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Abstract

We obtain an intrinsic Blow-up Theorem for regular hypersurfaces on graded nilpo-
tent groups. This procedure allows us to represent explicitly the Riemannian sur-
face measure in terms of the spherical Hausdorff measure with respect to an intrinsic
distance of the group, namely homogeneous distance. We apply this result to get a
version of the Riemannian coarea forumula on sub-Riemannian groups, that can be
expressed in terms of arbitrary homogeneous distances. We introduce the natural
class of horizontal isometries in sub-Riemannian groups, giving examples of rota-
tional invariant homogeneous distances and rotational groups, where the coarea
formula takes a simpler form. By means of the same Blow-up Theorem we obtain
an optimal estimate for the Hausdorff dimension of the characteristic set relative to
CV! hypersurfaces in 2-step groups and we prove that it has finite Q—2 Hausdorff
measure, where () is the homogeneous dimension of the group.
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Introduction

Stratified Lie groups, also known as “Carnot groups”, have been the object of extensive
studies in connection with different areas of Mathematics, e.g. the theory of Subelliptic
Partial Differential Equations, Sobolev Spaces and Optimal Control Theory. Actually,
the project to develop classical tools of Geometric Measure Theory in these groups and
in the more general Carnot-Carathéodory spaces is at an embryonic stage. However,
only recently there has been some progress in this direction, [2], [6], [13], [14], [15], [17],
[18], [20], [21], [22], [23], [24], [25], [30], [31], [33], but the list is surely incomplete.

The initial question that motivated this paper was finding the geometrical meaning
of the following integral
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in terms of an arbitrary homogeneous distance of the group, where ¥ is a hypersurface
of class C! in R”, v is a unit normal vector to X, the vector fields {X;} span the
horizontal subbundle (which induces the Carnot-Carathéodory structure) and ’H‘Tf_l
is the n—1 dimensional Hausdorff measure with respect to the Euclidean norm. The
integral term (1) appears in isoperimetric inequalities formulated in stratified groups
and in general Carnot-Carathéodory spaces, when 3 is the boundary of a regular open
set, see [11], [12], [32]. Moreover, regular sets of finite perimeter in Carnot-Carathéodory
spaces fulfill the same formula for the perimeter measure, see [5]. Hence formula (1)
represents a natural notion of surface measure in “stratified geometries”. But notice
that if we represent a stratified group as R” with respect to a system of coordinates,
the Euclidean scalar product in (1) prevents a natural representation of 7-[7(1 in terms
of intrinsic objects of the group. This is due to the fact that the Euclidean metric in
any representation of G as R? is not left invariant (in the case of nonabelian groups).
So we are forced to employ left invariant Riemannian metrics.

We reformulate (1) in terms of a left invariant Riemannian metric and a homoge-
neous distance of the group, where the latter can be considered analogously to a Banach
norm. Precisely, we consider graded metrics (see Definition 1.1). Note that these no-
tions do not depend on the particular system of coordinates fixed on the group. We
state our formula as follows

[ wnlydo = [ 0, wu(@) 45?1 (o) @)

The map vy (z) denotes the Riemannian projection of the unit normal v(z) onto the
horizontal subbundle, S®~! is the spherical Hausdorff measure built using a homoge-
neous distance, @) is the homogeneous dimension of the group and 6g_1(vu(z)) is the
metric factor, a new object we have introduced to take into account both the anisotropy
of the homogeneous distance and the position of the tangent space of ¥ at . The metric
factor amounts to the measure of the intersection of the hyperplane orthogonal to the



direction vg(z) with the unit ball By with respect to the homogeneous distance, (Def-
inition 1.11). The main tool to get formula (2) is the Blow-up Theorem (Theorem 2.1)
on the Riemannian surface measure with respect to a fixed homogeneous distance. This
theorem on regular hypersurfaces can be interpreted as the counterpart of the Blow-up
Theorem on points of the reduced boundary for sets of finite perimeter [14], [16]. In the
proof of Theorem 2.1 we assume the existence of a continuous homogeneous distance,
instead of the classical Hérmander condition, which always guarantees such assump-
tion. In formula (2) we consider the hypersurface ¥ with S®~!-negligible characteristic
set, (Definition 1.14). Recently, Z. Balogh proved that this assumption is always ver-
ified in Heisenberg groups for C'! hypersurfaces, [2]. We mention that the size of the
characteristic set is of great importance in connection with isoperimetric estimates and
trace theorems in stratified groups as well as in general Carnot-Carathéodory spaces,
[6], [7], [12]. As a variant of the Blow-up Theorem (Theorem 3.1) we obtain that the
characteristic set of a C1'! hypersurface in a 2-step graded group has finite Q—2 Haus-
dorff measure and its Hausdorff dimension does not exceed ()—2 (Theorem 3.2 and
Remark 3.3). Due to Theorem 1.4(1) of [2] this estimate is optimal, i.e. it cannot be
improved with a number less than ()—2. In the Heisenberg group our upper bound
on the Hausdorff dimension fits into the case & = 1 of Theorem 1.1(2) in [2], where a
different method, based on a covering argument, is employed.

By virtue of the Blow-up Theorem, we also derive a version of the Riemannian
coarea formula on stratified groups. Let f : M — R be a Lipschitz map with respect
to the Riemannian distance of the group M. Our coarea formula reads as follows

/E 1D flg dpg = /R </Eﬂf1(t) 0%y (v (2)) dS? () ) dt. (3)

In order to prove (3) we also use a general coarea estimate, [22], which implies that
the set of singular points in a.e. level set of f is S® '-negligible. Formula (3) was
first obtained by P. Pansu in the Heisenberg group, using the Carnot-Carathéodory
distance, [26], and it was extended to general stratified groups for smooth functions by
J. Heinonen, [18]. We point out that the problem of extending the validity of (3) to
Lipschitz maps with respect to a homogeneous distance is an open question, nevertheless
some particular cases have been considered in [22]. In the case M is an Euclidean space
E™, with the classical Riemannian metric, formula (3) gives an extension of the classical
Euclidean coarea formula

[psan=[ ([ osvenaeto)a,

where H" ! is the Hausdorff measure with respect to a norm 1 of E® and 6,,_1(v(z))
is the corrisponding metric factor with respect to the canonical Riemannian metric
(Corollary 2.8). We mention that another type of coarea formula for metric space
valued Lipschitz maps on Euclidean normed spaces (or rectifiable subsets) holds, [1].
Here the role of the metric factor is replaced by an “intrinsic” notion of ” coarea factor”.



Another aspect which naturally comes up is finding particular conditions on both the
Riemannian metric and the homogeneous distance such that the metric factor becomes
a dimensional constant independent of the direction. In Subsection 2.1 we introduce
R-invariant distances and R-rotational groups that possess these symmetry properties
and we present some important examples where these properties hold.

1 Definitions and notation

In this section we present the notation we are going to use throughout the paper and
we recall the main definitions concerning Carnot groups.

Let us consider a simply connected graded nilpotent Lie group G, i.e. its Lie algebra
G admits the grading G = Vi@ - - - @V}, with the inclusions [V}, V1] C V44, for any j > 1
and V; = {0} iff i > ¢. If we assume further that the preceding inclusions are equalities
we say that the group is a stratified group, or a Carnot group, see [10], [27]. We we will
denote by M all the stratified groups. Notice that the stratification hypothesis amounts
to the so-called Hormander condition on the left invariant vector fields which span V7.
The integer ¢ is called degree of nilpotency or step of the group. The subspace Vj is
called the horizontal space. We denote the translations of the group as [, : G — G,
l-(y) = zy. Via the differential of translations we can move V; to any point z of G,
denoting as H, C T,G the horizontal fiber. This family of subspaces generates what
we call an horizontal subbundle of G, denoted by H.

By virtue of the graded structure we can define one parameter group of dilations
0r: G — G, r >0, defined as follows

5T<XL:UJ) = zbzrjvj,
j=1

J=1

where Z§:1 v;j = v and v; € Vj for each j = 1,...1. To any element of V; we associate
the integer 7, which is called the degree of the vector.

Since G is simply connected and nilpotent it follows that exp : § — G is a diffeo-
morphism. The inverse function of the exponential map is denoted by In. By means of
these maps there is a canonical way to transpose dilations from G to G. We will use the
same symbol to denote dilations of the group. The following standard properties hold

1. 6p(z-y) =drx- 0,y forany z,y € Gandr >0,
2. 0p(0sz) = 0psz  for any r,s > 0 and z € G.

To provide a metric structure on the group we fix a “natural” Riemannian metric g on
G, which is compatible with the algebraic structure of the group.

Definition 1.1 Let G be a stratified group. We say that a Riemannian metric g on G
is left invariant if translations of the group are isometries. A graded metric g on G is a



left invariant metric such that all the subspaces V; C G of the grading are orthogonal
each other.

These metrics will be always understood throughout the paper. Stratified groups en-
dowed with graded metrics are also called sub-Riemannian groups. The Riemannian
norm of a vector W € T,G will be denoted by |W|,. We will denote with o the Rie-
mannian measure of hypersurfaces, which can be represented precisely as the ¢ — 1 di-
mensional Hausdorff measure with repsect to the Riemannian geodesic distance, where
q is the topological dimension of G. In a stratified group M it is always possible to
construct a left invariant distance such that it is 1-homogeneous with respect to dila-
tions. The standard way to do this is to consider the class of horizontal curves, i.e.
the absolutely continuous curves whose derivatives belong to H a.e. The conditions
on commutators of H guarantee that each couple of points in M can be connected by
an horizontal curve. Hence, it is possible to define the infimum among all the Rie-
mannian lengths of horizontal curves which connect the two points. The outcome is a
distance, named the Carnot-Carathéodory distance, which is continuous and satisfies
the following properties

1. d(z,y) = d(uzx,uy) for every u,z,y € G,
2. d(o,x,6;y) = rd(z,y) for every r > 0.

We say that any continuous distance satisfying the above properties on a graded group
G is a homogeneous distance. All homogeneous distances are bi-Lipschitz equivalent
and induce the topology of the group. This fact can be proved following the classical
argument for norms of finite dimensional vector spaces, using the properties 1. and 2.
We denote by @ the Hausdorff dimension of G with respect to a homogeneous distance.
By properties of dilations it is not difficult to prove that Q = ZJL':1 g dim(V}).

Definition 1.2 We define the set B,, C G as the open ball of center z and radius
r > 0 with respect to a homogeneous distance. We will omit the center of the ball if it
coincides with the unit element of the group.

Using properties of homogeneous distances we have
By, = 2B, = 20, B .

Definition 1.3 (Hausdorff measures) For each ¢ > 0 and E C G we define the
a-dimensional spherical Hausdorff measure of E as

e—0t

oo (o)
SYE) = lim inf{zrg |EC|JBuy, i < e}
j=1 i=1
and the a-dimensional Hausdorff measure of E as
diam(Fi)

a (o)
5o | EC P, diam(F) < 5}
j=1 i=1

[ee]

H(E) = lim inf{z
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where {F;} are subsets of G and diam(F};) = sup(, y)c < iy d(T,Y)-

Definition 1.4 The set of all continuously differentiable real valued functions defined
on an open subset A C G will be denoted by C!'(A4, R).

Definition 1.5 Let f € C'(A,R), where A is an open subset of G and z € A. We
define the horizontal differential dy f(x) : G — R as follows

U 2 (W) — 1 @ PO = ()

r—0 r

(4)

Remark 1.6 The differentiability of f implies the existence of the limit (4). One can
prove that dy f(x) is a linear map which vanishes on vectors of degree higher than one
and it has the following homogeneity

dy f(2)(6, W) = rdy f(z)(W).

In fact, Dy f(x) can be realized as the composition of df (x) with the projection of G in
H,. See [14], [21], [27], [33] for more information on the notion of Pansu differentiability,
or horizontal differentiability, which generalizes (4).

The unique vector of T,,G which represents the linear map dg f(z) with respect to the
Riemannian metric is denoted by Dy f(x) and it is called horizontal gradient.

Definition 1.7 We fix an orthonormal basis (Wi,...,W,) of G and define the map
J:RT— G as

q
T =exo (D uWi).
i=1
We call the couple (J,y) a system of normal coordinates associated to the basis.

Definition 1.8 Let us denote n; = dimV} for any j = 1,...,4, mg = 0 and m; =
23:1 n; for any ¢ = 1,...¢. We say that a basis (W1,...,W,) of G is an adapted basis,
if

(ij_1+1’ ij_1+2’ SRR ij)

is a basis of V; for any j =1,.....

Definition 1.9 (Weighted coordinates) A system of normal coordinates associated
to an adapted basis will be called a system weighted coordinates. Assuming to have

J(y) = exp (Zg:1 ini), we define the weight of the coordinate y; as d; = j + 1 if
m; <1 <mjq1, foranyi=1,...,q.

Notice that any graded metric admits weighted coordinates. We mention that Defini-
tion 1.9 has a natural generalization in Carnot-Carathéodory spaces, see [3], [23].



Lemma 1.10 Let By be the open unit ball with respect to a homogeneous distance of
the group and let L C G be a hyperplane. We read the hyperplane on G as L = exp(L).
Then for any couple of normal coordinates (J,y) and (T, z) we have

HIH(T NN BY) =1 (T YL N BY)
where Hq.‘_l denotes the ¢ — 1 dimensional Hausdorff measure with respect to the Fu-
clidean norm in RY,

PROOF. It is sufficient to observe that the composition J —1.7 transforms coordinates
with respect to different orthonormal bases. Then J o7 is an isometry of R? with
respect to the Euclidean norm. The identity

JHLNBy) = (T7%T) (T"HLN BY))
leads us to the claim. O

Definition 1.11 Consider a vector v € G \ {0} and its orthogonal hyperplane £ C G,
with L = exp(L). We fix a system of normal coordinates (J,y) and define
-1 _
0% () =M (THLNBY) . (5)
We call 0%71(U) the metric factor of the homogeneous distance d with respect to the
direction v.

Remark 1.12 In view of the Lemma 1.10, the above definition does not depend on
the choice of normal coordinates. We observe further that the number 0%71 (v) depends
only on the direction of v and the left invariant Riemannian metric on G. Furthermore,
it is not difficult to see from Definition 1.11 that the function 03271@) is uniformly
bounded from below and from above by positive constants that depend only on the
homogeneosu distance and the graded metric.

Now we present a simple case which shows that in absence of particular symmetry
properties the metric factor depends on the horizontal direction v.

Example 1.13 Let us consider the Euclidean space E?, with homogenous distance
n(z) = max{|z1], |z2|}, where (z1,72) are Euclidean coordinates. We observe that E?
is an abelian 2-dimensional stratified group, where the canonical Riemannian metric is
obviously left invariant. We denote by L(«a) the straight line which contains the origin
and whose direction is & € T!, where T is the 1-dimensional torus. In this case, by
definition of 6 («), we have

01(c) = H}, (L(a + g) N {z € E? | max{|z1|, |z2|} < 1}) :



By a direct computation we have

2(cosa)t —T<a<?
) 2(sine)™t T<a<ir
Ou() = 2lcosa|™! —3r<a<in
2|sina| ! Sr<a<In

In Subsection 2.1 we will see some important cases where the metric factor is constant
and can still be computed explicitly.

Definition 1.14 Let ¥ C G be a hypersurface of class C', with z € X. Consider a
unit normal v(z) of ¥ at z. We denote by vy the Riemannian projection of v(z) on
the horizontal space H,. We call the vector v (z) the horizontal normal of ¥ at z. We
say that © € ¥ is a characteristic point of ¥ if vy (x)|, = 0. We denote by C(X) the
set of all characteristic points of X, namely the characteristic set.

2 Blow-up and coarea formula

In this section we prove the Blow-up Theorem on graded nilpotent groups. Its main
application is the coarea formula for Riemannian Lipschitz maps on sub-Riemannian
groups with respect to arbitrary homogeneous distances (Theorem 2.6).

Next, we introduce the notions of R-invariant distances and R-rotational groups
and we prove that coarea formula can have a simpler form in this class of groups and
distances (Theorem 2.22).

Theorem 2.1 (Blow-up) Let ¥ C G be a hypersurface of class C' and let x € ¥ be
a noncharacteristic point. Then we have

. o(XnzB,) 95_1(VH($))
lim =
r—0 ’I“Qfl |I/H(.CE)|g

: (6)

PROOF. Let (Xi,...,X;,) be an orthonormal frame of the horizontal subbundle H.
We can represent ¥ in a neighbourhood of z as AN f~'(t) C ¥, where t € R, A C G
is an open subset and f € C'(A,R). Since the point z is noncharacteristic, the map
dp f(z) is surjective, then Dy f(z) = > X;if(z) X; # 0. Let us define the unit
vector Y (z) = Dy f(z)/|Du f(z)|y and consider the corresponding left invariant vector
field Y1 € G. We can choose a left invariant orthonormal basis (Y1,...,Y;,) which
span the horizontal subbundle, hence Y;f(z) = 0, for any j > 2. Next, we complete
(Y1,...,Y,,) to an orthonormal basis (Y1,...,Y,, Z1,...,Zs) adapted to the grading
of G. We represent f with respect to the associated weighted coordinates centered at
x. Precisely, we consider an open neighbourhood of the origin V' C R? with weighted
coordinates (y,z) € V such that exp(V) C 7' A and we define F : V — R as follows

Fl2) = (o exp( Sou¥i+ 35, ) = £ (07 (2)
i—1 j=1



We have D, F(0) = (Y1 f(x),0,...,0) = (|Duf(z)|4,0,...,0). By the Implicit Function
Theorem we get a coordinate hyperplane II, = {(u1,...,uy) € R? | uy = 0}, an
open neighbourhood of the origin U C V N1, and a map ¢ € C'(U,V) such that
F (¢(u)) =t for any v € U, with ¢(0) = 0. Notice that v = (u1,...,uy) = (y,2) is a
system of weighted coordinates with d; = 1 for any ¢ = 1,...,m and d; > 2 for any
i =m+1,...,q, where d; is the weight of u;. We define the set 3¢ = exp(¢(U)),
observing that xXg is an open neighbourhood of  in 3 and denote by x¢ the map
(Inz)-¢: U — In(X). Thus, for any suitable small > 0 we have

(SN 3B,) = o(z5 N 2B,) :/
(x¢)"1(Inz-B,

) \/det (hij (x(u))) du.

where B, = 7 1(B,) C R? and (h;;) denotes the graded metric g restricted to 3 with
respect to the coordinates u. Let us observe that (z¢) ™ '(Inz - B,) = ¢~ 1(B,). Now,

taking into account the weight of coordinates u = (u2, ..., u,), the dilation §, reads
q
Orth = Zrdj ujej,
=2

where (e;) is the canonical basis of R, Hence, the restriction of §, to II, has jacobian
r@~L. Then, we make a change of variable u = §,u/, obtaining

o(2NzB,) =r9! /
61/r¢71

L Jdet (hijag(6))) (7)
(Br)

Now, we analyze the domain of integration 51/,4)*1(3,:) C II, as r — 0. We can write
d(u) = (¢(u),u), with ¢ : U — R, obtaining

61/7“(;571(B,=) ={uell, | (go(éru) ril,u) € B }.

We note that

Oy, p(0) = =2 =0 fori=2,...,m,
hence, by Taylor formula we get
q
o(0pu)r~! = Z 0y, F(0)r% = u; + R(G,u)r™",
i=m+1

where R(v)|v| ' — 0 as |v| — 0 and |- | is a norm on the space II,. For any i > m we
have d; > 2, then ¢(d,u)r ' — 0 as r — 0, uniformly in « which varies in a bounded

set. Hence, for any v € B; N1I, we have

151/T¢—1(BT)('U,) —1 as r — 0,

9



whereas for any u € 11, \Bﬁ we get
151/T¢—1(BT)('U,) —0 as 7“—>0,

so by formula (7) and Lebesgue Convergence Theorem it follows

o(ZNzB,)
lim 22125 / v/det (i . (8)

Let us compute explicitly the left invariant Riemannian metric restricted to 3¢ with
respect to our coordinates u € U. We have

miastu) = glastu) ), 400 ) -

ou; * Ouy
oot a5 e 50 ) = o) 50 0 )

The graded metric (g;;) with respect to the coordinates u coincides with d;; at the unit
element e, then we get

) 06 96\\ _ IDFO) _ IDf()]
Vet (i) = \/ et (e ) = 0 7O = IDafol

Finally, observing that

Dy f(z)
|Df($)|g

and ’H‘ | YBiN1l,) = 041 (vi(z)), equation (8) gives us the thesis. O

(9)

vi(z) =

Remark 2.2 A version of Theorem 2.1 can be obtained on less regular hypersurfaces,
such as reduced boundaries of sets of finite perimeter, see [14], [16]. In this case is
required an isoperimetric inequality, which comes from the stratification of the group.
Due to the fact that we are considering a C' smooth surface, our approach can be
accomplished whenever there exists a continuous homogeneous distance on G. Clearly,
in the case of stratified groups we always have the Carnot-Carathéodory distance, which
is in particular a continuous homogeneous distance.

Theorem 2.3 Consider a hypersurface ¥ C G of class C' such that the characteristic

set O(X) is negligible with respect to the measure S~'. Then for any measurable set
E C ¥ we have

/|VH(5U)|gdU:/egg—l(VH(QT))dSQ_l and S97L( / |VH da. (10)
B B 0, (vir(z

10



PROOF. Theorem 2.1 implies that for any z € ¥\ C(X) we have

L o(SnaB,) ()
r—0 r@-1 |I/H(.T,')|g

Now, using theorems on measure derivatives, see for instance Theorems 2.10.17 (2) and
2.10.18 (1) of [9], and observing that the characteristic set is negligible, the proof follows
by a standard argument. O

Corollary 2.4 Let A be an open subset of G. Consider a map f € C'(A,R) with
reqular value t € f(A). If the characteristic set

C(f )= {x cfXt) | dpf: Hy — ]Rvam'shes}

is negligible with respect to S®Y, then for any measurable subset E C A we have

Dt _ I
/Emf—l d _/Eﬂf_l(t) 04 (vir(z)) dS© *(z).

@ |Df(2)lg
PrOOF. It is enough to use Theorem 2.3 and the following equation
Dy f(z)
= ———. 0O 11
1) = D), .

Now we state the classical Riemannian coarea formula, see section 13.4 of [4].

Theorem 2.5 Let f : G — R be a Riemannian Lipschitz function. Then for any
summable map u: G — R, the following formula holds

/Gu|Df|gd,ug:/R</f_l(t)uda> dt, (12)

where 14 15 the Riemannian volume measure and o is the Riemannian surface measure.

The following result is an important application of Theorem 2.1.
Theorem 2.6 (Coarea formula) Let E be a measurable subset of a sub-Riemannian

group M and consider a Lipschitz map f : E — R with respect to the Riemannian
distance of M. Then we have

/E Dt fly dig :/R(/Emfl(t) 0% (v (@) 459" (@)) (13)

where the spherical Hausdorff measure and the metric factor are understood with respect
to the same homogeneous distance.

11



ProoF. Without loss of generality, we can assume that F is a bounded set and that f
is extended to a Lipschitz map on M. The Whitney Extension Theorem (see 3.1.15 of
[9]) ensures that for any € > 0 there exists a map f : M — R of class C* such that,
defining

B ={seM|f@) =f@},

we have py(E \ E') < e. Thus, the gradients of f and f coincide a.e. on E'. In view of
formulae (9) and (12) we obtain

/ |DHf|ngg:/ (/ |VH|gd0>dta
E R NJENf-1(t)

for any measurable subset £ C M. Hence, the general inequality 2.10.25 of [9] implies

og/ |Df|gd,ug—/ (/  omlgdo)di < CLip(f) e,
B R NJENf-1(t)

where Q i1s a dimensional constant and oy is the horizontal normal relative to the level
sets of f. By virtue of Theorem 2.7 of L22] we know that the set of characteristic points
is S9~!-negligible for a.e. level set of f. Thus, we can apply formula (10), getting

o< [ 10flydn = [ ([ o n)ase @) dr< CLipt e (1)

E R NJENF-1(t)
Let us observe that E' N f~1(t) = E' N f~1(¢) and for a.e. level set we have Df = Df
outside of a S®~!-negligible set. Thus, for a.e. * € R the following equality holds for

S Lae. z e f7(1)
Oo-1(71 () = Og-1(vr (2)).-

Hence, inequality (14) becomes
0< [ IDslgdng~ [ ([ G vm(e)dSO @) di < CLip(f) e
E R E'Nf=1(t)

Again, using the general inequality 2.10.25 of [9] and observing that in view of (5) the
function 9%71(-) is bounded, we get

/R (/(E\E,)ﬁf_l(t) 0%, (v (2)) dS? ! (2)) dt < C' Lip(f) e

Finally, joining the last two inequalities we arrive at

—C'Lip(f) ¢ g/ D, disg —/ (/ 9%71(,/1{(35))615@*1(35)) dt < CLip(f)e.
E R NJENf-1(1)

Letting € — 0, the proof is complete. O

12



Remark 2.7 It is natural to ask whether it is possible to get a coarea formula where
only the restriction of the left invariant metric g on the horizontal subbundle is involved.
The left invariance of p, and S? implies p, = ¢S, where ¢ = py(B;)/S?(B1). Then
formula (13) becomes

[ pasads?= [ ([ oo @wnte)ds® ),

where og 1(v) = S9(B1)0g_1(v)/1g(B1). Now, by a standard but a bit long calcula-
tion one can check that the quotient og_1(v) is constant over all left invariant metrics
which coincide on the horizontal subbundle.

Corollary 2.8 Let E be a measurable subset of E™ and let f : E — R be a Lipschitz
map. Consider a norm n : E* — [0, +o0[ and the Hasudorff measure H"~' relative to
this norm. Then we have

[psian= [ ([ oerweaete) . (15)

where |Df| is the length of the Euclidean gradient of f, v is the normal direction to
the level set and 0, 1(v(z)) = Hﬁfl (Il N {y € E™ | n(y) < 1}), with 11 equal to the

hyperplane normal to v(z).

PROOF. Formula (15) follows directly from (13), observing that the intrinsic Hausdorff
dimension ) of E” coincides with n and that any direction in E™ is horizontal. Thus, the
horizontal gradient coincides with the Euclidean gradient and the horizontal normal vy
coincides with the normal v to the level set. Now, we recall that the spherical Hausdorff
measure coincides with the Hasudorff measure on rectifiable subsets of a normed space.
This fact follows by a isodiametric inequality which holds on any finite dimensional

normed space, see [4]. Thus, for a.e. level set of f we can replace the S*! in formula
(13) with H"~!. This completes the proof. O

2.1 Invariant metrics and horizontal isometries

In this subsection we introduce the notion of “horizontal isometry”, that respects both
the Riemannian and the algebraic structure of the group. This concept allows us to
distinguish a class of sub-Riemannian groups that have particular symmetry properties,
namely “rotational groups”. Furthermore, it is always possible to define homogeneous
distances which are compatible with horizontal isometries (see Remark 2.14). The met-
ric factor 022_1(1/) with respect to these particular matrics and homogeneous distances
is independent of v € H \ {0}, so it becomes a dimensional constant in the coarea
formula, see Theorem 2.22. In Remark 2.23 we give some applications of this theorem.

The following definition generalizes the concept of horizontal isometry first intro-
duced in the particular case of Heisenberg groups, [22].
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Definition 2.9 We say that a map T : G — G is a horizontal isometry if the following
properties hold

1. T(z-y) =T(z) - T(y) for any z,y € G (T is a group homomorphism)
2. T(0;z) = 6,T(z) for any x € G and r >0 (T is 1-homogeneous)
3. dT'(e) : G — G is an isometry, where e € G is the unit element.

Notice that conditions 1 and 3 imply that 7': G — G is an isometry of G in the sense
of Riemannian Geometry. Furthermore, conditions 1 and 2 say that T is a G-linear
map (see [21]), so it is bi-Lipschitz with respect to any homogeneous distance of the

group.

Remark 2.10 We point out that the existence of horizontal isometries is strongly
related to the compatibility of the left invariant Riemannian metric with the algebraic
structure of the group. This fact will appear evident in the following examples.

Definition 2.11 (Invariant distances) Let R be a set of horizontal isometries. We
say that a homogeneous distance is R-invariant if for any T' € R we have T'(B;) = By,
where Bj is the open unit ball with respect to the homogeneous distance.

Definition 2.12 (Rotational groups) A vertical hyperplane £ C G is the orthogonal
space of a horizontal vector of G. We say that a stratified group G is R-rotational, if
there exists a class R of horizontal isometries such that for any couple of vertical
hyperplanes £ and L' there exists T € R with dT(e)(£) = L£'. We will simply say
rotational group, when the class R is understood.

Example 2.13 (Rotational Euclidean spaces) The Euclidean space E™ with the
canonical Riemannian metric is a rotational group. In fact, any hyperplane is vertical,
so it is natural to choose the class of all Euclidean isometries of E® as R. Hence,
Euclidean spaces are R-rotational, with R-invariant Euclidean distance.

Remark 2.14 Notice that if R is the class of all horizontal isometries and p is the
Carnot-Carathéodory distance built with respect to the same Riemannian metric, then
p is R-invariant. In fact, any horizontal isometry transforms horizontal curves into
horizontal curves and it preserves their length. So, there is a natural class of R-invariant
distances associated to a stratified group with respect to its Riemannian metric. A
nontrivial question for a general stratified group is to get the existence of a sufficiently
large class of horizontal isometries. In Example 2.15 we will show that horizontal
isometries cannot always be obtained starting from isometries of G. In other words,
if we consider an isometry I : § — G, there may not exist a 1-homogemeous group
homomorphism T': G — G such that dT'(e) = I.

14



Example 2.15 Let us consider the isometry A : R* — R* represented by the following
matrix

_ o o O
O O = O
O = O O
OO O =

We define the rotation 7' : C2 x R — C? x R as T'(z + iy,s) = (A(z,v),s), where
z,y € R? and s € R. The map T cannot be a horizontal isometry of the Heisenberg
group H? = C? x R with the group operation

(z,5) - (w,t) = (z + w,s + t + 2Im(z - w)) (16)

where z,w € C?, zj = x;+1y;, wj = & +1in;j, with j = 1,2, In fact, the homomorphism
property would imply L
Im(z - w) = Im(Az - Aw), (17)

which gives
yam — Y12 — 2261 + x1é2 = —z1m1 +y1&1 — w22 + Y262

The last equality fails for ; = 0, y; = & =1, = 1, with ¢ = 1,2, so T is not a group
homomorphism.

However, Heisenberg groups are important examples of rotational Carnot groups. This
fact will be a consequence of the following example.

Example 2.16 (Rotational Heisenberg groups) In order to emphasize the crucial
role played by the metric structure associated to a stratified group we consider an
intrinsic version of the Heisenberg group. Let 9 : Vi x Vi — R be a symplectic map,
where V) is a vector space of dimension 2n. We define a Lie product on ha,41 = Vi®Rw
as follows

[(u +tw), (v+ Tw)] = P(u,v) w

for any u,v € Vi and t,7 € R. Then, any homogeneous algebra isomomorphism T can
be written as T'= S x (aldg,), where T'(w) = aw and

Oﬁﬁ(ua ’U) = Q/)(S’ua S’U) (18)
for some v # 0. When o = 1 the maps S satisfying (18) are the well known symplectic
transformations. We recall that ¢ admits a symplectic basis (eq,...,es,) of Vp, ie.
w(eiaen-l-j) = _452ja ¢(eiaej) = 0 and 1/)(en+iaen+j) = 0 for any Za] = 13"'7”'

Hence, a metric compatible with the symplectic structure of hoy, 1 has to make the basis
(e;) U (w) orthonormal. Such a metric is called symplectic metric. With this particular
choice, we will be able to show the existence of a large class of horizontal isometries
on hap41. In fact, the symplectic metric allows us to get an isometric identification
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between bg,11 and H?" "= C" x R, where the group operation of the latter is defined
analogously as in (16). Moreover, the map ¢ in these coordinates is represented as
P(z,w) = 4Im(z - w). Now, consider a unitary operator U : C* — C" and define the
map 7T : C"xR — C"xRasT(z,s) = (U(z), s) for any (z,s) € C" xR. The invariance
of the complex scalar product under unitary trasformations gives condition (18) with
« = 1, therefore T is a group isomomorphism. Properties 2 and 3 of Definition 2.9 are
easily verified, so it follows that 7" is a horizontal isometry.

Now, vertical hyperplanes in H" can be characterized as products Il x R, where 11 is
a real 2n — 1 dimensional space of C". Furthermore, unitary operators preserve the real
scalar product of R?", so it is not difficult to show that for any couple of hyperplanes
L and L' of C" there exists a unitary map U : C* — C" such that T(£) = L.
Then the product of unitary operators of C™ with the projection on the last component
corresponds to a class R of horizontal isometries in ho,41. Thus, we have proved that
Heisenberg groups with a symplectic metric are rotational groups.

Remark 2.17 (Rotational H-type groups) The results obtained in the preceeding
example can be achieved also in some more general groups of Heisenberg type. These are
2-step groups endowed with a scalar product (, ) and a linear map J : Vo — End(V})
with the following properties

1. (JzX,Y)=(Z,[X,Y]) forany X, Y € V} and Z € V;
2. J2 =—|ZI,

see [19] for more information. Let us consider the group

G = {($,9) € O(Va) x OV1) | Jopuy(sh(x)) = $(Ju(2)) }

where O(V1) and O(V2) denote the group of isometries in Vi and Vs, respectively. In
Proposition 5 of [29], C. Riehm proves that the maps of (¢, ) of G are homomorphisms,
hence G corresponds to a group of horizontal isometries according to our definition.
Furthermore, denoting by Gy, the projection of G in O(V}), in [28] there is a precise
characterization of H-type groups where Gy, is transitive on the sphere Vi* = {v €
Vi | |v] = 1}. In view of Definitio 2.12, groups with this transitive property on Vi* are
R-rotational with R = G.

In the following proposition we show that R-rotational groups and R-invariant distances
yield a constant metric factor.

Proposition 2.18 Let G be an R-rotational group and let d be an R-invariant distance
of G. Then there exists ag—1 € R such that

93)—1(”) = Q-1
for any v € H\ {0}.
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PrOOF. Let us consider the map J : R? — G associated to a system of normal
coordinates. We want to prove that for each vertical hyperplane £, posed L = exp(L),
we have

(TN BY) = H (TN BY)

for any horizontal isometry T' € R. We define the isometry I = exp™' oJ = R? — G,
observing that I~'odT(e)oI is an isometry of R? with respect to the Euclidean norm.
Then we have

HIT (T LN B)) =HIT (1 edT(e)exp (LN By))
and

I7edT(e)exp (LN B)) =TI o exp~toT(LNBy) =T L (T(L)NT(B)) .
Finally, the R-invariance property T'(B1) = B leads us to the conclusion. O

Remark 2.19 The number ag_; in Proposition 2.18 amounts to the measure of the
intersection between the unit ball and a vertical hyperplane. In the next example, we
will see that a,,—1 in E” with the Euclidean distance corresponds exactly to the measure
wp_1 of the unit ball in E* 1,

Example 2.20 Let us consider E" with standard coordinates z = (x;) and the classical

Euclidean norm n(z) = |z| = /3.7 ; 27 . In this case we have

On-1(v(w)) = M (L, A {y € B |yl < 1)) = H~ ({y € B | fyl < 1}) = wns
Example 2.21 Let us consider the distance d ([z,t],0) = max{|z|,|t|*/?} in the Heisen-
berg group H?"*!. By calculations of Lemma 4.5 (iii) in [14] we have that the corre-
sponding metric factor is ag_1 = 2wap_1.
Theorem 2.22 Let G be an R-rotational group and suppose to have an R-invariant

distance on G. Thus, if f : E — R is a Lipschitz map with respect to the Riemannian
distance and E is a measurable subset of G we have

/ |Dr flgdpg = ag-1 /sQl (Enf ) dt. (19)
E R

PrOOF. By virtue of Theorem 2.6 we have

/E D flg ditg = /R </Emf1(t) 0%—1(VH($))CZSQ_1($)> dt.

In view of Proposition 2.18 we get 969271(1/;1(:10)) = ag-_1, so the proof is complete. O
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Remark 2.23 In this remark we present some applications of (19).

1. Classical Coarea formula. Taking into account Definition 1.3, by classical results
on rectifiable sets in Euclidean spaces we have w,_1S" ™! = w,_1H"~! = o, where
o is the n — 1 surface measure in E”. In view of these facts, formula (19) and
calculation in Example 2.20 give us the classical coarea formula.

2. Coarea formula in H*™ 1 with respect to the Carnot-Carathéodory distance. Ob-
serving that the Carnot-Carathéodory distance in H2"*! is R-invariant (Exam-
ple 2.16), formula (19) yields the coarea formula proved in [26].

3. Coarea formula in H?" 1 with respect to the mazimum distance. The maximum
distance in Example 2.21 gives us the coarea formula (19) with a1 = 2way_1.

3 Characteristic sets

In this section we study the size of the characteristic set for C'!»' smooth hypersurfaces.
The following variant of the Blow-up Theorem provides estimates for the ()—2 densities
of C%-hypersurfaces in 2-step graded groups.

Theorem 3.1 (Blow-up estimates) Let G be a 2-step graded group with grading G =
Vi @ Vo and let ¥ be a CY'-hypersurface with a characteristic point x € ¥.. Then there
exist two constants ci,co > 0, such that

70(2 AELD) > liminf AIREZED >cr, (20)

¢y > lim sup 02 minf ——F—— 2

r—0

where ¢1 depends on the Lipschitz constant of the normal field on Y.

Proor. Let (Xi,...,X,,) be an orthonormal frame of Vi and let (Z1,...,Zs) be
an orthonormal basis of V5. We represent . in a neighbourhood of z with the set
AN f~Y(t) C &, where A is an open subset of G, f € C'(A,R) and f(z) =t.

Since z € ¥ is a characteristic point, the horizontal gradient X f(x) is vanishing, so
Yoio1 Zif(z) Z; # 0 and we can define the unit vector

T Zif(z) Z
Wl(II)): Zi_l lf( ) l ‘
| 3001 Zif () Zi g
Hence we can build an orthonormal basis (Wi,..., W) of V5. Now, we consider an

open neighbourhood of the origin V' C R? and the function F' : V — R defined as

Fly,z) = f(x exp(iszl + zs:Zle» )
=1 =1
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so (y, z) are weighted coordinates. We have 0,, F(0) = W, f(z) # 0 and 9,,F(0) = 0 for
any | = 2,...,s. Hence, by the Implicit Function Theorem there exists a hyperplane
Q={(y,7) |y € R™, 2’ = (29,...,25) € R* '} an open neighbourhood of the origin
UCVNQandamap ¢ € CHH(U,V) such that ¢(0) = 0 and F(é(u)) = t for any
u € U. We can represent a neighbourhood of z in ¥ as zexp ¢(U) = X and for any
suitable small 7 > 0 we get

oSN 3B,) = o(z50 N B,) = /¢1(B | Jdet (s (@p(w)) du,

where B, = In B, and (hij) is the restriction of the graded metric g onto the surface ¥
with respect to the coordinates u. As coordinates y have weight 1 and coordinates 2’
have weight 2, the representation of the restriction of J, to Q is as follows

S (y, 2') = (ryi, r%z)) .

Then the jacobian of d;¢ is r?@=2. Now, we make a change of variable u = 6,u/,

obtaining

o(XNzB,) = TQ2/

Jdet (hij(a(6ru))) d’ (21)
51/7‘(;571(37‘)

Next, we study the shape of the domain 51/r¢*1 (B,) as r — 0. By the Implicit Function
Theorem there exists a map ¢ € QI’I(U, R) such that ¢(y,2") = (y, p(y, 2'),2’). Thus,
we can represent the set d; /rqﬁ*l(Br) as follows

01/r¢”0,(B1) = {(y.2) € Q| (3 (0:(y,2) r %, 2) € Bu}. (22)
By our choice of coordinates and the fact that X f(z) = 0 we have

9, F(0)

"o, F0) "

ayk‘p(o) =27~ =0 azl‘p(o) =

for any £ = 1,...,m and [ = 2,...,s. Hence, we have proved that D,p(0) = 0 and
D,1¢(0) = 0. By Taylor formula for C*! smooth functions we get

v (3r(y,2")) = 0 ((ry, 122")) |(ry, r*2")|? (23)

where | - | is a norm on the space Q and 6 is a map which is bounded by the Lipschitz
constant of Dp. Let C' C RY be an open Euclidean ball contained in B; and let us
define the set

E={(y.7) € Q| (y.LlyP*. ) € C},

where L = 2||0||o. Now, we aim to prove that for any (y,2') € E

151/T¢—1(Br) ((y, z')) —1 as r—0. (24)
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Consider (y,2') € E and choose rg > 0 such that for any r € (0,r¢) we have |(y,rz")| <
V2|y|. Then, by equation (23) for any r € (0,79) we get

r2le (0r(y.2)) [ =10 ((ry. 722)) | 1y, 72")|* < 200100 [y]* = L1y[*.

Since C' is convex and 51/T¢_15T(§1) has representation (22) it follows that (y, z') be-

longs to 51/T¢*16T(B~1) for any r € (0,79), so the limit (24) is proved. In view of Fatou
Theorem and (24) we obtain

lim nf /5 . \Jdet (s @p(3,w))) dul' > /E Jdet (huy (2)) du.
e 06 0
det (h;j(e)) = \/det (<3Z‘7 (9;Z>e> = m =1.

Now, we observe that the set E is an open set, whose size depends on the Lipschitz
constant of the normal field z — (Dy(z),1). Then, in view of formula (21) the
positive constant ¢; = L£97(E) satisfies our claim. To get the upper estimate we
observe directly from the representation (22) that there exists a bounded set F' which
contains 51/T¢_1(BT) for any r > 0. Thus, we can choose c; = LI~1(F). O

where

Before stating the next theorem, we recall the definition of Hausdorff dimension of a
subset E in a metric space (X, d):

Hy—dim(E) = inf {o > 0 | HS(E) = 0} .

Theorem 3.2 Let G be a 2-step graded group and let ¥ C G be a C™'-hypersurface.
Then there exist two constants ci,co as in Theorem 3.1 such that

28V (0(8) 20(0(2) 2 a2 (0(D) (25)

moreover we have
Ha,—dim (C(X)) < Q —2. (26)

PRrOOF. We adopt the notation of Theorem 2.10.18 in [9], where V =%, 4 = oL ¥ and
F' is the family of balls with respect to the homogeneous metric d and ((B;,) = r®
for any z € G and r > 0. By virtue of the estimates (20) and Theorems 2.10.17(2),
2.10.18(1) of [9] we get our claim

a1 §9?(C(D) <0 (C(R)) < 8972 (0(R)) .
Now, let us fix a € (Q — 2,+00) and observe that by (20) we have

Y(B
lim sup oL2Bar) (Bay)

>t
r—0 re o
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for any t > 0 and any z € C(X). Thus, again Theorem 2.10.18 of [9] implies that for
each ¢ > 0 we have
t8%(C(%)) < o(C(%)) <a(%).

Since X can be realized as a countable union of relatively compact hypersurfaces we
can assume that X is relatively compact. Then o(X) is finite, so letting t — oo we get
S*(C(%)) = 0. This ends the proof. O

Remark 3.3 In the assumptions of Theorem 3.2, if 0(X) < oo it follows

A HO2(CO(R)) < 0(C()) < 0 (%) < oo,

so the characteristic set has finite (Q—2 Hausdorff measure.

We observe that the Carnot-Carathéodory distance d¢ is always greater than or equal
to the Riemannian distance p, when both of them are built with the same left invariant
metric. Hence, for any set E C G and o > 0 we have HJ(E) < Hg (E). So the
following inequality holds

My, —dim(E) > H,~dim(E) . (27)

Now, by Theorem 1.4(1) of [2], for any o > 0 there exists a C!'-hypersurface ¥, in the
Heisenberg group H" such that H| —dim(C'(34)) > 2n — «, where | - | is the Euclidean
norm in H", viewed as a vector space. It is clear that H,~dim(C(%)) = H|dim(C (X)),
so by (27) we get

Hi—dim(C(X,)) > 2n—a=Q—2—«, (28)

where (Q=2n+2 is the Hausdorff dimension of H" with respect to a homogeneous dis-
tance. Thus, by virtue of Theorem 3.2 we get

Q—2—a < Hg,—dim(C(E,)) < Q—-2,
it follows that the estimate (26) is optimal.
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