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Definition 1. Given the function
F: A — B
a +— Fla)
and C C A, the function
G: ¢ — B
a — F(a)
is called the restriction of F' to C' and is written Fjc
Remark 1. The graph of ida is {(a,a) | a€ A} CAX A
Definition 2. The function

F: A — A
a = a

is called the identity of A and we write F' =idy
Remark 2. The graph of ida is {(a,a) | a€ A} CAx A
Definition 3. Given a function

F: A — B
—  F(a)

if there is a function
G: B — A
—  G(b)

(=l

such that
FoG=idg and Go F =id4

we say that F is invertible, G is the inverse of G and we write G = F~!



Proposition 1. A function
F: A — B
a +— Fla)
18 invertible if and only if

Vbe B Jla € A suche that F(a) =b

or, rephrased, for every b € B the equation F(a) = b has exactly one solution
in A.

Proposition 2. A function
F: A — B
a +— Fla)

for which the graph GR(F) is known is invertible if and only if for every
horizontal line y = b, b € B there is exactly one intersection between the line
and GR(F).

Proposition 3. A function
F: A — B
a +— Fla)

is invertible if and only if F is a one-to-one (biunivocal) correspondence between
the sets A and B.

Definition 4. We have the functions
fi A — B g: A — B
a — f(a) a = g(d)
and, for x € A the equations
f(x) =0 and g(x) =0
The equation
flz)=0
1s equivalent to the equation
g9(z) =0
if and only if they have the same solutions
facA | fla)=0}={ac A | g(a) =0}
Proposition 4. We have the functions

F: A — B G: A — B
a = fla) a = g(d)



and, for x € A the equation

If the function

18 injective, then the equation
HoF(x)=HoG(x)
s equivalent to the equation
F(z) = G(z)

Proposition 5. Let A, B be sets. We say that A has the same cardinalty of B

if and only if there is a one-to-one correspondence between A and B. We write
| Al=[B].

Example 1. The sets N = {0,1,2,3,4,...,n,...},
EVEN {0,2,4,6,8,...,2n,...}hen have the same cardinality, because
the function

F: N — EVEN
n - 2n

is invertible (and hence a one-to-one correspondence), since the function

G: EVEN — N
n = n/2

18 ils inverse, as we can see from
VneNGoF(n)=G(F(n)=G2n) = %2n:n<:>GonidN
and
V n € EVEN FoG(n) = F(G(n)) = F(g) = 2% —n <= FoG = idgven
Example 2 (The salary paradox). we have two employees, Joe and Jane. Each

get 1000 euros a month.

e Joe every month puts one euro on a pile on his desk and spends the others
999. He never draw any money from his pile.

e Jane every month puts 1000 euros on top of a pile of money on his desk
and draws 500 euro from the bottom og the pile.

I argue that ”at infinity”, Joe has an infinite amount of money, and Jane has
nothing, because every single euro that she puts on the pile is, at some moment,
spent.



