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Abstract. By allowing values in non-Archimedean extensions of the unit
interval, we consider finitely additive measures that generalize the asymptotic
density. The existence of a natural class of such “fine densities” is independent
of ZFC.

Introduction

The asymptotic (or natural) density d(A) for sets A of natural numbers is a

central tool in number theory:

d(A) = lim
n→∞

|A ∩ [1, n]|
n

(provided the limit exists)

In many applications, it reveals useful to consider suitable extensions of d that are

defined for all subsets. Among the most relevant examples, there are the upper

and lower density, the Schnirelmann density, and the upper Banach density (see

e.g. [9], [7], [13]).

Several authors investigated the general problem of densities, i.e. the possibil-

ity of constructing finitely additive measures that extend asymptotic density to

all subsets of the natural numbers, and satisfy some additional properties (see e.g.

[2], [11], [12] and [1]). Recently, generalized probabilities have been introduced

that take values into non-Archimedean rings (see e.g. [8] and [10]).

In this paper we pursue the idea of refining the notion of density by allowing

values into a non-Archimedean extension of the unit interval. To this aim, we

introduce a notion of “fine density” as a suitable finitely additive function on

P(N) that gives a non-zero (infinitesimal) measure even to singletons. With the

addition of a natural coherence property, such fine densities are independent of

ZFC: their existence is in fact equivalent to the existence of a special kind of

P-point ultrafilters on N.

By simply taking a quotient, fine densities yield non-atomic finitely additive

measures that – up to infinitesimals – agree with the asymptotic density, and

that assign a non-zero measure to all and only the infinite sets.
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1. Definition and first properties

In this paper we follow a common practice in number theory, and denote by

N the set of positive integers.

Let R be an abelian linearly ordered group that extends the additive real line

(R, +, <), and let [0, 1]R be its unit interval.

Definition 1.1. A function d : P(N) → [0, 1]R is a fine asymptotic density, or

simply a fine density, if the following properties hold:

(1) d(∅) = 0 and d(N) = 1 ;

(2) Finite Additivity : If A ∩B = ∅, then d(A ∪B) = d(A) + d(B) ;

(3) Monotonicity : If |A ∩ [1, n]| ≤ |B ∩ [1, n]| for all n, then d(A) ≤ d(B) ;

(4) Subset Property : If d(A) ≤ d(B) then d(A) = d(B′) for a suitable subset

B′ ⊆ B ;

(5) Fineness: d({n}) = d({m}) = ε > 0 for all n,m ∈ N.

Clearly, the common density ε of all singletons is the smallest possible non-

zero density, i.e. d(A) < ε if and only if A = ∅. Notice also that whenever A ⊂ B

is a proper inclusion, d(A) < d(B).

If A = {a1, . . . , an} ⊂ N is a finite set of cardinality n, then

1 = d(N) < d(A) =
n∑

i=1

d({ai}) = n · ε.

In particular, the number ε ∈ [0, 1]R (as well as the fine density of any finite

set) is infinitesimal. So, R is a non-Archimedean group, i.e. it contains positive

numbers ε > 0 such that ε < 1/n for all n ∈ N.

We say that two elements ξ, η ∈ [0, 1]R are infinitely close, and write ξ ≈ η, if

|ξ − η| is infinitesimal.

Since R extends R, every ξ ∈ [0, 1]R is infinitely close to a unique real number

r ∈ [0, 1] (just take r = inf{x ∈ [0, 1] | ξ ≤ x}). We call such a number r ≈ ξ the

standard part of ξ, and write r = st(ξ). Note that st(ξ + ζ) = st(ξ) + st(ζ).

As a first result, we show that – up to infinitesimals – the congruence classes

have the expected fine densities.

Proposition 1.2. Let Cm
i = {mn + i | n ∈ N}. Then st(d(Cm

i )) = 1/m for all

i = 1, . . . , m.

Proof. The following inequalities hold for all n:

|Cm
m ∩ [1, n]| ≤ |Cm

m−1 ∩ [1, n]| ≤ . . . ≤ |Cm
1 ∩ [1, n]| ≤ |(Cm

m ∪ {1}) ∩ [1, n]|.
So, by monotonicity,

d(Cm
m ) ≤ d(Cm

m−1) ≤ . . . ≤ d(Cm
1 ) ≤ d(Cm

m ∪ {1}) = d(Cm
m ) + d({1}) ≈ d(Cm

m ).
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If r = st(d(Cm
m )), then st(d(Cm

i )) = r for all i = 1, . . . , m. By additivity :

1 = st(d(N)) = st

(
m∑

i=1

d(Cm
i )

)
=

m∑

i=1

st(d(Cm
i )) = m · r,

and the proof is complete. ¤

We are now ready to prove that fine densities actually generalize the asymp-

totic density.

For A ⊆ N and n ∈ N, denote by An = |A ∩ [1, n]| the number of elements in

A that are not greater than n.

Proposition 1.3.

(1) If r ≤ An/n ≤ r′ for all n ≥ k, then r ≤ st(d(A)) ≤ r′.
(2) st(d(A)) is a limit point of the sequence 〈An/n | n ∈ N〉.
(3) st(d(A)) = d(A) whenever A has asymptotic density d(A).

Proof. (1). First of all, notice that we can assume without loss of generality that

k = 1, i.e. that the inequalities r ≤ An/n and An/n ≤ r′ hold for all n ∈ N. In

fact, let h = Ak, and set:

A+ = (A \ [1, k]) ∪ [1, h] and A− = (A \ [1, k]) ∪ [k − h + 1, k].

Then d(A ∩ [1, k]) = d([1, h]) = d([k − h + 1, k]) and so d(A) = d(A+) = d(A−).

Moreover, for all n:

r ≤ An

n
≤ A+

n

n
and

A−n
n
≤ An

n
≤ r′.

Now let the rational numbers 0 ≤ p/q ≤ r and r′ ≤ p′/q′ ≤ 1 be fixed, and

consider the subsets

X =
q⋃

i=q−p+1

Cq
i and Y =

p′⋃

i=1

Cq′
i .

Notice that Xn ≤ nr ≤ An ≤ nr′ ≤ Yn for all n. By the properties of a fine

density, and by the previous proposition, we obtain

p

q
≈

q∑

i=q−p+1

d(Cq
i ) = d(X) ≤ d(A) ≤ d(Y ) =

p′∑

i=1

d(Cq′
i ) ≈ p′

q′
.

As this is true for all fractions 0 ≤ p/q ≤ r and all fractions r′ ≤ p′/q′ ≤ 1, it

follows that r ≤ st(d(A)) ≤ r′.

(2). Denote by simplicity an = An/n, and let l− = lim infn→∞ an and l+ =

lim supn→∞ an. The sets {n | an < l−} and {n | l+ < an} are finite, and so l− ≤
d(A) ≤ l+ by (1). Now notice that |an+1− an| < 1/n for all n. As a consequence,

any real number in the interval [l−, l+] is a limit point of the sequence 〈an | n ∈
N〉. In particular, this applies to st(d(A)).
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(3). It directly follows from (2). ¤

2. The underlying ultrafilter

Throughout Section 1, we never used the

• Subset Property : If d(A) ≤ d(B) then d(A) = d(B′) for a suitable subset

B′ ⊆ B.

We remark that this natural assumption is needed to prove useful simple facts,

such as the implication: d(A) < d(B) ⇒ d(A)+ε ≤ d(B). Most notably, as shown

below, the subset property allows for a proof that every fine density carries a

non-principal ultrafilter.

For X ⊆ N, we adopt the following notation:

• Xc = N \X is the complement of X.

• X + 1 = {x + 1 | x ∈ X} is the unit right-translation of X.

Notice that for every n, (X +1)n ≤ Xn ≤ ((X + 1) ∪ {1})n. By monotonicity,

d(X + 1) ≤ d(X) ≤ d(X + 1) + ε, and so either d(X) = d(X + 1) or d(X) =

d(X + 1) + ε.

Proposition 2.1. The family U d = {X ⊆ N | d(X) = d(X + 1) + ε } is a

non-principal ultrafilter on N.

Proof. We first prove the following:

Claim. In every partition N = X ∪Y ∪Z, exactly one of the three pieces belongs

to U d.

Since N = {1} ∪ (X + 1) ∪ (Y + 1) ∪ (Z + 1) is a partition, by additivity :

d(X) + d(Y ) + d(Z) = ε + d(X + 1) + d(Y + 1) + d(Z + 1),

and the claim follows.

As ∅ = ∅ + 1, we have that ∅ /∈ U d. By taking X = A, Y = Ac and Z = ∅,
the above claim implies that A /∈ U d ⇔ Ac ∈ U d. Now let A,B ∈ U d, and

consider the partition X = A, Y = B \ A, and Z = (A ∪ B)c. Since A ∈ U d,

it must be B \ A /∈ U d. The sets B \ A, Bc and A ∩ B form a partition where

B \ A /∈ U d and Bc /∈ U d; then A ∩ B ∈ U d. If B ⊇ A ∈ U d, then also B ∈ U d,

otherwise Bc ∈ U d would imply A ∩Bc = ∅ ∈ U d, a contradiction. Finally, U d is

non-principal because for every n, d({n}) = d({n + 1}) = d({n}+ 1). ¤

In order to prove the next result, we need an additional natural property.

Definition 2.2. A fine density is coherent if the following property holds:
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• If d(A) + d(C) = d(B) + d(D) then An + Cn = Bn + Dn for at least one

n.

Proposition 2.3. Let d be a coherent fine density. Then for all A, B ⊆ N,

d(A) = d(B) ⇐⇒ {n | An = Bn } ∈ U d.

Proof. Let X = {n | An = Bn}. Notice that Xn = (X + 1)n if and only

if n /∈ X, i.e. if and only if An 6= Bn. Thus An + Xn 6= Bn + (X + 1)n for

all n, and by coherency, d(A) + d(X) 6= d(B) + d(X + 1). We conclude that

d(A) = d(B) ⇒ d(X) 6= d(X + 1) ⇒ d(X) = d(X + 1) + ε ⇒ X ∈ U d.

Conversely, let X ∈ U d, and assume by contradiction that d(A) 6= d(B),

say d(A) < d(B). By the subset property, d(A) = d(B′) for some proper subset

B′ ⊂ B. Then, by the above implication, Y = {n | An = B′
n} ∈ Ud, and so also

X ∩ Y ∈ Ud. This is not possible because X ∩ Y ⊆ {n | Bn = B′
n}, which is a

finite set. ¤

We now isolate a special class of ultrafilters that are closely connected to fine

densities.

Definition 2.4. Call smooth any non-principal ultrafilter U on N with the fol-

lowing property:

• Every function f : N→ N with “minimal steps”, i.e. such that

|f(n + 1)− f(n)| ≤ 1 for all n ∈ N,

is U-equivalent to a non-decreasing one.1

The problem of the existence of such smooth ultrafilters is discussed in the

next section.

Proposition 2.5. Let d be a coherent fine density. Then the underlying ultrafilter

Ud is smooth.

Proof. Let f : N → N be a function with minimal steps. Define the disjoint

subsets Af , Bf ⊆ N by setting:




1 ∈ Bf \Af

n + 1 ∈ Bf \Af if f(n + 1) = f(n) + 1
n + 1 /∈ Af ∪Bf if f(n + 1) = f(n)
n + 1 ∈ Af \Bf if f(n + 1) = f(n)− 1

Assume first that f(1) = 1. Then it is easily seen that

f(n) = (Bf )n − (Af )n for all n.

1 In other words, there exists a non-decreasing function g : N→ N with {n | f(n) = g(n)} ∈ U .
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By monotonicity, d(Af ) < d(Bf ) (recall that we agreed that 0 /∈ N). Now

apply the subset property, pick a proper subset B′ ⊂ Bf such that d(Af ) = d(B′),
and let C = Bf \B′. By Proposition 2.3, the equality d(Bf ) = d(Af ∪C) implies

that {
n

∣∣∣ (Bf )n

n
=

(Af ∪ C)n

n

}
= {n | f(n) = Cn} ∈ Ud.

Thus f is Ud-equivalent to the non-decreasing function 〈Cn | n ∈ N〉. When

f(1) = a > 1, we distinguish two cases. If f is Ud-equivalent to a constant

function, then there is nothing to prove. So, let us assume that {n | f(n) ≥ a} ∈
Ud. Then we can find a function g : N→ N with minimal steps such that g(1) = 1

and {n | g(n) = f(n) − a + 1} ∈ Ud. By the above argument, there exists a

non-decreasing function h which is Ud-equivalent to g, and we conclude that f is

Ud-equivalent to the non-decreasing function 〈h(n) + a− 1 | n ∈ N〉. ¤

3. Equivalence with smooth ultrafilters

In the previous section, we proved that every coherent fine density carries a

smooth ultrafilter. Conversely, the next proposition will show that given a smooth

ultrafilter, one can directly construct a coherent fine density.

Let U be a non-principal ultrafilter on N and let RU = RN/U be the non-

Archimedean group given by the corresponding ultrapower of (R, +, <). We can

assume that RU is an extension of R, by identifying each r ∈ R with the U-

equivalence class [cr] of the constant sequence cr : n 7→ r. Notice that [0, 1]RU =

[0, 1]N/U .

Proposition 3.1. Given a non-principal ultrafilter U on N, define the map

dU : P(N) → [0, 1]N/U by setting dU (A) = 〈An/n | n ∈ N〉U .

Then dU satisfies all the properties of a coherent fine density, with the only possible

exception of the subset property.

Moreover, dU also satisfies the subset property if and only if the ultrafilter U
is smooth.

Proof. It is readily verified that dU (∅) = 0 and dU (N) = 1. If A,B ⊆ N are

disjoint, then trivially (A ∪ B)n = An + Bn for all n, and so dU satisfies finite

additivity. The non-principality of U implies that for all n, m ∈ N,

dU ({n}) = dU ({m}) = ε where ε = 〈 1/k | k ∈ N 〉U > 0.

By direct applications of ÃLos’ Theorem for ultrapowers, one gets both the mono-

tonicity and the coherence property.
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Now assume that dU also satisfy the subset property, i.e. dU is a coherent fine

density. By the definitions, for every X ⊆ N:

dU (X) = dU (X + 1) + ε ⇐⇒ {n | Xn = (X + 1)n + 1} = X ∈ U .

So, the underlying ultrafilter of dU is U itself. The smoothness of U then follows

from Proposition 2.5.

Conversely, let us assume that the ultrafilter U is smooth. We want to prove

the subset property :

dU (A) ≤ dU (B) =⇒ dU (A) = dU (B′) for some subset B′ ⊆ B.

We can assume d(A) < d(B), otherwise the thesis is trivial. Notice that the

function f : n 7→ Bn − An has minimal steps, and f is U-almost everywhere

positive. Thus, by smoothness of U , we can pick a non-decreasing g : N→ N such

that X = {n | g(n) = Bn −An} ∈ U . Enumerate the elements of X in increasing

order:

X = {n1 < n2 < . . . < nk < . . .}

Pick a subset C0 ⊆ B ∩ [1, n1] with Bn1 − An1 = g(n1) many elements; and for

every k ≥ 1, pick a subset C(k) ⊆ B ∩ (nk, nk+1] with g(nk+1) − g(nk) many

elements. This is possible because 0 ≤ g(nk+1) − g(nk) ≤ Bnk+1
− Bnk

. Then

define C =
⋃∞

k=0 C(k). For every k ≥ 1,

Cnk
=

k−1∑

i=0

|C(i)| = g(n1) +
k−1∑

i=1

(g(ni+1)− g(ni)) = g(nk).

Finally, let B′ = B \ C. For every nk ∈ X:

B′
nk

= Bnk
− Cnk

= Bnk
− g(nk) = Bnk

− (Bnk
−Ank

) = Ank
.

Since X ∈ U , we conclude that

dU (B′) = 〈B′
n/n | n ∈ N〉U = 〈An/n | n ∈ N〉U = dU (A).

¤

Putting together Propositions 2.5 and 3.1, we finally obtain:

Theorem 3.2. The existence of coherent fine densities is equivalent to the exis-

tence of smooth ultrafilters.
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4. Independence from ZFC

The following two classes of ultrafilters have been extensively studied in the

literature.

Definition 4.1. A non-principal ultrafilter U on N is selective if for every par-

tition {An | n ∈ N} where every An /∈ U , there exists a “selector” X ∈ U such

that |X ∩An| = 1 for all n.

Definition 4.2. A non-principal ultrafilter U on N is a P-point if for every

partition {An | n ∈ N} where every An /∈ U , there exists a set X ∈ U such that

X ∩An is finite for all n.

Trivially, every selective ultrafilter is a P-point. Recall the following facts:

• Under the continuum hypothesis, there exist plenty of selective ultrafilters,

as well as plenty of P-points that are not selective.2

• There are models of ZFC with no P-points.3

Several equivalent characterizations of selective ultrafilters are known in the

literature. The one that is relevant for our purposes, is the following:4

Proposition 4.3. An ultrafilter U on N is selective if and only if every function

f : N→ N is U-equivalent to a non-decreasing one.

As a straight consequence, selective ultrafilters are smooth. Below, we will

prove that smooth ultrafilters are P-points. By putting together these implications

and the facts itemized above, one finally obtains the following:

Theorem 4.4. The existence of coherent fine densities (equivalent to the exis-

tence of smooth ultrafilters) is independent of ZFC.

For the proof that smooth ultrafilters are P-points, we need the following

preliminary result.

Lemma 4.5. Let U be a smooth ultrafilter. Then there exists a set

X = {x1 < x2 < . . . < xn < xn+1 < . . .} ∈ U
such that xn+1 > 2xn for all n.

Proof. Consider the Fibonacci sequence:{
a0 = a1 = 1
an+2 = an+1 + an

2 Martin’s Axiom implies the existence of 22c

-many non-isomorphic selective ultrafilters.
3 This is a celebrated result by S. Shelah. (See [14] § 6.4; see also [15].)
4 For a proof of this fact, see e.g. [4].
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and let:

B0 =
⋃

k≥1

(a3k, a3k+1] ; B1 =
⋃

k≥0

(a3k+1, a3k+2] ; B2 =
⋃

k≥0

(a3k+2, a3k+3] .

Clearly B0, B1, B2 form a partition of N \ {1}, so exactly one out of the three

pieces belongs to U , say B0 ∈ U . (The other cases B1 ∈ U and B2 ∈ U are treated

similarly.)

Define the function f : N → N by letting f(1) = f(2) = f(3) = 1, and for

k ≥ 1: {
f(a3k + i) = a3k−1 + 1− i for i = 1, . . . , a3k−1

f(a3k+1 + i) = i for i = 1, . . . , a3k+2

Notice that, for every k, the restriction f »(a3k, a3k+1] is decreasing. Moreover,

it can be easily verified that f is slow. So, there exists X ∈ U such that X ⊆ B0

and f »X is non-decreasing. In particular, every intersection X ∩ (a3k, a3k+1]

contains at most one point. Now let xn be the n-th point of X, and assume

that xn ∈ (a3k, a3k+1]. Then xn+1 − xn ≥ a3k+3 − a3k+1 = a3k+2 > xn, hence

xn+1 > 2xn, as desired. ¤

We are now ready to prove

Proposition 4.6. Smooth ultrafilters are P-points.

Proof. Let U be a smooth ultrafilter, and let {Ai | i ∈ N} be a partition of

N where every Ai /∈ U . Without loss of generality we can assume that sets are

enumerated in such a way that minAi < minAi+1. Define f : N → N by setting

f(n) = [i/2] ⇔ n ∈ Ai, where [ · ] denotes the integer part. Notice that f(n) ≤ n/2

for all n. Now pick X ∈ U as in Lemma 4.5. We have that:

|f(xn+1)− f(xn)| < xn+1/2 < xn+1 − xn.

As a consequence, we can find a slow function g such that g »X= f »X . As U is

smooth, there exists Y ∈ U with Y ⊆ X and such that f »Y is non-decreasing.

Notice that f »Y is unbounded. (If not, f would be U-equivalent to a constant

function ci : n 7→ i, and we would have Ai ∈ U , against the hypothesis.) Then,

for every k, the set {n ∈ Y | f(n) ≤ k} is finite and so, each intersection Y ∩ Ai

is finite. ¤

Several equivalent characterizations of smooth ultrafilters, as well as other

related results, will be included in [6].5

5 It has been recently communicated to the author by Andreas Blass that quasi-selective
ultrafilters (an equivalent formulation of smooth ultrafilters) are consistently different both from
P-points and selective ultrafilters.
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5. Concluding remarks and open questions

Fine densities are closely related to the notion of numerosity introduced by

Vieri Benci fifteen years ago. Basically, the idea is that of “refining” Cantorian

cardinality by considering the hypernatural numbers of nonstandard analysis as

measures for the size of sets. In this way, it is in fact possible to give proper

subsets a strictly smaller size, even in the infinite case. This notion of numerosity

has been formalized and investigated in several different frameworks (see e.g. [4],

[5], [6]).

Similarly as numerosities, fine densities take non-Archimedean values, and

even single points have a positive (infinitesimal) density ε > 0. It is worth re-

marking that by simply considering a quotient, one can easily get a non-atomic

fine density that gives a non-zero measure to all and only the infinite sets. Pre-

cisely:

• Take a fine density d : P(N) → [0, 1]R.

• Consider the equivalence relation on R defined by

ξ ≡ η ⇔ |ξ − η| < n · ε for some n ∈ N.

• Take R0 = R/≡ the linearly ordered group given by the quotient, and

consider the canonical projection π : [0, 1]R → [0, 1]R0 .

Then it is easily seen that by composing

d0 = π ◦ d : P(N) → [0, 1]R0

one obtains a “non-atomic fine density”, i.e. a fine density where the fineness

property is replaced by the following

• Non-atomic Fineness: d(A) > 0 if and only if A is infinite.

While the coherence property of a fine density d is not needed to prove the

existence of the underlying ultrafilter U d, it was used to prove the representation

property:

d(A) = d(B) ⇐⇒ {n | An = Bn} ∈ U d.

Without coherency, that equivalence can be proved to hold for pairs of sets A,B

that have “bounded distance”, i.e. when the set of differences {An−Bn | n ∈ N}
is finite. I do not know whether the coherency property is actually needed to

prove the general case.

Finally, two main questions remain open:

(1) Are there fine densities that are not coherent?

(2) If so, can one prove in ZFC the existence of fine densities?
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