A property of Rio’s uniform dependence coefficients
RitA GIULIANO

Let (2, F, P) be a probability space, A a sub-c-algebra of F and X a random variable
defined on (2, F, P) and with values in a metric space (G, d). In [1] the following measure
of dependence between X and A is introduced:

DEFINITION. Put

p(A,X) = sup |[E[f(X)A] - E[f(X)]],
feL1(G,9)

where £1(G,0) is the set of 1-lipshitzian functions defined on (G, d) and taking values in
[0, 1].
We call (A, X) the uniform Rio mizing coefficient between X and A.

In the same paper [1] the uniform dependence coefficients of a sequence (X;);cz of real-
valued random variables defined on (€, F, P) are defined as follows:

DEFINITION. Let F be the o-algebra generated by (X;);<k. Put o9 = 1 and, for every
integer r > 1,
Pr = sup c»0(~Fkv (Xk+7“1an+T2an+7’3))'

kezZ
r<r)<rp<rg

Then (¢r)r>0 is the sequence of the uniform dependence coefficients of (X;)icz.
REMARK. The random vector (Xgir,, Xgtry, Xktrs) takes values in the metric space

(R3,d), where d is the euclidean distance. In what follows we shall write £1(R3) in place
of [:1 (RS, d)

Let (X;)i>1) be a random sequence, weakly dependent in the sense of Rio. Let (¢,)r>0
be the sequence of the uniform dependence coefficient for (X;);>1). Let (Y;)i>1 be an

independent copy of (X;);>1. For a fixed integer p, define the sequence (Zi(p ))iGZ as

follows
Y, fori<p
%m:{

X; fori>p+1.

Denote by (cﬁ?’ ))7«20 the uniform dependence coefficients of the sequence (Zi(p )). We shall
prove the following (rather natural) result

(1) PROPOSITION. For every integer r > 0 we have

sup 3% < ¢,
peN



We need some preliminary lemmas.

(2) LEMMA. Let U, V, W be three random vectors, such that V is independent on
(U,W). Then

E[U|(V,W)] = E[U[W]

PROOF. We assume for definiteness that V' (resp. W) takes its values in the measurable
space (E, &) (resp. (G, G)).

Put Z = E[U|W]. Z is measurable with respect to W, hence of the form Z = (W) for
some measurable function v; since W and V are independent, also Z = (W) and V
are independent. Moreover Z, being measurable with respect to W, is measurable with
respect to (V, W) since (W) C o(V, W).

Let now A € £ and B € G. The statement follows from the equalities

UdP:/lA(V)lg(W)UdP:P(Ve A)/lB(W)UdP

(VEeA,WeB)

:P(VeA)/ UdP:P(VeA)/ ZszP(VGA)/lB(W)ZdP
{weB} {weB}

_ /1A(V)IB(W)ZdP:/ Zdp.

{VeA,WeB}

In the above relations, the second equality follows from the independence of V' and
(U, W), the fourth one from the fact that Z = E[U|W] and the sixth one from the
independence of V and (Z,W). |

(3) LEMMA. Let U, V and W be three random vectors, taking values respectively in
the measurable spaces (E, &), (F,F), (G,G). Assume that U is independent on (V, W),
andlet f: ExG,E®G — (R, B(R)) be a measurable function such that E[|f(U, W)|] is
finite. For y € G, put g(y) = E[f(U,y)]. Then

E[f(UW)[V] = E[gW)|V].

PRrROOF. It will be enough to prove that, for every A € F, we have

/ FU,W)aP :/ g(W)d P.
{veA} {veA}

Now, since U is independent on (V, W), the joint law of (U, V, W) is equal to uy & v, w)
(where py is the law of U and g v,y the law of (V,W)). Hence, by Fubini’s Theorem,
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/ JUW)dP = / £ (s w0)La () () @ gy (o, doo)
{veA}

_ / LA () iqvaw (dv, dw) / () s ()

- / 1a(0) vy (do, duw)E[f (U, w)]

- / La@)tgyaw (dv, dw)g(w) = / 1LA(V)g(W)d P = / g(W)dP.

{VveA}
|
We pass to the proof of Proposition (1). Put Gy, = 0(Z;, i < k). We must evaluate
957“ = iug @(glm (Zk—O—ma Zk+T2 ) Zk—i—rs))a
€

r<ri<rz<rs

and we shall prove that

@(gka (Zk+r17Zk+r25 Zk+r3)) < @(fkv (Xk+rlan+T27Xk+r3))
for every k (see relations (4), (8), (10) and (15)); we distinguish three cases
(i) k = p. For every function f € £;(R?) we have

E[f(ZernaZerrza Zp+r3)‘gp] = E[f(ZerruZerrza Zerrs)]

since (Zpsry s Zp+rys Zpt+ry) is independent on G, = o(Z;, i < p).
It follows that

(4) @(gpa (Zern ) Zp+rzvzp+r3>) =0< ‘P(}-pv (Xp+r1vXp+r2v Xp+rs))-
(ii) £ > p. Put

(5) U= (Xk-l-?“l ) Xk-‘r?“Q ) Xk-i-?”z) = (Zk+7"1’ Zk+7"2 ’ Zk'+7”2);

W= (Xps1,. - Xe)y  V=0..,Y0,Yo,V,....Y,).

» P

Then (U, W) is independent on V, and o(V, W) = Gi. Applying Lemma (2) we find, for
every f € £1(R3),

Elf(U)|6:] - ELfO)]|| = |[ELF@)Iv.w)] - EF@)||
= |[ELr@)W - EF@)||_ = |[EF@)IXps..... Xa) — B
— ||[E[E )Xy, X] - EF@)]]|

= |[BUBLOIF] - BUO X X |

oo
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since O'(Xp+1, e Xk) C Fi. The last member above is less or equal to

[Er@IA]I -Er@)]|_< swp ||BlFW)IA] - EFO)|
©  feLi(R?)

- So(fk‘v (Xk‘+’l“17Xk+’r‘27Xk‘+T3))‘

oo

(7)

From (6) and (7) we conclude that, for every f € £1(R?),
B @161 ~ B U))|| < ¢ (Fo Xusrss X X)),

and finally, by taking the supremum with respect to f € £;(R?) in the first member
(recall relation (5)),

(ks (Zigrys Zitras Zitrs)) = 0(Gror (Xtrs s Xotras Xotrg)

(8)
< o(Fry (Xbtrys Xtrar Xbgry))-

(iii) & < p. We have

@ﬁp) — iuIZ) sp(gk, (Zk+r1,Zk+r27 Zk+T3))
€
r<ri<ra<rs

= sup sup go(gk?? (Zk+T1 ) Zk-i—’r‘z ) Zk:-‘r’l‘g))'
r<ri<ra<rz k€Z

The inner supremum can be written as

(9) (iu%o@k, o, ZM,ZM))) v <i“§ (G <Zk+n,zk+r2,zk+r3>>>;
(S (S
k+r1>p+1 k+r1<p

now, if k +r; > p+ 1, we have

(10) (P(gk, (Zk+1”17 Zk+r2; Zk+7“3)) =0< <p(fk7 (Xk-‘rm ) Xk+r27Xk+r3))§

infact k+r1 >p+1>k+1and Gy =0(Z;,i < k) =0(Y;,i < k) (recall that k < p), so
that (Ziiry s Zitres Zitrs) = (Xktrys Xktres Xktrs) and Gy are independent and relation
(10) follows by the same argument used in point (i).

Now we evaluate ©(Gr, (Zktrys Zktrss Zktrs)) for k+11 < p.
In order to fix ideas, assume for the moment that k +r; <p<p+1<k+ry <k+rs,
and put
U= (Xk+T27X/€+T3) = (Zk+T27Zk+T3)’ W =Yeir, = Zigr,
V=_0.,Y_1,Y,....Y)=(..,Z_1,Z0,..., Zk).
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Then U is independent on (V, W), G, = (V), and we can apply Lemma (3), so obtaining,
for every f € £1(R?),

Ef (Zktr1s Zktrss Ztrs)|G] = E[f (W, U)|V] = E[g(W)|V] =
= E[g(Yk+r,)|Gk],

where g(y) = E[f(y, Xk+rs, Xk+rs)]. By taking expectation of both members of (11), we
get also

(12) E[f(Zk-H'l s Lltras Zk+7'3)] = E[Q(Yk-‘r?d)]'

From (11) and (12) we deduce

(11)

HE[f(Zk+r1, Zitrys Ziyrs | Gk) — Bl (Zktrys Zitras Zk+r3)]Hoo
1) = |[Blotveen)i  Blatrien)]|
= |[Blg (X))~ Blo(Xnn)]||_

since G, = o(Y;,i < k) and (X;);cz and (Y;);cz have the same law.

Since the function g : (s,t,v) — g(s) belongs to £1(R?), the last member in relation (13)
is less or equal to

sup
(14) feLi(R3)

= 0(Frr Kntrsr Xgra Xigrs))-

From (13) and (14) we conclude that

[BU (Kt s Xitras Xirs IF-E Kty Kooy X[ |

’ ’E[f(Zk—i-m ) Zk+7’2a Zk+7“3)|gk} - E[f(Zk-H’u Zk-‘rrz ) Zk+?”3)] ’ ’oo
< Qﬁ(fk, (Xk+?”1>Xk+T’2an+7"3))

and taking the supremum with respect to f € £;(R?) in the first member of the above
relation, we get

(15) (p(gkv (Zk:+r1a ZkJr'rzaZkJrrg)) < <P(~7:k7 (ch+7“1 s Xk+r27Xk:+r3))~

The above argument can be repeated word by word if k+r; < k+71o <p <p+1 < k+rs;
it becomes even easier if K +ry < k+1ry < k+13 <p.

The proof of Proposition (1) is concluded. ]
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