, t),

where f : Rx [0, +00) — Rsatisfies f(r,0) = fo(r), f(r,t) = —f(—r,t) and f(r+z,t) = f(r,t)
for every z € Z. Notice also that

(5.1) |Vu(z,t)] < I[Ié&ﬁ( 1o for all (z,t) € RY x (0, +00).

)

Differentiating in time the anisotropic perimeter of the graph of u, for all £ > 0 we get that

/[071]]\] o(=Vug(z), )dx > /[0’1]N <P(—Vuo(x),1)dx—/ o(=Vu(z,t),1)dx

(0,11

t
= —/ / up div(Veo((—Vu, 1)dzds
(0,1]¥

= dxds,
/ /[0 1]N VU 1)
+oo 1 +o00
/ / fdxds = / / u? drds < C,
0 0 0 [0,1]V

which implies that
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where the constant

C:= ( max (&, 1)) / o(—=Vug(z),1)dx
[§l<max(o 17 f§ [0,1]V
depends only on the initial function fo. It follows that there exists a sequence of times
tn — oo such that f;(-,t,) — 0 in L%([0,1]) as n — +o0. Recalling Proposition 2.10, up to
extracting a further subsequence we can also assume that u(-, ¢,) — @(x) uniformly in C*(RY)
as n — 400, where @(x) = f(x - e1) with f Z-periodic.
Evaluating now (2.7) at t = t,,, after an integration by parts we get that

ut(‘rvtn) / /
n(x-e1)dx = Vo(—Vu(zx,t,),1)-e1n'(x-e1)dr
L TSy e = [ Ve Tate ) 1) v )

for all € C1(R) Z-periodic. Passing to the limit as n — +o0o, we finally get that the function
u satisfies

/[ N Vap(=Vi(z),1) - e17/ (- e1)dr =0
0,1

for all n, that is, @ is a periodic, odd and smooth solution to the anisotropic minimal surface
equation

div(Vge(—Va,1)) =0.
Recalling that we are assuming (2.2), we get that by the strong maximum principle, and the
periodicity of %, we conclude that u = 0. ]

Theorem 5.2. Let Ey € RNt such that OFy is a Lipschitz surface and assume that there
exists a half-space H for which

RLHEOO dH(EO \ B(O7 R)? H \ B(07 R)) =0

where dg (A, B) is the Hausdorff distance between the sets A, B. Then we have
lim dy(Fi, H) =0.

t—+o0
Proof. We may assume without loss of generality that H = {(z,z) € R" x R | z < 0}.
Moreover, by the assumption that limp_, 4~ d(Eo \ B(0, R), H \ B(0, R)) = 0, there exist two
Lipschitz functions ug,vp : RV — R such that limy 400 uo(z) = 0 = lim; 4o vo(x) and
{(z,2) e R"" xR | z < up(z)} € Ey C {(z,2) € R" xR | z < vo(z)}. By comparison we
get that {(z,2) € R" xR | z < u(z,t)} € E; C {(z,2) € R" xR | z < v(x,t)}, where
u(z,t),v(x,t) are the solutions to (2.7) with initial datum wug, vo.

We claim that limy_, 4 o u(x,t) = 0 = limy—, o0 v(x, t) uniformly. If the claim is true, then
the result follows.

It is sufficient to prove the claim only for u (since for v is completely analogous), moreover,
we restrict to the case in which ug > 0 (or equivalenty ug < 0). Indeed the general case
is easily obtained by using as barriers the solutions with initial data uar = max(ugp,0) and
u, = min(uop,0).

So, we prove the claim only for the case up > 0. Note that by comparison, since the
constants are stationary solutions, 0 < u(z,t) < maxug for all z € RY ¢ > 0.

First of all we prove that

inf u(z,t) =0
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for all t > 0, by comparison with shrinking Wulff shapes as constructed in Remark 2.7. Indeed
for every € > 0, let us fix R > 0 such that ug(z) < ¢ for all |z| > R. Let Ey be the subgraph of
max(ug, €). Note that for [z| > R, OEy is a hyperplane, and then at every |z| > R, there exists
Rj;) > 0, such that R, — +oo as |z| — 400 and that E, satisfies at x the exterior Ry W0
condition. So, arguing as in the proof of Theorem 3.1, we get that for every ¢ > 0, there exists
K > 0 such that |u(x,t)| < 2¢ for |z| > K. This gives the desired property inf, u(z,t) = 0.

Now we note that by comparison, M(t) = sup, u(z,t) is decreasing. We define 0 < M :=
limy_, oo M (t) = inf; M (t). Now we claim that

M =0.

If the claim holds, then we get the conclusion. .

Assume by contradiction that M > 0. We fix 0 < & < &L and £ > 0 such that M (£) < M +e.

We fix also R = R(t) such that u(z,t) < % for all |x| > R. Now we shall get a contradiction
by constructing a periodic barrier as in Lemma 5.1 (up to suitable vertical translations). We
fix a smooth even function fy : [-2R,2R] — R, such that fo(z) = M +¢ for 2 € [-R, R],
fo(—=2R) = fo(2R) = 3M + £ and fy(z) is increasing in (—2R, —R) and decreasing in (R, 2R).
Now we extend it to a function fp : [-2R,6R] — R by putting

folz +2R) = —fo(—z + 2R) + gm te.

Note that fo(z 4+ 2R) — %M — 5 is an odd function. Finally, we extend it by periodicity to be
a 8 RZ periodic function.

Let vo(x) := fo(z - e1), and note that by construction, u(z,f) < vo(x) for all z € RY and
then by comparison

u(z, t +1t) <v(z,t), and in particular limsupu(z,t) < lim v(x,t)
t—+o00 t—+00

where v(z,t) is the solution to (2.7) with initial datum vg. Now by Lemma 5.1 we get that
. )

limy 400 v(2,t) = %]\7[ + § uniformly. Since %M + § < M, by our choice of ¢, we get that
limsup; ., o u(x,t) < M, in contradiction with the definition of M. O

REFERENCES

[1] Ben Andrews, Volume-preserving anisotropic mean curvature flow, Indiana Univ. Math. J. 50 (2001),
no. 2, 783-827.

[2] Guy Barles and Panagiotis E. Souganidis, A new approach to front propagation problems: theory and
applications, Arch. Rational Mech. Anal. 141 (1998), no. 3, 237-296.

[3] Giovanni Bellettini, Vicent Caselles, Antonin Chambolle, and Matteo Novaga, Crystalline mean curvature
flow of convex sets, Arch. Rat. Mech. Anal. 179 (2006), no. 1, 109-152.

[4] Annalisa Cesaroni and Matteo Novaga, Fractional mean curvature flow of Lipschitz graphs, Arxiv preprint
2103.11346 (2021).

[5] Antonin Chambolle, Massimiliano Morini, Matteo Novaga, and Marcello Ponsiglione, FEzistence and
uniqueness for anisotropic and crystalline mean curvature flows, J. Amer. Math. Soc. 32 (2019), no. 3,
779-824.

, Generalized crystalline evolutions as limits of flows with smooth anisotropies, Anal. PDE 12
(2019), no. 3, 789-813.

[7] Antonin Chambolle, Massimiliano Morini, and Marcello Ponsiglione, Existence and uniqueness for a crys-
talline mean curvature flow, Comm. Pure Appl. Math. 70 (2017), no. 6, 1084-1114.

[8] Julie Clutterbuck and Oliver C. Schniirer, Stability of mean conver cones under mean curvature flow,
Math. Z. 267 (2011), no. 3-4, 535-547.

[6]



16

9]
[10]
[11]
[12]

[13]

[14]
[15]
[16]
[17]
18]
[19]

[20]

A. CESARONI, H. KRONER, M. NOVAGA

Klaus Ecker and Gerhard Huisken, Mean curvature evolution of entire graphs, Ann. of Math. (2) 130
(1989), no. 3, 453-471.

Klaus Ecker, Regularity theory for mean curvature flow, Progress in Nonlinear Differential Equations and
their Applications, vol. 57, Birkhduser Boston, Inc., Boston, MA, 2004.

Mi-Ho Giga, Yoshikazu Giga, and Hidekata Hontani, Self-similar expanding solutions in a sector for a
crystalline flow, SIAM J. Math. Anal. 37 (2005), no. 4, 1207-1226.

Yoshikazu Giga, Surface evolution equations, Monographs in Mathematics, vol. 99, Birkhduser Verlag,
Basel, 2006. A level set approach.

Yoshikazu Giga and Norbert Pozar, Approzimation of general facets by regular facets with respect to
anisotropic total variation energies and its application to crystalline mean curvature flow, Comm. Pure
Appl. Math. 71 (2018), no. 7, 1461-1491.

, A level set crystalline mean curvature flow of surfaces, Adv. Differential Equations 21 (2016),
no. 7-8, 631-698.

Gerhard Huisken, Flow by mean curvature of conver surfaces into spheres, J. Differential Geom. 20 (1984),
no. 1, 237-266.

Gary M. Lieberman, Second order parabolic differential equations, World Scientific Publishing Co., Inc.,
River Edge, NJ, 1996.

Alessandra Lunardi, Analytic semigroups and optimal regularity in parabolic problems, Modern Birkh&user
Classics, Birkhduser/Springer Basel AG, Basel, 1995.

Mitsunori Nara and Masaharu Taniguchi, The condition on the stability of stationary lines in a curvature
flow in the whole plane, J. Differential Equations 237 (2007), no. 1, 61-76.

Neil S. Trudinger, On regularity and existence of viscosity solutions of monlinear second order, elliptic
equations, Progr. Nonlinear Differential Equations Appl., vol. 2, Birkh&user Boston, Boston, MA, 1989.
Lu Wang, A Bernstein type theorem for self-similar shrinkers, Geom. Dedicata 151 (2011), 297-303.

Email address: annalisa.cesaroni@unipd.it
Email address: heiko.kroener@uni-due.de
Email address: matteo.novaga@unipi.it



