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Exercises

Massimo Caboara

April 15t 2021

Exercises, full solution will be provided

Exercise 1. Prove that | P(N) |=| R | [Solution will be discussed in class]
Exercise 2. We have the function

F: R — R
r = z242x-15

~

Draw the graph of F. Mark the intersections with the axis and the vertex.
Determine F([1,2]).

Determine F((—o0,1]).

Determine the intersection of the graph of F with the line y = 0.
Determine the intersection of the graph of F with the line y = —7.
Determine the intersection of the graph of F with the line y = 1.
Determine F~1([0,1]).

Determine F([—5,+00)).

© NS & o e

Build an invertible function from F by restricting its domain and
codomain.

~
S

Determine the formula for this inverse.

11. Find F~X(0), F~(1), F~1(3), F1(8).

Solutions:



1. First of all we draw the graph of the parabola. We find the parabola roots
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and its vertex. The x-coordinate of the vertex is
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and thus the y-coordinate of the vertex is
V,=F(-1)=(-1)*+2(-1) - 15= -6
The vertex is V = (=1, —16).

GNU1: Graph of F
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2. Determine F([1,2]).




GNU2: F([1,2]) = [F(2), F(1)] = [T, —12]
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3. Determine F((—o0,1]).




GNU3: F((—o00,1]) = [-16, +o0]
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4. The intersection of F with the line y = 0 is {(—5,0),(3,0)}, the roots of
the parabola.

5. The intersection of the graph of F with the line y = —7 is strictly related
to solution of the equation

F(r)=-T+=2?420-15= T <= 224208 =0 <= 712 = {—4,2}
The intersection is {(—4,—7),(2,=7)}.

6. The intersection of the graph of F' with the line y = 1 is strictly related to




solution of the equation

F(z)=1
22420 —-15=1
22 +22—-16=0
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The intersection is {(—1 —/17,1), (=1 4+ /17,1)}. Graphically,

GNU4: intersection of Graph(F) with y =1
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Build an invertible function from F by restricting its domain and codomain.
The function
F': [-1,400) — [-16,400)
T — 22422 —15



is snvertible (it follows immediatley from the graph).

The function F' has inverse. To find the formula we have to solve the equation
with respect to the unknown x and parameter b

Fllz)=b<= 2’422 —15=b<= 2> +2z— (b+15) =0

We get

=—-1+vV16+5b

T

. —2+./4+4(b+15) —2+64+4b
- 2 - 2

And for the inverse of F' we choose the toot v = —1 4+ /16 +b. If we had
chosen to build the inverse to the left of the vertex, and not to the right, we
would have chosen the root x = —1 — /16 + b. So we have

F'=1: [-16,40) —  [—1,+00)
Yy — —1+16+y
We have
e F71(0)=-14+/16+0=-1+4=3.
e F'(1)=—-1+VI6+1=—-1+V1T.
e F71(3)=—-1++16+3=—1+19.
e F71(8)=—-14++16+8=—-1+24=-1+26.
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GNU5: F~1([0,1]) = U
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Exercise 3. Is the function

F: R — R
x = e2*tl_3

injective, surjective, invertible? Can we make it invertibile by restriciting
domain and/or codomain? In the latter case, what is the inverse function
formula?

Solution:

We try the algebraic way, solving the equation
Fz)=b<=e*T —3=be= et =p+3

for the variable © € R (R is the domain) and the parameter b € R (R is the
codomain,).

Surgectivity: we note that the right side of the equation is always positive
(check the graph of the function f(x) = e*). Hence, for example, for b = —4
there is mo solution to the equation. ‘ The function T is not surjecti’ve‘ . This
happens for every b < —3.

Injectivity: If b < —3 there is no solution, and this is OK. What happens if
b > -3¢

et = p+3

We apply the invertible function (we can easily check its invertibility for example,
by checking the graph)

log,(-): Rt — R
x =  log.(x)

to the equation. This is possibile since both the left and the right side are always
in the domain of log, (), RT.
(Remember that b > —3 and ¥V x € R e***1 >0). We get

log, (e***1) = log.(b+3)
2e+1 = log.(b+3)
20 = log, (b+3)—
1 b+3)—
R A -QF )

we have solved the equation and there is only one solution for every b. For
example



log,(-24+3)—1 log,(1)—1 1.
€ = € = —— :—2
2 2 5 U0

‘ the function in injective‘ .

Since F' is surjective but not injective, ‘ the function is not im}ertible‘ .

If we restrict the codomain form R to [—3,+00), we study the function

F': R — [-3,4+)
x = etl_3

that is still injective (restricting the codomain does not change the iniectivity of
a function) but is now surgjective, because

_ log (b+3)—1

For all b € [-3,+0) there isx € R s.t. F'(z) =b e.g. x 5

So the function F', that is different form F because it has a different codomain,
is invertible, and its inverse is

F'mh: [-3,400) — R

T log, (b;r?))fl

Please note that

_ log, (62””’1 -3+ 3) -1

Vae[-3,+00) FloF '(z)=F (F’_l(x)) 5

=Z

VeeR F ' oF(2)=F "(F(z) = s g

remember thet ¥ stand for "for all”. We have checked that F'~ Y is indeed the
inverse of F'. We will usually omit this check.



Exercise 4. Is the function
T: R — R
x = Jr+2

injective, surjective, invertible? Can we make it invertibile by restriciting
domain and/or codomain? In the latter case, what is the inverse function
formula?

We proceed algebraically, solving the equation

T(x)=b or \/Vr+2=0b

for the unknown x € R and the parameter b € R. We apply to the equation the
invertible function
(*: R — R
r =

we obtain

b3

3

(¥ +2)
Jr+2 = b

Jr = b -2

We apply to the equation the invertible function

(: R — R
x = oz

we obtain

(Va)” = (°—2°
T = (b3—2)5

we have always only one solution, for every b € R, and T is thus injective and
surjective, hence invertible, and the inverse is

T7': R — R
r = (23-2)5

the checking that
VeeR FoF 'z)=zandVzeR FloF(z)=x

1s left as an exercise.
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Exercise 5. We have the function

f: R — R
x +— x2—5x+6

Solution

We draw the graph of f and some lines lines, considering that the vertex V.
of the parabola is

b b) b) 1
Vz_—%_§ andVy—f<2>——4

that the x-coordinates of intersections of y = x> — 5z + 6 and y = 1 are the

solutions of
£V5
2

5
22 —bx+6=1 thus z = ~ 1.4,3.6

and that the x-coordinates of intersections of y = x?> —5x +6 and y = 3 are the

solutions of
5+ 413
2

22 —bx+6=3 thus ¢ = ~0.7,4.3
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GNU6: Graph of y =22 — 52+ 6

\ y=x21+5x+6
3
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1. Looking at the graph it is easy to see that

1[0, 4+00)) = (—00,2] U [3, +00)
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GNUT: £~1(]0, +0))
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2. Looking at the graph, f~1(R) = R.

GNUS8: f~1(R)

Yy =x° 1 5z +

V(25,40,25) | R

3. From the graph of f it is easy to see that f~1([—10,—20]) = 0, since the
horizontal lines lower that y = —0.25 don’t intersect the parabola, and the
lines we are interested here are the ones between y = —10 and y = —20.

4. Looking at the graph f=1([1,3]) = [5*2\@, 5*§/§] U [575/@, 5’2[5].
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G
NU9: f~1([1,3])
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Exercise 6. We have the function

F: R — R
x +— sin(x)

e Determine f=1([0,1]).
e Determine f~1([0,+/2/2]).

Solution

We draw the graph of the sin

GNU10: £-1([1,3))

and it easy to see that f~*([1,3]) = U,y [0 + 2km, 7 + 2kn]
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GNU11: f1([0,+/2/2])

]
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\
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X

[0, /4] [37 /4]

and it easy to see that

F7H(0,v2/2]) = U [0+ 2k7,7w/4 + 2k7] U U [3/4m + 2km, 27 + 2k]

kEZ keZ
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Exercise 7. We have the function

F: R — Rt
x - 3Et2

1. Say why F is invertible.

Find the explicit formula for F~1.
Determine F~1([0,1]).

Determine F~1([2,4]).

Determine F~1([3,+00)).

S G o

If a,b € RT, a < b, determine F~*([a,b])

Solution

1. Since F' = f o g is the composition of the two invertible functions

g: R — R df:R—>R+
x»—>m—|—2an z +— 3*

1t is invertible.

2. Solving the equation
3712 = b

with respect the unknown x and parameter b in the codomain RT, we find
x = logs(b) — 2
that exists since b > 0. The inverse in thus
F-1: Rt — R
x =  logg(z)—2
Determine F~1([0,1]). [Later]
Determine F~1([2,4]). [Later]

Determine F~1([3,+00)). [Later]

S S %

If a,b € RT, a < b, determine F~*([a,b]). [Later]
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Exercise 8. Consider the function

F: 7 —
2

Z

n — nT—n—

F({0}
F~'({1,2,3}
F71({-4,-6}
F71({0,1,2,3,4,5,6}

19
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Solution

This is not a function : R — R, so the graphical method is less useful. We
still know that the points of the graph of f are on the parabola
We compute some images

F(—6) =36 F(-5)=24 F(—4)=14 F(-3)=6
F(-2)=0 F(-1)=-4 F0)=-6 F(0)=—6
F(l)=-6 F@2)=-4 F3)=0 F4)=6
F(5)=14 F(6) =24

We draw the ”graph” of f even if this is not a function : R — R
GNU12: graph of F(n) =n* —n—6
24 = y-
22

18

.
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1
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We see that

F7'({-4}) ={-1,2} and F7'({-6}) = {0,1} = F~'({-4,-6}) = {~1,2,0,1}

20



Using the same technique, we see that

F~1({o})
F71({1,2,3})
F~1({0,1,2,3,4,5,6})
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